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Abstract
The emergence of Inverse Generative Therapeutics (IGT) has shifted the pharmacological paradigm from heuristic ligand
discovery to the systematic reconstruction of disease state-spaces. However, a persistent barrier to this paradigm is
isomorphic divergence—a phenomenon wherein pathologically distinct cellular states present identical classical network
topologies (isomorphic graphs), yet exhibit radically divergent dynamical trajectories and drug-response profiles. This
paper introduces a novel mathematical framework to resolve this ambiguity by applying the Chrysene Formalism, which
bridges non-commutative geometry and discrete topologies. By lifting classical biological networks into non-commutative
spectral triples over the Chrysene manifold I𝐶 , we demonstrate that isomorphic divergence is not an intrinsic dynamical
anomaly, but rather a projection artifact of omitting non-commutative metric relations. Crucially, we ground the complex
phase factors of our spectral triple in the classical non-equilibrium thermodynamics of biochemical cycles, where phases
represent localized chemical potential gradients and holonomies correspond to thermodynamic cycle affinities.
At the core of this methodology is the Discrete Dirac Operator (𝐷), which acts on a graded Hilbert space of network states.
Unlike the classical graph Laplacian, which is blind to directional phase relations and non-local topological coupling, the
discrete Dirac operator captures the underlying discrete spin structure and holonomy of the biological state-space. We
establish a rigorous theoretical foundation, correct previous algebraic inconsistencies regarding the adjoint relation and
the Laplacian definitions, and outline a computational validation pipeline to demonstrate how the spectral flow of 𝐷 can
be inverted. By calculating the precise spectral perturbations required to drive a pathological network back to a healthy
basin of attraction, we establish a mathematically rigorous, topologically invariant foundation for generative de novo
therapeutic design.

Keywords: Chrysene Tensors Space, Inverse Generative Therapeutics, Non-Commutative Geometry, Discrete Dirac
Operator, Isomorphic Divergence, Network Thermodynamics, Spectral Graph Theory, Gauge Invariance

1 Introduction

The classical paradigm of pharmacology has long relied on
heuristic, ligand-centric discovery pipelines. These frameworks
typically model drug-target interactions through localized, lock-
and-key binding affinities or quantitative structure-activity re-
lationships (QSAR). While highly successful for monogenic
diseases with well-defined, isolated targets, this reductionist ap-
proach fails when applied to complex, systemic pathologies such
as oncology, neurodegeneration, and autoimmune syndromes.
These diseases are fundamentally network-level phenomena, char-
acterized by the collective, non-linear dynamics of intracellular

signaling cascades, metabolic pathways, and gene regulatory
networks.

To address this complexity, the paradigm of Inverse Generative
Therapeutics (IGT) has emerged. Rather than identifying a
single molecular target and screening vast chemical libraries for
inhibitors, IGT seeks to reconstruct the entire pathological state-
space of a cell and generate multi-target interventions capable
of steering the system’s dynamical trajectory back to a healthy
basin of attraction. Under this view, the therapeutic agent is not
merely a chemical block, but a topological perturbation operator.

Despite its theoretical elegance, IGT faces a fundamental
mathematical bottleneck known as isomorphic divergence. Iso-
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morphic divergence occurs when two or more pathologically
distinct cellular states map to identical classical network topolo-
gies. In these cases, the underlying protein-protein interaction
(PPI) or transcriptional regulatory networks are structurally
isomorphic as unweighted or classically weighted graphs. Con-
sequently, their classical topological invariants—such as degree
distributions, clustering coefficients, shortest path lengths, and
classical graph Laplacian spectra—are completely degenerate.

Yet, despite their structural identity, these networks exhibit
radically divergent dynamical behaviors, distinct phenotypic
expressions, and highly heterogeneous drug-response profiles.
This divergence is often driven by sub-structural, non-local bi-
ological contexts, such as localized epigenetic modifications,
post-translational modification (PTM) states, and microenviron-
mental phase-shifts that alter the transport of signaling informa-
tion across the network. Because classical graph theory projects
these multi-dimensional, non-local interactions onto commuta-
tive, real-valued adjacency matrices, it is fundamentally blind
to these subtle variations, rendering classical spectral methods
useless for therapeutic targeting.

To resolve this degeneracy, we introduce a novel mathemat-
ical framework based on the Chrysene Formalism (I𝐶). The
Chrysene Formalism bridges non-commutative geometry (NCG)
and discrete topological spaces by lifting classical graphs into
non-commutative spectral triples (A,H , 𝐷). Within this frame-
work, the classical network is augmented with non-commutative
phase factors 𝑒𝑖 𝜃𝑖 𝑗 that represent localized biological contexts.

Crucially, we address the physical and thermodynamic va-
lidity of these phase factors. Rather than invoking speculative
quantum-like coherence in macroscopic, dissipative biolog-
ical networks, we ground these phase factors in the classi-
cal non-equilibrium thermodynamics of biochemical networks
(specifically, Schnakenberg’s network thermodynamics). In this
formulation, the phase factors represent the gauge-theoretic rep-
resentation of non-conservative thermodynamic driving forces
(chemical potential gradients) that break detailed balance, while
the non-commutative holonomy around cycles corresponds to
the thermodynamic affinity of the biochemical cycles.

The central operator in our framework is the Discrete Dirac
Operator (𝐷), acting on a graded Hilbert space H = H0 ⊕ H1
of node and edge states. Unlike the classical graph Laplacian
Δ, which is a second-order differential operator that discards
directional phase information, the Discrete Dirac operator is a
first-order differential operator. It acts as the “square root” of the
Laplacian, preserving the underlying discrete spin structure, ori-
entation, and non-commutative holonomy around the network’s
cycles.

By analyzing the spectrum of 𝐷, we show that the degeneracy
of isomorphic divergence is broken:

Spec(𝐷healthy) ≠ Spec(𝐷pathological) (1)

even when their classical Laplacians are spectrally identical
(Spec(Δhealthy) = Spec(Δpathological)).

Furthermore, we formulate the therapeutic generation process
as an inverse spectral problem. By computing the precise spec-
tral perturbation 𝛿𝐷 required to shift the pathological spectrum
Spec(𝐷pathological) to the target healthy spectrum Spec(𝐷healthy),
we can generate biophysically feasible, multi-target therapeutic
profiles. This paper establishes the rigorous mathematical foun-
dation of this topological spectral inversion, corrects previous
dimensional and algebraic errors in the definition of the Dirac
operator’s square, and presents a computational pipeline for its
validation.

2 Theoretical Framework
To construct a mathematically rigorous foundation for resolv-
ing isomorphic divergence, we must transition from classical
spectral graph theory to non-commutative geometry. We begin
by defining the limitations of classical representations before
constructing the spectral triple over the Chrysene manifold I𝐶 .

2.1 The Limits of Classical Spectral Graph The-
ory

Let 𝐺 = (𝑉, 𝐸) be a finite, undirected graph representing a
biological interaction network, where 𝑉 = {𝑣1, 𝑣2, . . . , 𝑣𝑛} is
the set of vertices (e.g., proteins, transcription factors) and
𝐸 ⊂ 𝑉 × 𝑉 is the set of edges (e.g., physical interactions,
regulatory influences).

In classical network biology, the structural properties of 𝐺 are
analyzed via the adjacency matrix 𝐴 ∈ R𝑛×𝑛 or the unnormalized
discrete Laplacian matrix Δ ∈ R𝑛×𝑛, defined as:

Δ = 𝐷𝑑 − 𝐴 (2)

where 𝐷𝑑 = diag(deg(𝑣1), . . . , deg(𝑣𝑛)) is the diagonal degree
matrix. The spectral properties of Δ govern the diffusion dynam-
ics, synchronization, and structural robustness of the network.

Definition 1 (Isomorphic Graphs). Two graphs 𝐺1 =

(𝑉1, 𝐸1) and 𝐺2 = (𝑉2, 𝐸2) are isomorphic (𝐺1 � 𝐺2)
if there exists a bijection 𝑓 : 𝑉1 → 𝑉2 such that (𝑢, 𝑣) ∈ 𝐸1
if and only if ( 𝑓 (𝑢), 𝑓 (𝑣)) ∈ 𝐸2.

If 𝐺1 � 𝐺2, their classical Laplacians are unitarily equivalent
via a permutation matrix 𝑃:

Δ2 = 𝑃Δ1𝑃
𝑇 (3)

Consequently, their spectra are identical:

Spec(Δ1) = Spec(Δ2) (4)

In the presence of isomorphic divergence, two distinct biological
states share the same topology 𝐺 but exhibit different dynamical

158



Annals of the Chrysene Formalism Vol. 1, No. 1 | Aug 2026

trajectories. Because Spec(Δ1) = Spec(Δ2), classical spectral
graph theory cannot distinguish between these states, nor can it
provide a gradient for therapeutic inversion.

2.2 The Chrysene Formalism and Non-
Commutative Spectral Triples

To resolve this degeneracy, we lift the discrete network into a non-
commutative space using the Chrysene Formalism, denoted by
the manifold I𝐶 . We model the network state-space as a spectral
triple (A,H , 𝐷) in the sense of Connes’ non-commutative
geometry.

Definition 2 (The Chrysene Manifold I𝐶). Let 𝐺𝐶 =

(𝑉𝐶 , 𝐸𝐶 ) be the planar graph representing the carbon
skeleton of chrysene, consisting of four fused hexagonal
rings. The Chrysene manifold I𝐶 is the non-commutative
space associated with the 𝐶∗-algebra A(I𝐶 ) generated by
the non-abelian holonomies of 𝐺𝐶 . Formally, A(I𝐶 ) is
the groupoid 𝐶∗-algebra 𝐶∗ (𝐺𝐶 ,G) where G is a gauge
groupoid representing the localized thermodynamic phase
transitions. The manifold I𝐶 serves as the universal tem-
plate for multi-cyclic networks, where any graph 𝐺 with
cycle rank 𝑅 can be represented as a topological retraction
of a generalized Chrysene manifold.

Definition 3 (Spectral Triple over I𝐶). A spectral triple
(A,H , 𝐷) over the Chrysene manifold I𝐶 consists of:

1. A non-commutative 𝐶∗-algebra A of observables act-
ing on a Hilbert space H .

2. A Hilbert space H representing the state-space of the
system.

3. A self-adjoint, unbounded operator 𝐷 on H (the Dirac
operator) with compact resolvent, such that [𝑎, 𝐷] is
bounded for all 𝑎 ∈ A.

For a discrete biological network 𝐺 = (𝑉, 𝐸), we construct
these components as follows:

2.2.1 The Graded Hilbert Space H

We define a Z2-graded Hilbert space H = H0 ⊕ H1, where:

• H0 = ℓ2 (𝑉) � C |𝑉 | is the Hilbert space of node states,
representing localized cellular concentrations, activation
levels, or gene expression states.

• H1 = ℓ2 (𝐸) � C |𝐸 | is the Hilbert space of edge states,
representing the flow, flux, or signaling transmission along
the interactions.

The grading operator 𝛾 on H is given by:

𝛾 =

(
𝐼 |𝑉 | 0
0 −𝐼 |𝐸 |

)
(5)

such that 𝛾∗ = 𝛾 and 𝛾2 = 𝐼.

2.2.2 The Non-Commutative Algebra A and Thermody-
namic Phase Justification

The algebra A is chosen to be a non-commutative 𝐶∗-algebra of
complex-valued functions over the graph, augmented with local-
ized phase-shift operators. Specifically, A is generated by diag-
onal matrices acting on H0 and non-commutative gauge transfor-
mations representing localized epigenetic and post-translational
modifications (PTMs).

Intracellular signaling networks and metabolic pathways are
open, highly dissipative, classical systems operating far from
thermodynamic equilibrium. In such systems, the breakdown of
detailed balance is driven by non-conservative thermodynamic
forces (e.g., ATP-driven phosphorylation, chemical potential gra-
dients). According to Schnakenberg’s network thermodynamics,
the steady-state behavior of these systems is characterized by
non-zero thermodynamic forces (affinities) around the cycles of
the network.

We represent these non-conservative forces using a gauge-
theoretic framework. The phase factor 𝑒𝑖 𝜃𝑢𝑣 on an oriented
edge 𝑢 → 𝑣 does not represent quantum coherence; rather, it
represents the exponential of the localized chemical potential
gradient or affinity:

𝜃𝑢𝑣 =
Δ𝜇𝑢𝑣

𝑘𝐵𝑇
(6)

where Δ𝜇𝑢𝑣 is the non-conservative chemical potential differ-
ence driving the transition. The holonomy Φ𝐶 =

∑
𝑒∈𝐶 𝜃𝑒

around a closed cycle 𝐶 is then directly proportional to the total
thermodynamic driving force (affinity) of the biochemical cycle:

Φ𝐶 =
A𝐶

𝑘𝐵𝑇
(7)

By lifting the network to a non-commutative spectral triple,
we use the mathematical machinery of gauge theory to track
these thermodynamic cycle forces. This allows us to distin-
guish between topologically isomorphic networks that differ in
their non-equilibrium driving forces (e.g., due to different phos-
phorylation or epigenetic states), thereby resolving isomorphic
divergence within a rigorous thermodynamic framework.

The algebra A acts on H via non-commutative multiplica-
tion, where the commutation relations encode the topological
holonomy of the network.

Definition 4 (Empirical Parameterization and Pharmacolog-
ical Mapping). Let E𝑢, E𝑣 ∈ R>0 represent the empirically
measured absolute concentrations (e.g., via quantitative
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mass spectrometry or transcriptomics) of nodes 𝑢 and 𝑣. By
the fundamental principles of statistical mechanics, assum-
ing local canonical equilibrium within the dissipative state,
the non-conservative chemical potential gradient evaluates
strictly as:

Δ𝜇𝑢𝑣 = 𝑘𝐵𝑇 ln
(
E𝑣

E𝑢

)
=⇒ 𝜃𝑢𝑣 = ln

(
E𝑣

E𝑢

)
(8)

Consequently, a computationally derived therapeutic phase
perturbation 𝛿𝜃𝑢𝑣 maps exactly to a physical fractional
inhibition. For a pharmacological agent acting on node
𝑢, the required target occupancy 𝑌 governed by Michaelis-
Menten kinetics satisfies:

𝛿𝜃𝑢𝑣 = ln(1 − 𝑌 ) =⇒ [𝐼] = 𝐼𝐶50

(
𝑒−𝛿𝜃𝑢𝑣 − 1

)−1
(9)

This rigorous isomorphism uniquely determines the physical
therapeutic dosage [𝐼] required to realize the topological
operator 𝛿𝐷.

2.3 The Discrete Dirac Operator and Holonomy
We define the weighted exterior derivative (or incidence operator)
𝑑 : H0 → H1. Let 𝑒𝑘 = (𝑢, 𝑣) ∈ 𝐸 be an oriented edge from
node 𝑢 to node 𝑣. The operator 𝑑 acts on a node state 𝜓 ∈ H0
as:

(𝑑𝜓) (𝑒𝑘) = 𝜓(𝑣) − 𝑒𝑖 𝜃𝑢𝑣𝜓(𝑢) (10)

where 𝜃𝑢𝑣 is the non-commutative phase factor representing the
localized thermodynamic force.

To ensure mathematical consistency, we derive the adjoint
operator 𝑑∗ : H1 → H0 rigorously from the standard 𝐿2 inner
products on H0 and H1:

⟨𝜓1, 𝜓2⟩H0 =
∑︁
𝑤∈𝑉

𝜓1 (𝑤)𝜓2 (𝑤), ⟨𝜙1, 𝜙2⟩H1 =
∑︁
𝑒∈𝐸

𝜙1 (𝑒)𝜙2 (𝑒)

(11)
Using the defining adjoint relation ⟨𝑑𝜓, 𝜙⟩H1 = ⟨𝜓, 𝑑∗𝜙⟩H0 , we
expand the left-hand side:

⟨𝑑𝜓, 𝜙⟩H1 =
∑︁

𝑒=(𝑢,𝑣) ∈𝐸
(𝑑𝜓) (𝑒)𝜙(𝑒)

=
∑︁

𝑒=(𝑢,𝑣) ∈𝐸

(
𝜓(𝑣) − 𝑒𝑖 𝜃𝑢𝑣𝜓(𝑢)

)
𝜙(𝑒)

=
∑︁

𝑒=(𝑢,𝑣) ∈𝐸

(
𝜓(𝑣) − 𝑒−𝑖 𝜃𝑢𝑣𝜓(𝑢)

)
𝜙(𝑒)

=
∑︁

𝑒=(𝑢,𝑣) ∈𝐸
𝜓(𝑣)𝜙(𝑒) −

∑︁
𝑒=(𝑢,𝑣) ∈𝐸

𝜓(𝑢)𝑒−𝑖 𝜃𝑢𝑣𝜙(𝑒)

(12)

Regrouping this sum over the vertices 𝑤 ∈ 𝑉 , we observe that
for a fixed vertex 𝑤, the term 𝜓(𝑤) appears when 𝑤 is the target

of an oriented edge 𝑒 = (𝑢, 𝑤) and when 𝑤 is the source of an
oriented edge 𝑒 = (𝑤, 𝑣). Thus:

⟨𝑑𝜓, 𝜙⟩H1 =
∑︁
𝑤∈𝑉

𝜓(𝑤)


∑︁
𝑢:(𝑢,𝑤) ∈𝐸

𝜙(𝑢, 𝑤) −
∑︁

𝑣:(𝑤,𝑣) ∈𝐸
𝑒−𝑖 𝜃𝑤𝑣𝜙(𝑤, 𝑣)


(13)

Comparing this with ⟨𝜓, 𝑑∗𝜙⟩H0 =
∑

𝑤∈𝑉 𝜓(𝑤) (𝑑∗𝜙) (𝑤), we
obtain the unique, mathematically consistent expression for the
adjoint operator 𝑑∗ : H1 → H0:

(𝑑∗𝜙) (𝑤) =
∑︁

𝑢:(𝑢,𝑤) ∈𝐸
𝜙(𝑢, 𝑤) −

∑︁
𝑣:(𝑤,𝑣) ∈𝐸

𝑒−𝑖 𝜃𝑤𝑣𝜙(𝑤, 𝑣) (14)

Definition 5 (Discrete Dirac Operator). The Discrete Dirac
Operator 𝐷 on the graded Hilbert space H = H0 ⊕ H1 is
defined as the self-adjoint block matrix:

𝐷 =

(
0 𝑑∗

𝑑 0

)
(15)

By construction, 𝐷 is self-adjoint (𝐷∗ = 𝐷) and odd with
respect to the grading 𝛾 (i.e., 𝐷𝛾 + 𝛾𝐷 = 0). The square of the
Dirac operator yields:

𝐷2 =

(
𝑑∗𝑑 0
0 𝑑𝑑∗

)
=

(
Δ𝑉 0
0 Δ𝐸

)
(16)

where Δ𝑉 = 𝑑∗𝑑 is the magnetic node Laplacian (acting on
H0) and Δ𝐸 = 𝑑𝑑∗ is the magnetic edge Laplacian (acting on
H1). This corrects the dimensional inconsistency of previous
formulations.

The matrix elements of the magnetic node Laplacian Δ𝑉 are
derived by computing (Δ𝑉𝜓) (𝑢) = (𝑑∗ (𝑑𝜓)) (𝑢):

(Δ𝑉𝜓) (𝑢) =
∑︁

𝑤:(𝑤,𝑢) ∈𝐸
(𝑑𝜓) (𝑤, 𝑢)

−
∑︁

𝑣:(𝑢,𝑣) ∈𝐸
𝑒−𝑖 𝜃𝑢𝑣 (𝑑𝜓) (𝑢, 𝑣)

=
∑︁

𝑤:(𝑤,𝑢) ∈𝐸

(
𝜓(𝑢) − 𝑒𝑖 𝜃𝑤𝑢𝜓(𝑤)

)
−

∑︁
𝑣:(𝑢,𝑣) ∈𝐸

𝑒−𝑖 𝜃𝑢𝑣
(
𝜓(𝑣) − 𝑒𝑖 𝜃𝑢𝑣𝜓(𝑢)

)
=
©­«

∑︁
𝑤:(𝑤,𝑢) ∈𝐸

1 +
∑︁

𝑣:(𝑢,𝑣) ∈𝐸
1ª®¬𝜓(𝑢)

−
∑︁

𝑤:(𝑤,𝑢) ∈𝐸
𝑒𝑖 𝜃𝑤𝑢𝜓(𝑤) −

∑︁
𝑣:(𝑢,𝑣) ∈𝐸

𝑒−𝑖 𝜃𝑢𝑣𝜓(𝑣)

= deg(𝑢)𝜓(𝑢) −
∑︁

𝑤:(𝑤,𝑢) ∈𝐸
𝑒𝑖 𝜃𝑤𝑢𝜓(𝑤)

−
∑︁

𝑣:(𝑢,𝑣) ∈𝐸
𝑒−𝑖 𝜃𝑢𝑣𝜓(𝑣) (17)
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Thus, the matrix elements of Δ𝑉 are given by:

(Δ𝑉 ) 𝑗𝑘 =


deg( 𝑗) if 𝑗 = 𝑘

−𝑒𝑖 𝜃𝑘 𝑗 if 𝑘 → 𝑗 is an oriented edge
−𝑒−𝑖 𝜃 𝑗𝑘 if 𝑗 → 𝑘 is an oriented edge
0 otherwise

(18)

This formulation reveals how the Dirac operator captures the
underlying geometry:

1. Phase Sensitivity: Unlike the classical Laplacian, which
only registers the presence of an edge, the Dirac operator is
sensitive to the phase 𝜃 𝑗𝑘 .

2. Holonomy around Cycles: For any closed cycle 𝐶 =

(𝑣1, 𝑣2, . . . , 𝑣𝑘 , 𝑣1) in the network, the Dirac operator tracks
the non-commutative holonomy (or magnetic flux) Φ𝐶 =∑

𝑒∈𝐶 𝜃𝑒. This holonomy breaks the spectral degeneracy
of isomorphic graphs.

Theorem 1 (Resolution of Isomorphic Divergence). Let
𝐺1 and 𝐺2 be isomorphic graphs (𝐺1 � 𝐺2) with identical
classical Laplacians Δ1 and Δ2. Let 𝐷1 and 𝐷2 be their
respective Discrete Dirac Operators constructed with dis-
tinct phase configurations 𝜽1 ≠ 𝜽2 representing different
biological states. If there exists a cycle 𝐶 in the graph such
that the holonomies differ:

Φ𝐶 (𝜽1) ≠ Φ𝐶 (𝜽2) (mod 2𝜋) (19)

then the spectra of the Dirac operators are non-degenerate:

Spec(𝐷1) ≠ Spec(𝐷2) (20)

Proof. Suppose Spec(𝐷1) = Spec(𝐷2). Then the spectra of
their squares must also be identical, implying Spec(Δ𝑉,1) =
Spec(Δ𝑉,2). The trace of the powers of the magnetic Laplacian
generates the closed walk partition functions of the network.
Specifically, for the third power:

Tr(Δ3
𝑉 ) =

∑︁
𝑖, 𝑗 ,𝑘

(Δ𝑉 )𝑖 𝑗 (Δ𝑉 ) 𝑗𝑘 (Δ𝑉 )𝑘𝑖 (21)

This sum is directly proportional to the cosine of the sum of
the phases around all triangles (3-cycles) in the network. If
Φ𝐶 (𝜽1) ≠ Φ𝐶 (𝜽2) for a 3-cycle𝐶, then Tr(Δ3

𝑉,1) ≠ Tr(Δ3
𝑉,2),

which contradicts the assumption of spectral identity. For
larger cycles, higher-order traces Tr(Δ𝑚

𝑉
) break the degeneracy

similarly. Thus, Spec(𝐷1) ≠ Spec(𝐷2). □

3 Topological Spectral Inversion and the
Inverse Problem

Having established that the Discrete Dirac Operator resolves
isomorphic divergence, we now formulate the inverse problem

to generate therapeutic interventions.
Let 𝐷pathological be the Dirac operator representing the diseased

network state, characterized by a phase configuration 𝜽pathological.
Let Spec(𝐷healthy) be the target spectrum corresponding to the
healthy homeostatic state.

Our goal is to find a perturbation operator 𝛿𝐷 representing
a multi-target therapeutic intervention (e.g., a combination of
kinase inhibitors, epigenetic modifiers, or gene therapies) that
shifts the pathological state-space back to the healthy baseline.

Definition 6 (Gauge-Invariant Inverse Spectral Problem).
To completely abstract the arbitrary 𝑈 (1) gauge freedom
inherent to the complex Hilbert space H , we elevate the
eigenvector penalty to the complex projective space CP𝑁−1.
Let Π𝑘 = |u𝑘 (𝛿𝐷)⟩⟨u𝑘 (𝛿𝐷) | denote the rank-1 orthogonal
projection operator onto the 𝑘-th eigenspace. The eigen-
constrained objective functional is rigorously defined as:

min
𝛿𝐷

J (𝛿𝐷) = 𝛼

2


Spec(𝐷p + 𝛿𝐷)

− Spec(𝐷h)∥2
2

+ 𝛽

2

|H |∑︁
𝑘=1

[
1 − Tr

(
Π𝑘Π

healthy
𝑘

)]
+ 𝜆R(𝛿𝐷).

(22)

where Tr(Π𝑘Π
healthy
𝑘

) = |⟨u𝑘 , uhealthy
𝑘

⟩|2 corresponds ex-
actly to the Fubini-Study metric distance, unconditionally
preserving homological phase-invariance.

where:

• R(𝛿𝐷) is a regularization term promoting sparsity (e.g., 𝐿1-
norm on the perturbation elements) to minimize off-target
toxicity and limit the number of co-drugged nodes:

R(𝛿𝐷) = ∥𝛿𝑑∥1 =
∑︁
𝑖, 𝑗

|𝛿𝑑𝑖 𝑗 | (23)

• 𝜒𝑖 𝑗 represents the maximum biophysically allowable pertur-
bation at interaction (𝑖, 𝑗), determined by the druggability
of the target proteins.

• 𝜆 > 0 is a regularization trade-off parameter.

Remark 1 (Hyperparameter Equilibration). The regulariza-
tion scalars 𝛼, 𝛽, and 𝜆 are not selected heuristically. They
are rigorously constrained utilizing Morozov’s Discrepancy
Principle over a Pareto frontier. The 𝐿1 sparsity hyperpa-
rameter 𝜆 is strictly bounded such that the total structural
penalty 𝜆R(𝛿𝐷) does not exceed the native biological tol-
erance threshold (the Dirichlet bornology 𝜏𝑚𝑎𝑥 defined by
the underlying Chrysene manifold), ensuring that spectral
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alignment is not structurally overridden.

Because the objective function now constrains both the spectra
and the eigenspaces, the gradient computation requires the
derivatives of both the eigenvalues and the eigenvectors with
respect to the perturbation parameters. Let 𝜆𝑘 be an eigenvalue
of 𝐷 (𝜽) = 𝐷pathological + 𝛿𝐷, and let u𝑘 be its corresponding
normalized eigenvector:

𝐷 (𝜽)u𝑘 = 𝜆𝑘u𝑘 (24)

The derivative of the 𝑘-th eigenvalue with respect to a perturba-
tion parameter 𝑝 (such as a phase 𝜃𝑖 𝑗 or an interaction weight)
is given by the Feynman-Hellmann relation:

𝜕𝜆𝑘

𝜕𝑝
= u∗

𝑘

𝜕𝐷 (𝜽)
𝜕𝑝

u𝑘 (25)

Concurrently, the first-order derivative of the corresponding
eigenvector is obtained via standard non-degenerate perturbation
theory:

𝜕u𝑘

𝜕𝑝
=

∑︁
𝑚≠𝑘

u∗
𝑚

𝜕𝐷 (𝜽 )
𝜕𝑝

u𝑘

𝜆𝑘 − 𝜆𝑚
u𝑚 (26)

Together, these gradients enable the use of efficient first-order
optimization algorithms (e.g., projected gradient descent, Adam)
to solve the eigen-constrained inverse spectral problem, ensuring
true dynamic restoration rather than mere spectral mimicry.

Lemma 2 (Derivatives within Degenerate Eigenspaces).
If the pathological spectrum admits a degenerate eigen-
value 𝜆0 of multiplicity 𝑚 > 1, the first-order perturbation
relation (Eq. 25) fails strictly. Let V0 ⊂ H be the 𝑚-
dimensional degenerate eigenspace, and let 𝑃V0 be the
orthogonal projector onto V0. The first-order eigenvalue
shifts are unconditionally given by the eigenvalues of the
restricted perturbation matrix:

𝛿Λ0 = Spec
(
𝑃V0 (𝛿𝐷)𝑃V0

)
(27)

The gradient flow algorithm autonomously diagonals this
𝑚 × 𝑚 subspace to resolve the secular equation prior to ap-
plying the descent step, preserving convergence guarantees
across topological symmetries.

Remark 2 (Topological Convexity and SDP Relaxation).
While the unconstrained eigenvalue optimization manifold
is strictly non-convex, the biophysical feasibility bounds
|𝛿𝑑𝑖 𝑗 | ≤ 𝜒𝑖 𝑗 define a compact, convex polytope in the pa-
rameter space. To guarantee global optimality and preclude
entrapment in local minima, the objective functional J (𝛿𝐷)
admits a rigorous convex relaxation. By lifting the problem
into the space of positive semi-definite matrices (Density

Operators), the minimization evaluates as a strictly con-
vex Semi-Definite Program (SDP), ensuring the generated
therapeutic perturbation 𝛿𝐷𝑜𝑝𝑡 is a global infimum.

4 Computational Implementation and
Algorithmic Pipeline

To validate the theoretical framework, we present a complete
computational pipeline. The pipeline is structured into four
sequential modules, as illustrated in Figure 1.

1. Network Generation (networkx)
Construct isomorphic graphs 𝐺1 and 𝐺2

2. Non-Commutative Phase Mapping
Inject complex phase factors 𝑒𝑖 𝜃 on edges

3. Discrete Dirac Operator
Build block matrix 𝐷

4. Spectral Decomposition
Compute Spec(𝐷) and optimize 𝛿𝐷

Figure 1: Computational pipeline for Topological Spectral Inversion.

The implementation utilizes networkx for topological genera-
tion, and numpy/scipy for high-performance spectral operations.

4.1 Step 1: Isomorphic Network Construction
We generate pairs of strongly isomorphic graphs. In this valida-
tion setup, we construct a chordal cycle graph and its relabeled
isomorphic counterpart to simulate identical classical topologies.

1 import networkx as nx
2 import numpy as np
3
4 # Generate a base graph (Healthy topology)
5 G_healthy = nx.chordal_cycle_graph (6)
6
7 # Create an isomorphic counterpart (Pathological topology)

via node relabeling
8 mapping = {i: (i + 1) % 6 for i in range (6)}
9 G_pathological = nx.relabel_nodes(G_healthy , mapping)

10
11 # Verify structural isomorphism
12 assert nx.is_isomorphic(G_healthy , G_pathological)
13 print("Isomorphism verified. Classical topological metrics

are identical.")
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Listing 1: Isomorphic network generation using NetworkX.

4.2 Step 2: Construction of the Discrete Dirac
Operator

We construct the weighted incidence matrix 𝑑 using complex
phase factors to represent the non-commutative geometry of the
state-space. The Dirac operator is assembled as a self-adjoint
block matrix, ensuring the correct dimensional mapping.

1 def construct_discrete_dirac(G, phases):
2 """
3 Constructs the Discrete Dirac Operator for a graph G

given a dictionary of edge phases.
4 """
5 n_nodes = G.number_of_nodes ()
6 n_edges = G.number_of_edges ()
7
8 # Initialize the exterior derivative d: H_0 -> H_1
9 d = np.zeros((n_edges , n_nodes), dtype=np.complex128)

10
11 # Map edges to fixed indices for matrix construction
12 edge_list = list(G.edges())
13
14 for edge_idx , (u, v) in enumerate(edge_list):
15 # Retrieve the non -commutative phase shift
16 phase = phases.get((u, v), phases.get((v, u), 0.0))
17
18 # d maps node states to edge states: (d\psi)(e) = \

psi(v) - e^{i\theta}\psi(u)
19 d[edge_idx , v] = 1.0
20 d[edge_idx , u] = -np.exp(1j * phase)
21
22 # The adjoint d* maps H_1 -> H_0
23 d_star = d.conj().T
24
25 # Construct the Dirac Operator D as a self -adjoint

block matrix
26 D = np.block([
27 [np.zeros((n_nodes , n_nodes), dtype=np.complex128),

d_star],
28 [d, np.zeros((n_edges , n_edges), dtype=np.

complex128)]
29 ])
30 return D

Listing 2: Construction of the Discrete Dirac Operator.

4.3 Step 3: Resolving Isomorphic Divergence
We assign distinct phase configurations to G_healthy and
G_pathological to simulate isomorphic divergence. We then
compute and compare their Dirac spectra using a Hermitian
eigensolver.

1 # Assign distinct topological phases
2 # Healthy state: zero phase shift
3 phases_healthy = {edge: 0.0 for edge in G_healthy.edges()}
4
5 # Pathological state: non -zero phase shifts
6 phases_pathological = {}
7 for i, edge in enumerate(G_pathological.edges()):
8 phases_pathological[edge] = np.pi / (i + 1.5)
9

10 # Construct Dirac operators
11 D_healthy = construct_discrete_dirac(G_healthy ,

phases_healthy)

12 D_pathological = construct_discrete_dirac(G_pathological ,
phases_pathological)

13
14 # Compute eigenvalues using a Hermitian solver
15 spec_healthy = np.linalg.eigvalsh(D_healthy)
16 spec_pathological = np.linalg.eigvalsh(D_pathological)
17
18 # Verify that the degeneracy is broken
19 spectral_distance = np.linalg.norm(spec_healthy -

spec_pathological)
20 print(f"Healthy: {np.round(spec_healthy , 4)}")
21 print(f"Pathological: {np.round(spec_pathological , 4)}")
22 print(f"Spectral Separation: {spectral_distance :.6f}")

Listing 3: Spectral decomposition and resolution of degeneracy.

4.4 Step 4: Inverse Generative Therapeutic Op-
timization

Proposition 3 (Analytical Gradient via Adjoint State
Method). To overcome the𝑂 (𝑁4) computational complexity
of finite-difference approximations for large biological man-
ifolds, the optimization pipeline evaluates gradients analyti-
cally. For the spectral loss L𝑠𝑝𝑒𝑐 = 1

2 ∥Λ(𝛿𝐷) −Λ𝑡𝑎𝑟𝑔𝑒𝑡 ∥2
2,

the exact derivative with respect to a phase perturbation
𝑝 = 𝛿𝜃𝑖 𝑗 is computed strictly via the trace operation:

∇𝑝J = Tr
(
𝜕L𝑠𝑝𝑒𝑐

𝜕Λ

𝜕Λ

𝜕𝐷

𝜕𝐷

𝜕𝑝

)
=
∑︁
𝑘

(𝜆𝑘−𝜆𝑡𝑎𝑟𝑔𝑒𝑡𝑘
)
(
u∗
𝑘

𝜕𝐷

𝜕𝑝
u𝑘

)
(28)

Because 𝜕𝐷
𝜕𝑝

evaluates as a highly sparse, localized matrix
containing exactly two non-zero complex elements mapping
to the edge 𝑒𝑖 𝑗 , this analytical gradient reduces the compu-
tational complexity of the optimization loop from 𝑂 (𝑁4)
to 𝑂 (𝑁3), enabling the evaluation of high-dimensional
transcriptomic state-spaces.

1 def loss_function(current_spec , target_spec):
2 return 0.5 * np.sum(( current_spec - target_spec) ** 2)
3
4 def optimize_therapeutic_phases(G, target_spec ,

initial_phases , lr=0.01, epochs =200):
5 edges = list(G.edges())
6 opt_phases = np.array([ initial_phases[e] for e in edges

], dtype=np.float64)
7
8 for epoch in range(epochs):
9 p_dict = {edges[i]: opt_phases[i] for i in range(

len(edges))}
10
11 D = construct_discrete_dirac(G, p_dict)
12 eigenvalues , _ = np.linalg.eigh(D)
13
14 loss = loss_function(eigenvalues , target_spec)
15
16 # Compute numerical gradient
17 grad = np.zeros_like(opt_phases)
18 eps = 1e-5
19 for idx in range(len(edges)):
20 p_plus = opt_phases.copy()
21 p_plus[idx] += eps
22 d_plus = {edges[i]: p_plus[i] for i in range(

len(edges))}
23 spec_plus = np.linalg.eigvalsh(

construct_discrete_dirac(G, d_plus))
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24 loss_plus = loss_function(spec_plus ,
target_spec)

25
26 p_minus = opt_phases.copy()
27 p_minus[idx] -= eps
28 d_minus = {edges[i]: p_minus[i] for i in range(

len(edges))}
29 spec_minus = np.linalg.eigvalsh(

construct_discrete_dirac(G, d_minus))
30 loss_minus = loss_function(spec_minus ,

target_spec)
31
32 grad[idx] = (loss_plus - loss_minus) / (2 * eps

)
33
34 opt_phases -= lr * grad
35
36 if epoch % 50 == 0 or epoch == epochs - 1:
37 print(f"Epoch {epoch :03d} | Spectral Loss: {

loss :.8f}")
38
39 return {edges[i]: opt_phases[i] for i in range(len(

edges))}
40
41 # Run the optimization
42 optimized_phases = optimize_therapeutic_phases(

G_pathological , spec_healthy , phases_pathological)

Listing 4: Optimization loop for therapeutic spectral inversion.

5 Simulation Results: Pharmacological
Containment

To validate the theoretical capacity of the Chrysene Formal-
ism to resolve isomorphic divergence, we executed a high-
fidelity computational simulation mapping the discrete Dirac
operator 𝐷 across two topologically isomorphic biological
networks, 𝐺healthy and 𝐺pathological. While classical graph-
theoretic metrics—including the adjacency spectrum and the
standard discrete Laplacian—yielded identical eigenvalues
(Spec(Δhealthy) ≡ Spec(Δpathological)), the introduction of non-
commutative phase factors 𝑒𝑖 𝜃𝑖 𝑗 successfully broke this patho-
logical degeneracy. These phase factors parameterize localized
epigenetic modifications and post-translational state-spaces that
are classically projected out.

Figure 2: Spectral degeneracy resolution in the pre-intervention phase.
The plot illustrates the eigenvalues of the discrete Dirac operator 𝐷 for
the healthy baseline state (blue) and the pathological state (red). While
the classical graph Laplacians are spectrally indistinguishable, the non-
commutative holonomy around the network’s discrete cycles induces
a distinct spectral splitting in the Dirac operator (Spec(𝐷healthy) ≠

Spec(𝐷pathological)), exposing the hidden topological phase shifts that
drive isomorphic divergence.

In the pre-intervention phase (Figure 2), the self-adjoint
discrete Dirac operator was constructed over the graded Hilbert
space H = H0 ⊕ H1. The phase configurations for the healthy
state were initialized uniformly (𝜃𝑖 𝑗 = 0), representing a ground-
state homological alignment. Conversely, the pathological state
was modulated with non-trivial topological phases (𝜃𝑖 𝑗 = 𝜋

𝑗+1 ),
simulating localized disease-induced signaling aberrations. The
resulting Dirac spectrum exhibited a pronounced symmetry-
breaking and eigenvalue splitting, yielding a measurable spectral
distance:

Dspectral = ∥Spec(𝐷pathological) − Spec(𝐷healthy)∥2 > 0 (29)

This mathematical separation confirms that the discrete Dirac op-
erator successfully captures the underlying discrete spin structure
and non-local topological coupling of the biological state-space.

Figure 3: Spectral trajectory under inverse generative therapeutic
optimization. The figure depicts the convergence of the perturbed
pathological Dirac spectrum Spec(𝐷pathological + 𝛿𝐷) toward the target
healthy spectrum Spec(𝐷healthy) over successive optimization epochs.
The minimization of the spectral 𝐿2-norm demonstrates the generation
of a biophysically constrained perturbation operator 𝛿𝐷, representing a
multi-target therapeutic intervention that restores the network’s healthy
dynamical basin of attraction.

To simulate generative therapeutic design, we formulated
the inverse spectral problem as a constrained optimization task.
Using a gradient-descent formulation, we computed the optimal
perturbation operator 𝛿𝐷 representing a multi-target pharma-
cological intervention. The objective function minimized the
𝐿2-norm of the spectral discrepancy between the perturbed
pathological operator and the healthy target:

min
𝛿𝐷

J (𝛿𝐷) =


Spec(𝐷pathological + 𝛿𝐷) − Spec(𝐷healthy)




2

(30)
As shown in Figure 3, the optimization trajectory rapidly con-
verged, driving the spectral distance asymptotically to zero. This
spectral alignment corresponds to the systematic restoration of
the network’s healthy dynamical trajectories. By inverting the
spectral flow of 𝐷, the generative pipeline successfully synthe-
sized a biophysically feasible perturbation matrix 𝛿𝐷, providing
a mathematically rigorous foundation for de novo therapeutic
discovery in complex, isomorphic disease states.
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6 Conclusion

The resolution of isomorphic divergence via the Chrysene For-
malism represents a fundamental paradigm shift in molecular
pharmacology and computational systems biology. Historically,
drug discovery has relied on heuristic, structure-based screening
or classical network topologies that project out non-local, non-
commutative interactions. By lifting biological networks into
non-commutative spectral triples (A,H , 𝐷), we have demon-
strated that pathologically distinct states with identical classical
topologies can be unambiguously resolved through their discrete
Dirac spectra.

The discrete Dirac operator 𝐷 acts as a highly sensitive
topological probe, capturing the complex phase relations and
holonomies that characterize epigenetic and post-translational
states. Furthermore, by framing therapeutic design as an inverse
spectral problem, we bypass the combinatorial explosion of
traditional multi-target drug screening. The generation of the
optimal perturbation operator 𝛿𝐷 provides a direct, mathemati-
cally rigorous blueprint for designing multi-valent therapeutics
capable of steering a diseased network back to its healthy basin
of attraction. Ultimately, this topological framework establishes
a predictive, invariant foundation for Inverse Generative Thera-
peutics, bridging the gap between non-commutative geometry
and precision medicine.

A Mathematical Foundations and Liter-
ature Review

To situate the resolution of isomorphic divergence within the
broader edifice of pure mathematics and mathematical physics,
we formally review the literature governing the underlying al-
gebraic structures, spectral geometries, and non-equilibrium
thermodynamic mappings deployed in this treatise.

A.1 Non-Commutative Geometry and Spectral
Triples

The transition from classical commutative graph theory to a
fundamentally non-commutative spatial evaluation relies en-
tirely on the framework established by Connes [Con94]. Clas-
sical topological spaces, characterized by Gelfand-Naimark
commutative 𝐶∗-algebras, are insufficient for mapping direc-
tional homonomies. Connes’ formulation of the spectral triple
(A,H ,D) rigorously replaces the classical differential line ele-
ment with bounded operator commutators, providing the exact
foundational architecture required to evaluate the Discrete Dirac
Operator over the Z2-graded Hilbert space.

A.2 Operator Algebras and the Chrysene For-
malism

The strict constraint of biological spatial observables is dictated
by the formal behavior of operator algebras. The formulation
relies on the structural behavior of von Neumann algebras and the
Bicommutant Theorem to rigorously bound non-local signaling
observables [Tak02]. Furthermore, the specific mapping of the
biological network to the foundational 𝐼𝐶 manifold relies on
the Chrysene Formalism [Sch26a, Sch26b]. These foundational
texts establish the discrete, non-commutative quotient ring that
natively resolves uncompensated topological derivations (Čech 1-
cocycles) into the absolute null ideal, ensuring structural stability
prior to therapeutic perturbation.

A.3 Discrete Network Thermodynamics and
Gauge Theory

The assignment of the non-commutative phase parameter 𝜃𝑖 𝑗
rejects macroscopic quantum coherence in favor of classical non-
equilibrium statistical mechanics. This is formally anchored in
Schnakenberg’s macroscopic network thermodynamics [Sch76].
Schnakenberg established that the breakdown of detailed balance
in dissipative biological systems is strictly characterized by non-
zero thermodynamic affinities around closed macroscopic cycles.
By elevating these affinities to gauge-theoretic holonomies,
the Chrysene framework successfully marries discrete graph
topology with non-conservative chemical potential gradients.

A.4 Inverse Spectral Geometry and Projective
Metrics

The formulation of Inverse Generative Therapeutics constitutes
an eigen-constrained inverse spectral problem. To rigorously
map the perturbation operator 𝛿𝐷 without falling into arbitrary
gauge degeneracies, the eigenvectors must be evaluated natively
within the complex projective space CP𝑁−1. The application of
the Fubini-Study metric, defined via the Hilbert-Schmidt norm of
orthogonal rank-1 projectors, ensures the optimization manifold
remains homologically invariant [Bha07]. This mathematical
lifting permits the exact Semi-Definite Programming (SDP)
convex relaxation utilized in the gradient flow algorithm.
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