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Abstract

This Supplemental Information provides the calculation and reproducibility framework supporting the conditional
feasibility analysis of a 3, 6,9, 12-connected rectangular chrysene network. A provenance system distinguishes analytically
defined, prospectively fixed, computed, measured, and literature-sourced quantities. Tridiagonal determinant recurrences
and transfer matrices describe bridge-mediated electronic coupling for N- and N + 2-segment directions. A homogeneous
reduction gives closed-form Chebyshev expressions for propagating, band-edge, and off-resonant coupling regimes and
defines the admissible set of bridge orders satisfying the minimum two-direction coupling threshold. Primitive-cell
accounting separates geometric density from density per unit mass and establishes the effects of bridge length, metals,
counterions, and retained species on mass-normalized optical and hydrogen-evolution rates. Deterministic intervals,
simultaneous confidence bounds, covariance-aware logarithmic propagation, and joint resampling procedures are developed
for the hydrogen-rate lower bound. Metal ions are represented through an energy-dependent Schur-complement self-energy
that permits calculation of energetic shifts, directional-coupling perturbations, induced broadening, and the competition
between productive charge separation and excited-state quenching. A prospective calculation sequence specifies candidate
locking, numerical verification, uncertainty calibration, controlled measurement, and archival requirements. These results
define reproducible conditions for selecting and testing candidate networks; they do not establish candidate-specific
hydrogen production, catalyst-free proton reduction, water oxidation, or overall water splitting.

Keywords: substituted chrysene; rectangular molecular network; supplemental information; bridge Hamiltonian;
transfer matrix; Green’s-function reduction; Chebyshev recurrence; anisotropic electronic coupling; mass-normalized
density; uncertainty propagation; metal-ion conditioning; photocatalytic hydrogen evolution; artificial photosynthesis;

computational reproducibility.

1 Introduction

The associated article formulates a conditional feasibility test for
a periodic network constructed from 3, 6, 9, 12-functionalized
chrysene nodes. For fixed

N [S 22209

the candidate contains an N-order bridge in the C3—C9 direction
and an N +2-order bridge in the C12—C6 direction. The resulting
lattice is rectangular rather than metrically square and may
possess unequal geometric, electronic, and transport properties
in its two in-plane directions.

The principal question is not whether the candidate must equal

or exceed the published dibenzochrysene kagome benchmark.

It is whether at least one chemically realizable candidate can

satisfy a prospectively declared set of conditions sufficient to
predict and subsequently detect Pt-assisted hydrogen evolution
under sacrificial-donor conditions. In abbreviated form, these
conditions include

min {lTx(E*)la |Ty(E*)|} 2 Lerits
AGcs < —dcs, AGy < —6H,

LB
Dg = PCS, mins xpe <1, Rg, > RrLoq-

Each inequality must be supported by candidate-specific calcu-
lations, measurements, or calibrated uncertainty bounds. No
geometric, electronic, or kinetic parameter is inherited solely
from the common chrysene character of the candidate and bench-
mark.

The main article contains the logical definitions, propositions,
and proofs establishing the conditional relationship between
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these quantities. The purpose of this Supplemental Information
is narrower and computational: it specifies how the required pa-
rameters are to be constructed, normalized, propagated, verified,
and archived. In particular, it addresses five questions that arise
when the analytical conditions are applied to an actual candidate:

. How does the addition of two effective conjugated segments
alter the directional bridge-mediated coupling?

How should primitive-cell composition be converted into
mass-normalized node, bridge, photon-absorption, and
hydrogen-evolution quantities?

How can uncertainty in multiplicative optical, kinetic, trans-
port, and interfacial factors be propagated into a simultane-
ous rate lower bound?

Under what perturbative conditions can a caged metal ion
change electronic alignment or transport without introduc-
ing prohibitive excited-state quenching?

What information must be fixed and retained so that a
prospective candidate decision can be reproduced indepen-
dently?

Section 2 defines the notation, provenance classes, and calcu-
lation conventions. Section 3 develops the bridge determinant
recurrence, transfer matrices, homogeneous Chebyshev reduc-
tion, and dependence on N. Section 4 distinguishes geometric
density from density per unit mass and derives the primitive-cell
normalization. Section 5 constructs deterministic and probabilis-
tic lower bounds while retaining covariance and assay-threshold
uncertainty. Section 6 treats metal conditioning through an
energy-dependent self-energy and an explicit charge-separation—
quenching competition. Section 7 provides the calculation,
candidate-locking, verification, and archival sequence.

The extended square-lattice formalism is supplied separately
as companion supporting theory. It is not required for the
calculations presented here. Likewise, the full DBC kagome
Hamiltonian and a general literature review are not reproduced.
The DBC material supplies experimental precedent and matched
reaction conditions, whereas all candidate conclusions are de-
rived from the rectangular network and its own parameter record.

The scope remains restricted to the reductive half-reaction
2HY +2¢~ — Hy

with platinum as the terminal hydrogen-evolution cocatalyst and
a sacrificial donor removing oxidizing equivalents. Nothing in
this supplement establishes catalyst-free proton reduction, water
oxidation, oxygen evolution, sacrificial-donor-free operation, or
integrated overall water splitting.
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2 Notation, Parameter Provenance, and
Calculation Conventions

This supplement uses the notation of the main article. No
candidate-specific geometric, electronic, kinetic, or catalytic
parameter is transferred from the DBC benchmark to the rectan-
gular chrysene candidate. Literature values define comparison
conditions or prior ranges only; every quantity entering the
candidate feasibility decision must be calculated, measured, or
fixed prospectively.

Definition 1 (Rectangular candidate and bridge orders). Fix

N € 27y, my =N, my =N +2.

The symbol Ry denotes the periodic 3, 6,9, 12-connected
chrysene network having attachment rules
C3(i, j) «— C9(i+1,J), Cl12(i, j) «— C6(i, j+1),

through bridges of orders my and m,, respectively. Its
primitive translation lengths are denoted by

anN > 0, bN+2 > 0,
and its primitive-cell area is

AN = aNbN+2.

The symbols an and b +3 denote optimized center-to-center
distances; they are not assumed to be proportional to the
nominal segment counts.

Definition 2 (Bridge-mediated coupling). Form € {N,N +
2}, let
H}(gm) c ﬂém) — = 7__(1(3m)

be the effective bridge Hamiltonian. Whenever E ¢

Spec(Hém)), define
To(E;N) = v} (EI - H}g’\”)fl vo,
Ty(E;N) =V, (EI - H;N”))‘l 3
At the predeclared comparison energy E*, write
tx =TI (E;N)|, 1y =Ty (E"; N,

The directional anisotropy ratio is

t
nr(N) = [—y

X

provided t > 0. No equality between t, and t is assumed.

Imin := min{ty, ty}.
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Definition 3 (Rate lower bound and decision quantity). Let

Ayns PLesns Loy Linine Mo
denote simultaneous one-sided lower bounds for absorbed-
photon input, charge separation, carrier transport, elec-
tron injection, and productive platinum utilization. The
hydrogen-evolution lower bound is

1
_ﬂNgCS,Ngt

LB ._
Ry, =5

2.V Linj, N Ty -

The factor 1/2 accounts for the two-electron stoichiometry

of
2H* +2¢”~ — H,.

The prospective detectability margin is
MN = Rs,]ﬁ]i, - RLog,

where Ripoq > 0 is the independently determined,
background-corrected assay limit of quantification. De-
tectable feasibility requires

ﬂN>O.

Definition 4 (Provenance classes). Every parameter q is
assigned a provenance record

Il(g) = (class(q),method(q),conditions(q),uncertainty(q)),

where
class(q) € {An, Pr, Co, Me, Li}.

The classes denote, respectively, an analytical definition or
derived identity, a prospectively fixed design or threshold, a
computed quantity, a measured quantity, and a literature-
sourced quantity. A quantity may have more than one class
when, for example, a computed prediction is subsequently
tested experimentally.

Definition 5 (Calculation conventions). The following con-
ventions apply throughout the supplement.

1. Energies are reported in electronvolts, wavelengths
in nanometers, distances in Aongstr()'ms, potentials in
volts, and mass-normalized hydrogen-evolution rates
in mol g‘1 h™!, unless stated otherwise.

2. Every electrochemical potential is accompanied by
its reference electrode, pH, solvent, electrolyte, and
conversion rule. Potentials referenced to different
scales are not combined before conversion to a common
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Table 1: Primary provenance of quantities used in the supplemental

calculations.

Quantity Class Required provenance record

N, my,my Pr Candidate definition fixed before
prospective testing.

an,bn Co/Me  Optimized geometry; structural
measurement if synthesized.

H](Bm) , Ve, Ty Co Electronic-structure method, basis,
geometry, and energy reference.

AN, Ego Co/Me  TD-DFT prediction and calibrated optical
spectroscopy.

AGcs, AGy Co/Me  Declared potential reference, environment,
and uncertainty interval.

Dcs, Dy, Py Me/Co  Time-resolved, transport, and interfacial
determinations or calibrated bounds.

7Pt Me/Pr Pt loading, deposition state, accessible-site
model, and controls.

RrLog Me/Pr  Blank distribution, calibration procedure,
confidence level, and replicate plan.

DBC quantities Li Published benchmark values and reaction

conditions; not candidate parameters.
Pr/Co/Me Identity, oxidation and spin state, geometry,
counterions, and environment.

Metal variables

scale.

3. An underlined quantity denotes a one-sided simulta-
neous lower bound; an overlined quantity denotes
a corresponding upper bound. Point estimates are
not substituted for bounds in a certified detectability
calculation.

4. The comparison energy E*, uncertainty level 1 — q,
coupling threshold t.i;, energetic margins Scs and 6y,
and Ry oq are fixed before the prospective hydrogen
measurements are unblinded.

5. Proprietary calibration data and untouched validation
data remain disjoint. No external-validation observa-
tion may be used to select a candidate, tune a model,
or revise a decision threshold.

6. Literature values from the DBC benchmark define mech-
anistic precedent and matched boundary conditions
only. In particular,

q8 # qRn

unless equality is established independently for the
stated quantity.

7. All calculations concern Pt-assisted sacrificial hydro-
gen evolution. Catalyst-free proton reduction, water
oxidation, and integrated overall water splitting remain
excluded.
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Remark 1 (Logical role of the supplement). The calcula- nants satisfy
tions below evaluate the consequences of declared structural
and physical assumptions. They do not replace candidate Do(E) =1, Dy(E) =E - ¢y,
synthesis or prospective measurement. Their purpose is to
and, forr > 2,

identify the parameter regions for which

LB
Tmin = Lerit and R%N > Rioq
can be supported without transferring the experimental

performance of the DBC benchmark to R .

3 Bridge Recurrence, Transfer Matrices,
and Dependence on N

The purpose of this section is to make explicit how the two
additional effective conjugated segments in the y-direction alter
the bridge-mediated coupling. The treatment is first stated
for a nonuniform nearest-neighbor bridge and then reduced
to a homogeneous model admitting closed-form expressions.
These expressions are reduced models; candidate certification
requires replacement of their parameters by candidate-specific
electronic-structure calculations.

3.1 General tridiagonal bridge recurrence

Definition 6 (Reduced bridge Hamiltonian). Let £y > 1
denote the number of effective frontier states assigned to the
reference crossbar. A bridge of extension order m € 2Zx
is represented by

L, =0 +m

effective states. Thus, m = 0 denotes the reference crossbar
and does not denote the absence of a chemical connection.
On the orthonormal basis

{11),....ILm)},
define
L Ly—-1
Hy" = 3 e I 3 (g 104+ 1+ T 17+ 1)
j=1 J=1

where gj € Rand t; € C\ {0}.

For 1 <r < L, let Hp , denote the leading r X r principal
submatrix of H;m), and define

D,(E) :=det(El, — Hg,) .

Lemma 1 (Continuant recurrence). The bridge determi-
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Dr(E) = (E - 8r) Dr—l(E) - ITr—1|2Dr—2(E)'

Proof. Expansion of det(EI, — Hg,) along its final row
leaves the leading (r — 1) X (r — 1) determinant and the product
of the two entries coupling sites » — 1 and r. The first contribu-
tionis (E —&,)D,_(E); the second is —|7,_1|>?D,_»(E). O

Proposition 2 (Endpoint Green’s function). Suppose
E¢ Spec(Hg")) .

Then
Lm,_1
iE
j=1
Dy, (E)

Consequently, if yp m and yr ., are the node—bridge end-
point couplings, then

aj (EI—HI(;’"))A L) =

Lyn—1
[o
Jj=1

Tn(E) = _.
m( ) yL,myR,mDLm(E)

Proof. By Cramer’s rule, the (1, L,;,) matrix element of the
inverse is the corresponding cofactor divided by Dy, (E).
Because the bridge is tridiagonal and contains a single nearest-
neighbor path between its endpoints, the cofactor is HJL.Z’I_l 7.
Multiplication by the left and right node—bridge matrix ele-
ments gives the asserted effective coupling. m}

Remark 2 (Scope of the single-path reduction). The nu-
merator in Proposition 2 cannot vanish when every 7; # 0.
Therefore, a transmission zero arising from destructive
interference is not represented by this single-path chain.
Candidate-specific antiresonances caused by multiple or-
bitals, pendant groups, or parallel pathways must be deter-
mined from the full matrix

-1
T (m)
v (B1-HJ) v,
Observation of such an antiresonance invalidates the homo-

geneous single-channel approximation at the corresponding
energy.
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3.2 Transfer-matrix representation Hence
. . . . . (m)
Lety; = (jl¥|jly). The stationary bridge equation Hy " |¢) = _1 1
: GiL(E) := (1| (EI -Hp)"" |L) = —————
E |y) gives 1z (E) =1 )10 tgUL(z(E))
T = (E - &)y =T and —
YLYR
TL(E) = —————.
Whenever 7; # 0, define tgUr (z(E))
E-¢g Tl Proof. The determinant recurrence becomes
M;(E) = T; 7;
2
1 0 D (E) =2tpz(E)Dp-1(E) —tgDp2(E).
Then After writing Dy = t50Q;, one obtains
(l//jf ) = M;(E) ( w_j ) : Qr=2z201-1 - 0L, Qo=1, 01 =2z.
’701 %Dj—l

Definition 7 (Bridge transfer matrix). The transfer matrix
of an m-order bridge is

Pn(E) :== Mg, (E)Mg,,_1(E)---M{(E).

It maps the left boundary data to the right boundary data:
YL,+1 Y
" =Py (E .
() =P )

The ordered product P, (E) is the appropriate quantity for a
chemically nonuniform bridge. In particular, changes in linker
identity, torsion, heteroatom substitution, or local electrostatic
environment may be represented through site-dependent £; and
Tj.

3.3 Homogeneous bridge and closed-form solu-
tion

For analytical comparison, assume

Ej = €B, Tj=lB>0

for every internal bridge site. A one-dimensional gauge trans-
formation has been used to make the homogeneous hopping
parameter real and positive. Set

E—SB

Z(E) := TR

Proposition 3 (Chebyshev representation). For a homoge-
neous bridge of L effective states,

Dy (E) = t5UL(z(E)),

where Uy is the Chebyshev polynomial of the second kind.
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These are the defining recurrence and initial conditions for
UL (z). The Green’s-function identity follows from Proposi-
tion 2. O

For the homogeneous transfer matrix,

M(E) = (22(1E) ‘01), detM(E) = 1,

and
Pn(E) = M(E)Em.

Its eigenvalues are

A+ (E) = z2(E) + Vz(E)? -1,

L(E)A_(E) = 1.

Corollary 1 (Propagating, edge, and evanescent regimes).
For real E, the homogeneous bridge has the following three
regimes.

1. If |z(E)| < 1, write z(E) = cosk, with k € (0, ).

Then in((L + )A)
Ur(z) = = sin k
and . ]
T,.(E) = YLYR sin k

tg sin((L+1)k)’
2. If |z(E)| = 1, then

UL(2)| =L +1
and therefore
lyLYrI
T (E)| = ———.
T (B) = =TS

3. If |z(E)| > 1, write |z(E)| = cosh k, with k > 0. Then

sinh((L + 1)«)

U =
|UL(2)] Sinh <
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and ]
sinh

sinh((L + 1)k) "

lyLYRI

7.(8)| = 22

The third case gives the asymptotic relation

TL(E) = 0(e7™), L — .
Thus, two additional oftf-resonant segments impose an asymptoti-
cally finite multiplicative penalty rather than forcing the coupling
identically to zero.

Remark 3 (Regularization near bridge resonances). If
UL(z(E)) =0,

then E is an eigenvalue of the isolated bridge and the reduced
resolvent has a pole. The divergence does not represent
an infinite physical node-to-node coupling. Contact self-
energies, environmental broadening, and hybridization must
be retained. A minimal regularization replaces

il'p

E+— FE+ I'g >0,

before evaluating the Green’s function. Candidate decisions
shall not be based on an unregularized isolated-bridge pole.

3.4 Directional dependence on N
For the rectangular network, set
LX(N) =4+ N, Ly(N) =4{ + N +2.

Define the attachment-site factor

[Y12,..(E; N)ye,r(E; N)|
Xy(E;N) = - - .
|3, (E; N)yo,r(E; N)|
This factor retains differences between the C3—C9 and C12-

C6 frontier-orbital amplitudes even when the internal crossbar
parameters are identical.

Proposition 4 (Directional-coupling ratio). Under the ho-
mogeneous bridge approximation,

T, (E;N)|

IT.(E;N)| ~

U€0+N(Z(E))

nr(E;N) = Ugen+2(2(E)) |

Xy(E;N)

In particular, equality of the crossbar chemistry does not
imply n(E;N) = 1.

Proof. Apply Proposition 3 separately to bridge lengths L (N)
and L, (N), and divide the magnitudes of the resulting cou-
plings. The common factor t;l cancels, while the endpoint

couplings produce y, (E;N).

For the first four admissible values of N,

n7(E;0) = xy (E;0) Ulﬁ—g) ,
mr(E32) = xy (E:2) Zj—jg ,
nr(E;4) = x, (E;4) 52:_28 ’
nr(E;6) = xy (E;6) 521—28 .

Corollary 2 (Off-resonant two-segment penalty). Suppose
|z(E)| = coshk > 1. Then

sinh((€p + N + 1)k)
sinh((€y + N +3)x) "

nr(E;N) = xy(E;N)
If xy(E;N) — x5 (E) > 0, then

Aim 7r(E;N) = x5 (E)e™ > 0.
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Proof. Substitute the hyperbolic representation from Corol-
lary 1. The limit follows by dividing numerator and denomi-
nator by exp((£p + N + 3)«). O

Thus, within the homogeneous off-resonant model, the longer
direction is suppressed relative to the shorter direction but is not
electronically disconnected for finite N, finite x, and nonzero
attachment coefficients. In the propagating regime, by contrast,

sin((fy + N + 1)k)
sin((fp + N +3)k)|’

which need not vary monotonically with N. Candidate-specific
evaluation is therefore required near resonances.

nr(E;N) = x, (E; N)

3.5 Admissible bridge orders

Definition 8 (Bridge-order feasibility set). Af the prede-
clared comparison energy E*, define

Proposition 5 (Two-direction coupling criterion). If
N € Nadm(E *)s

then
T (E*;N)Ty,(E*;N) # 0.

Consequently, the reduced rectangular Bloch Hamiltonian
has nonzero dispersion in both in-plane directions.

Nadm(E*) := {N € 2Z5¢ : min(|Tx(E*; N)|, |Ty(E*; N)|) > teric} -
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Proof. Membership in Nygm (E*) implies

ITX(E*;N)l > ferie > 0, ITy(E*;N)| > ferie > 0.

Their product is therefore nonzero. The two-direction dis-
persion result then follows from the rectangular Bloch model
established in the main article. ]

Remark 4 (Prospective use). The set Nyam(E™) shall be
calculated before candidate selection. Values of N for which
an attachment-site node, bridge antiresonance, excessive
off-resonant decay, or uncertainty interval places either di-
rectional coupling below t.; shall be excluded prospectively
rather than rationalized after hydrogen-evolution testing.

4 Mass-Normalized Density Calcula-
tions

The geometric density of a periodic network and its density per
unit mass are distinct quantities. Shorter translation lengths
increase the number of nodes per unit area, but they also in-
crease the mass per unit area in the same proportion. Mass
normalization must therefore be performed from the complete
primitive-cell composition rather than inferred from lattice com-
pactness alone.

4.1 Primitive-cell mass accounting

Definition 9 (Residue molar masses). Let

res
Ch

denote the molar mass of one 3, 6,9, 12-substituted chrysene
node after network-forming reactions have occurred. Let

(N),res (N+2),res
MG pm

denote the corresponding residue molar masses of the two
directional crossbars. A primitive cell of Ry contains one
node and one representative of each undirected edge orbit.
Its dry, unconditioned molar mass is therefore

MO

N),res N+2),res
GN) = M + MYV 4 MV,

All molar masses are expressed in gmol~" of primitive cells.

Although each node has four incident crossbars in the infinite
graph, every undirected edge is shared by two neighboring nodes.
Consequently,

1 1
5 deg(v) = 5(4) =2

crossbars are assigned to each node, in agreement with the two
edge orbits in the quotient graph.
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If precursor rather than residue masses are used, the primitive-
cell mass must include all network-forming losses.

pre
Ch

and /\/(](Bm)’lDre denote precursor molar masses. Let L be
the set of molecular fragments eliminated during network
Sformation, and let v, (N) be the number of fragments of type
r € L eliminated per primitive cell. Then

Definition 10 (Precursor accounting convention). Let M

(0) _ pre (N),pre (N+2),pre
Mea(N) = My + My + My
— Z vy (N)M},OSS.
rel

The precursor and residue conventions are equivalent only
when every leaving-group stoichiometry is included exactly
once.

Metal occupancy, counterions, retained solvent, and other
non-framework species modify the experimentally relevant mass.
Write

Meen(N) = M (N) + 0 Mag + ) 0, M,
qeq

where 60 is the number of metal ions per primitive cell, M,y is
the metal molar mass, and 6, and M, describe counterions, sol-
vent, or other retained species. Every reported mass-normalized
quantity shall state whether it uses the dry framework mass or
the experimentally measured conditioned mass.

4.2 Areal, volumetric, and mass-normalized den-
sities
Recall that the primitive-cell area is
ANy = anbnio.

If adjacent layers are separated by c > 0, the corresponding
three-dimensional cell volume is

VN = ANCN.

Definition 11 (Geometric densities). The node densities
per unit area and volume are

(4) 1 V) 1
N)=—, N)=—.
Py (N) An py ' (N) Vn
Because there are two crossbars per primitive cell,
(4) 2 V) 2
N)=—, N) = —.
pp (N) An pg (N) Vn

The corresponding mass densities are

O'm(N) — Mcell(N)

NAAN
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and

Mcell (N)
NAVN

where Ny is the Avogadro constant.

pm(N) =

s

Proposition 6 (Cancellation of the geometric cell size). The
numbers of nodes and crossbars per unit mass are

W) 3y < PN N
v U-m(N) Mccll(N)
and o
N 2N,
nm () = 2 ) 2N

O'm(N) B Mcell(N).

The same expressions follow from the volumetric densities.
Hence the translation lengths ay, by+y, and cn cancel
under mass normalization.

Proof. Direct substitution gives

Az_vl _ Na
Meen/(NAAN)  Meen

Multiplication of the numerator by two gives the crossbar result.

Replacing An by Vi proves the volumetric statement. O

Remark 5 (Meaning of compactness). A smaller Ay in-
creases both node density and framework mass per unit area.
It may improve optical depth, inter-node distance, catalyst
proximity, or transport per unit area, but it does not by itself
increase the number of nodes per gram. A mass-normalized
advantage must arise from primitive-cell composition or
from improved per-node photophysical performance.

It is often convenient to express site densities in molar rather
than number-count units. If a primitive cell contains v, sites of
type g, define

(m) ) Vq .
C N) = mol of sites .
4 ( ) Mcell(N) [ g ]
In particular,
(m) 1 (m) 2
C N)=—, C N)y= ——.
v ( ) Mcell (N) E ( ) Mcell (N)

4.3 Dependence on bridge order

Assume for this subsection that each added effective bridge
segment contributes a residue molar mass AMp > 0, while the
reference crossbar has residue molar mass Mg))’res. Then

Mgm),res — MI(BO),res + mAMB.
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Consequently,

MO

cell

(N) = My + (2N +2)AMp,

where
Mo = MES +2MP™,

Proposition 7 (Node-density monotonicity). If AMp > 0,

then
1

Mo+ (2N +2)AMp

is strictly decreasing on 2Z.

") (Y =
cim(n) =

Proof. For every admissible N,

(0)

cell

MO

O N +2) - MON) =4aMp > 0.

Taking positive reciprocals reverses the inequality. O
The number of added effective segments per primitive cell is
Vseg(N) = N+ (N +2) =2N +2.
Its mass-normalized molar density is therefore

2N +2
Mo+ (2N +2)AMp’

C(m)

seg

(N) =

Proposition 8 (Segment-density saturation). The quantity

Cs(:g’) (N) is strictly increasing when My > 0, but satisfies
lim C{™ (N) = L
Neroo 58 AMg
Proof. Letx = 2N + 2 and define
X
f(X) - M() + XAMB.
Then M
’ 0
f(x)=—————=>0.
(M() + XAMB)

Dividing the numerator and denominator by x gives the stated
limit. o

Thus, increasing N increases the number of bridge segments
per gram but decreases the number of complete chrysene nodes
per gram. Neither trend alone determines photocatalytic perfor-
mance.

4.4 Mass-normalized optical and hydrogen rates

Let

- abs

ny,cell(N)



Annals of the Chrysene Formalism

Vol. I, No. 1 | Sep 2026

denote the absorbed-photon rate expressed in moles of absorbed
photons per mole of primitive cells per hour. The corresponding
mass-normalized rate is

l;tabs (N)
(m) _ "yscell SN
A == mol h™ .
N Mcell (N) [ vE ]

The rate lower bound from the main article may therefore be
written as

ab:
LB _ lﬁi,iell(N) ®

- - o. . n .
RN 2 Mcell(N) —CS,N—tr,N—ln],N_pt,N

Corollary 3 (Inactive-mass penalty). Suppose an added
species increases the primitive-cell molar mass by AM >
0 but leaves the per-cell absorbed-photon rate and all
quantum-yield factors unchanged. Then

LB

Ry .new Meen <1
Rs{ﬁ?\] old Meen + AM

The hypothesis of unchanged photophysical factors is essential.
A metal, counterion, or substituent may increase the cell mass
while also changing absorption, charge separation, transport, or
injection. Such a conditioned system must be evaluated from
the complete rate expression rather than from mass alone.

4.5 Comparison with another periodic material

Let a benchmark material X contain v, x objects of type g per
primitive cell and have primitive-cell molar mass M.y, x. Then

(m)
Cq,‘RN Vg sy Meenx
CC(I”';() Vq,X Mcell(N).

This comparison requires only verified stoichiometric cell con-
tents and molar masses; it does not require transfer of the
benchmark Hamiltonian, rate, or quantum yield.

Remark 6 (Reporting requirement). Every mass-
normalized calculation shall report:

=

the empirical formula assigned to the primitive cell;
the node and directional crossbar counts;

the condensation fragments removed;

metal, counterion, and solvent occupancies;

the resulting Mcen(N); and

IS N

whether the reported mass is theoretical dry mass or
experimentally measured sample mass.

445

Without these quantities, a comparison in mol g~ h™! is not
compositionally reproducible.

5 Uncertainty Propagation Through the
Rate Lower Bound

The hydrogen-evolution feasibility criterion depends on a product
of quantities obtained from optical measurements, electronic-
structure calculations, kinetic models, catalyst-access estimates,
and assay calibration. Treating the constituent lower bounds
as independent point estimates would generally overstate the
confidence assigned to the final rate. This section defines
deterministic and probabilistic procedures for propagating their
joint uncertainty.

5.1 Product representation

Definition 12 (Rate-factor vector). For a fixed candidate
Ry, define

Xi,n An
XN Pcs, v
Xy =|X3n|:=]| Pu,n
X4,N Dinj, N
Xs,N NP, N
Here
ﬂN >0

is the mass-normalized absorbed-photon rate, while
0 < ®cs, v, Py, N, Pinj,n»1pe, N < 1.
Define
13
g(x) = > 1_[ X;.
The model-based hydrogen-evolution rate is

R%N = g(XN)-

The factor 1/2 accounts for the two-electron stoichiometry of
molecular hydrogen. Uncertainty in photon absorption carries
the physical units of the rate, whereas the remaining factors are
dimensionless branching, transport, or utilization fractions.

Definition 13 (Uncertainty set). Let
Uy S R x [0, 1]*

denote the admissible uncertainty set for Xy. The robust
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rate lower bound is
R = inf g(x).
Ry e Un g(x)
The set Uy may be deterministic, probabilistic, or con-

structed from a calibrated combination of computational
and experimental uncertainties.

5.2 Deterministic interval propagation
Suppose first that

5
Uy = n[}_ci’N’)_Ci,N]

i=1

is a rectangular uncertainty set satisfying

0< XN <XiN-

Proposition 9 (Exact lower bound on a rectangular set).
For the rectangular uncertainty set above,

Proof. For every i,

onR3 . Hence g is coordinatewise nondecreasing. Its mini-
mum over the rectangular set is attained at its lower corner

.
Xy = (X no- X5 )

Accordingly,

1
LB _
Ry, = E—ﬂNgcs,NQtfaNgi“j’NQP"N.

Corollary 4 (Zero-factor rule). If any constituent lower
bound is zero, then
LB _
Ry, =0.

The candidate cannot be certified as detectably feasible by
the product lower bound, irrespective of the remaining point
estimates.

This rule is intentionally conservative. An unresolved factor
cannot be replaced by its mean or best-fit value merely because
the other factors are well characterized.
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For a nonrectangular uncertainty set, the lower corner need
not belong to Uy . The correct robust value remains

inf g(x),

XGWN

which may be greater than the rectangular result if physical
constraints exclude simultaneous attainment of all marginal
minima.

5.3 Simultaneous probabilistic coverage

Individual one-sided confidence limits do not automatically
provide the same coverage for their product.

Proposition 10 (Propagation of a simultaneous confidence
event). Suppose that random lower bounds X ,, satisfy

]P[X,;N Z&-’Nforeveryi: l,...,5] >1-a.

Then
13
BlRuy 25| [Xin|21-w
i=1
Proof. On the simultaneous event
5
ﬂ{Xi,N >X; nb
i=1

coordinatewise monotonicity gives
8(Xn) z g(Xy).
The probability of this event is at least 1 — a. O

If only marginal lower bounds are available, simultaneous
coverage may be constructed without assuming independence.

Corollary 5 (Bonferroni construction). Suppose
P [Xi,N < Ki,N] <a;
fori=1,...,5, where
5
Z a; <.
i=1

Then the product lower bound has coverage at least 1 — a.

Proof. By the union bound,
5

SZQ’I'SCY.

i=1

P

5
U{Xi,N < Xi,N}
i=1

The complementary simultaneous event therefore has proba-
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bility at least 1 — @, and Proposition 10 applies. O

An equal allocation uses

a; = g
This construction is conservative but remains valid when the
factors are correlated. If independence is established, equal
marginal coverage

l—a;=(1-a)'?

gives exact joint coverage 1 — @. Independence shall not be
assumed merely because the factors have different physical
names.

5.4 Logarithmic sensitivity and covariance

When all factors are strictly positive, define
Yi,N = IOg X,',N.
Then

5

log Ry, = —log2 + ZYi,N.
i=1

Proposition 11 (Unit logarithmic elasticities). For every
i=1,...,5
0log Ry,
0 IOg Xi,N

Thus a small relative perturbation in any one factor produces
the same first-order relative perturbation in the rate when
the other factors are fixed.

Proof. Differentiate

5
log Ry, = —log2 + Zlong,N
J=1

with respect to log X; n. O

Equal elasticity does not imply equal contribution to uncer-
tainty. Let

uy =E[Yn], Ly = Cov(Yn).
Then
Var (log Ry, ) = 1'5y1,
where
1=(1,1,1,1,D".
Equivalently,

Z COV(Y,',N, Yj’N).

1<i<j<5

5
Var (log Ry, ) = Z Var(Y; n) +2
i=1
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Positive covariance increases the rate uncertainty; negative
covariance may partially reduce it. Covariance terms must
therefore be retained when two factors are derived from common
spectra, shared kinetic fits, common geometry calculations, or
the same experimental replicates.

Corollary 6 (Mass-normalization elasticity). If

- abs
_ ny,cell (N)

ﬂ PP —
N Mcell(N)

then

5
log Ry, = —log2 + log n;*jieu —log Mcen + Z log X; N
i=2

Consequently,
0log Ry,

a IOg Mcell
when all per-cell photophysical factors are held fixed.

=-1

5.5 Joint lognormal approximation

A closed-form probabilistic lower bound is available under a
joint lognormal approximation.

Proposition 12 (Lognormal rate quantile). Suppose
Yy =logXy ~ N (py,Zy).
Set
pr = —log2+ 1 py

and
or =1"Zyl.

Then a one-sided (1 — a)-level lower confidence bound is

Rs{;}?\,,a =exp (LR — Z1-aOR) »

where 71_q is the (1 — a)-quantile of the standard normal
distribution.

Proof. The linear combination
log Ry, = —log2 +17Yy

is normally distributed with mean pg and variance 0'122. Its
lower a-quantile is ug — z1-o0r. Exponentiation gives the
result. o

The lognormal expression shall be used only when the pos-
itivity, tail behavior, and covariance model are supported by
diagnostics. It is inappropriate for factors having substantial
probability at zero, strong censoring, unidentified multimodality,
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or model-selection uncertainty.

5.6 Bootstrap and Monte Carlo propagation

When the joint distribution is non-Gaussian, uncertainty shall
be propagated through the complete calculation rather than by
independently sampling marginal factors.

Definition 14 (Joint resampling procedure). For bootstrap
or posterior draws

X = (

define

(D)

(5) b
& @, Pt,N

) g ®)
ﬂ CD tr,N°> ~inj, N’

2 b=1,...

>

b) _ ),
RY =5 ]_[ b'e

The empirical lower bound is

(Q,...

where Q , is a prospectively specified lower-quantile esti-
mator.

(B)
= 0. RY),

‘RN,

Each draw shall preserve shared sources of uncertainty. For
example, a single geometry draw should be propagated jointly
into electronic coupling, redox alignment, carrier transport, and
catalyst distance. Likewise, a spectroscopic bootstrap replicate
should be propagated jointly into every factor estimated from the
same transient data. Resampling the five final factors indepen-
dently destroys these dependencies and is not permitted unless
independence has been demonstrated.

The calculation shall distinguish:

1. parameter uncertainty, arising from finite data or fitted

model parameters;

. measurement uncertainty, arising from instrumental noise,
calibration, sample preparation, and replicate variation;

. model-form uncertainty, arising from alternative Hamilto-
nians, kinetic models, exchange—correlation functionals, or
transport approximations; and

. candidate heterogeneity, arising from defects, particle sizes,
stacking states, Pt distributions, and batch variation.

Model-form alternatives shall be sampled or bounded explic-
itly. Selecting the model that produces the largest lower bound
after observing the hydrogen-evolution result is not admissible.

5.7 Construction of constituent bounds

Computational prediction intervals shall be calibrated on data
not used for model fitting or candidate selection. If nominal

B’
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Table 2: Principal uncertainty sources entering the rate lower bound.

Factor Principal uncertainty sources

AN Incident photon flux, spectral calibration, absorption model,
sample mass, optical scattering, and wavelength integration.

Dcs, N Excited-state assignment, redox potentials, E, kinetic
fitting, reorganization model, and competing relaxation
pathways.

Dy N Directional coupling, mobility or diffusion model, lifetime,
defects, domain size, anisotropy, and catalyst-distance
distribution.

Dy, v Interfacial coupling, Pt electronic state, transfer-rate model,
surface coverage, and competing electron traps.

17P,N Pt loading, dispersion, accessibility, photodeposition
variability, and fraction of Pt sites producing hydrogen.

R1 09 Blank variance, calibration curve, detector drift, gas

leakage, integration procedure, and replicate design.

prediction intervals fail their prospectively specified empirical-
coverage criterion, they shall be recalibrated or widened before
candidate certification. An uncalibrated model standard devia-
tion is not a substitute for a validated prediction interval.

5.8 Uncertainty in the assay threshold

The limit of quantification is itself estimated. Let

ELOQ, a

denote a one-sided upper confidence bound on the background-
corrected quantification threshold.

Definition 15 (Robust detectability margin). The robust
detectability margin is

‘%N,a/ = R;‘{?\,’a - ELOQ’Q.
A candidate is prospectively certified only if
-%N,a > 0.

If Ry oq Is fixed by a validated assay procedure and treated
as nonrandom, then

ELOQ,Q = Rrog-

For the observed experiment, let
Rsig,N

denote the illuminated material-plus-Pt signal and Ry n the
applicable background. A conservative background-corrected
lower bound is

R

—net,N

=R

Bsig, N T Rpg, -

The experimental success criterion is

Bnet,N > RLOQs“’
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together with prospectively specified comparisons against the
dark, no-material, and no-Pt controls.

5.9 Multiplicity across prospective candidates

Suppose five candidates are tested:
P={ny....90}.

If candidate ¢ is assigned false-certification probability g,
family-wise control at level ar is obtained by requiring

5
Z g < aQF.
q=1

An equal Bonferroni allocation gives

@, = =&
q — 5 .

Alternatively, one candidate may be declared the primary

prospective test and the remaining candidates designated ex-

ploratory before measurements are unblinded. The multiplicity

procedure shall be stated in the experimental protocol and shall

not be selected after observing which candidate performs best.

Remark 7 (Certification rule). The uncertainty analysis
has two distinct outputs:

1. a pre-experimental predictive lower bound used to
select candidates; and

2. a post-measurement lower confidence bound used to
determine whether a candidate produced a detectable
hydrogen signal.

The former does not establish experimental activity, and
the latter does not validate every mechanistic factor in
the predictive model. Phase I feasibility requires both
prospective model evaluation and controlled experimental
confirmation.

6 Metal-Ion Perturbation Calculations

Metal incorporation is treated as a bounded perturbation of
the unconditioned rectangular chrysene network. No metal is
assumed a priori to improve hydrogen evolution. A metal may
shift frontier energies, alter stacking geometry, introduce charge-
transfer states, or provide an electron-relay pathway; it may also
localize carriers, increase the primitive-cell mass, or acceler-
ate nonradiative decay. Experimental studies of isostructural
metal-containing COFs likewise show that metal identity can
alter charge-carrier dynamics without guaranteeing improved
photocatalytic performance [CWM™*21].
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6.1 Metal-conditioned state specification

Definition 16 (Metal-conditioning state). A metal-
conditioned candidate is indexed by

m= (M’ QMaSM,RM7CM»dM—7r,0M’IM,8env) ’
where:

M is the metal identity;

g Is its formal oxidation state;

Sn is its spin state;

Ry is its position in the chrysene stack;
Cyuy is its coordination environment;

dps_n contains the metal-r distances to adjacent chry-
sene planes;

Oy contains stack slip, twist, and local angular vari-
ables;

Iy specifies counterions and their positions; and

Eenv Fepresents the dielectric and chemical environ-
ment.

Two candidates having the same metal identity but different
oxidation or spin states are treated as distinct conditioning
states.

For the bounded Phase I transfer test, the admissible set

My ={my,...,m,}

shall be finite and fixed before prospective measurements. It shall
not represent an unrestricted search over all metals, oxidation
states, spin states, and geometries.

Remark 8 (Distinct metal roles). Mg is treated initially
as a comparatively redox-inert electrostatic and structural
conditioner. It is not assumed to catalyze proton reduction.
Transition metals such as Fe, Co, Ni, Cu, or Mn may intro-
duce redox-active or spin-active states, but may also create
traps and nonradiative pathways. Platinum remains the ter-
minal hydrogen-evolution cocatalyst unless an alternative
catalytic role is independently established.

6.2 Block Hamiltonian and Schur reduction

Let Hgy be the effective frontier-state space of the unconditioned
chrysene network, and let H); be the metal-centered state space
associated with m.
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Definition 17 (Metal-conditioned Hamiltonian). Let
Hg : Hy — Hy
be the unconditioned network Hamiltonian,
Hpy(m) : Hyy — Hy
the metal-subspace Hamiltonian, and
Vay(m) . Hy — Hy
the network-to-metal coupling. Define

Vi (m)
Hy(m))*

Hy,

Htot(m) = VM(m)

Proposition 13 (Metal self-energy). Suppose
E ¢ Spec(Hpy(m)) .
The projection of (EI — Hy(m)) ™! onto Hy is
Gy (E) = [EI - Hy — 2y (Esm)] ™",
where

Ty (Esm) = Vag(m) [ET = Hpr(m)] ™! Vay (m).

Proof. Apply the Schur-complement formula to E1 — Hyy (1),
eliminating the metal-centered block. O

The operator X, contains the metal-induced energetic shift,

orbital mixing, and effective coupling between network states.

It is energy-dependent and shall not generally be replaced by a
constant empirical offset.

Proposition 14 (Off-resonant self-energy bound). Assume
H s (m) is Hermitian and define

Ay (E;m) :=dist (E, Spec(Hps(m))) .
If Ay (E;m) > 0, then

[[Var (m) ||

HZM(E,m)” < m

Proof. For a Hermitian operator,

1
dist(E, Spec(Hy))

21— )| =

Submultiplicativity of the operator norm gives

IZaell < IV IICET = Han) ™[IV,
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and [V [l = [Vall- o
This bound distinguishes two limiting regimes. A weakly
coupled, energetically distant metal state produces a bounded
perturbation of order
o( ) |

A near-resonant metal state may strongly alter the network spec-
trum, but the perturbative approximation then becomes unreliable
and the complete block Hamiltonian must be diagonalized.

Va2
Am

6.3 Electrostatic and distance-dependent approx-
imations

For a primarily electrostatic conditioner, define the potential

qme
4reogeny|r — Ry

¢>M (I') = + ¢IM (r)’
where ¢ 7,, is the counterion contribution. The first-order shift
of a localized electronic state |¢;) is

sed!

e / 01 (1) 2ps (x) dir.

This point-charge expression is an initial screening approxima-
tion only. Polarization, charge transfer, coordination, and solvent
response require an explicit electronic-structure calculation.

A phenomenological metal-7 coupling may be written

Vi ()|l = Vamoexp[-Bu(d —dm )], Bm >0.

Consequently, uncertainty in the metal-r distance propagates
exponentially into the coupling:

dlog |V (d)]] _

ad —Bm

Metal position and stack separation must therefore be included in
the uncertainty analysis rather than fixed solely from an idealized
geometry.

6.4 Single-level metal model and induced decay

A minimal redox-active model assigns one broadened metal state
of energy &3, and linewidth I'y; > 0. Let |vys) € Hy be its
coupling vector. Then

[var)(vm|
Sy(E) = — MM
m(E) E—ey+ily/2

Equivalently,

(E-—¢em)—il'm/2
(E—epm)?+ (Tm/2)%

Zp(E) = [vm)(vml
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For a normalized network state |y), define

OEpM (Y E) :=Re (Y| Zp (E) |¢)
and
Fina(Y3 E) := =2Im (Y| Zp (E) ) -
The corresponding induced loss rate is

Find(lﬁ; E) )

kina (Y3 E) = 7

Proposition 15 (Shift-broadening tradeoff). For the single-
level model,

E—8M
(E —em)? + (T /2)?

SEMWE) = | mlylvarly) 2

and

'y
(E—em)?+ (Tn/2)%

Cinda (W E) = | (vmlylvmly) I?

Thus a metal state near resonance can produce a large
energetic shift while simultaneously introducing substantial
broadening and decay.

Proof. Take the real and imaginary parts of (/| Zp(E) ).

For multiple metal-centered states a, the self-energy becomes

_ |VM,a><VM,u|
ZM(E) B Z E - EM,a t l'FM’a/Q,’

a

with each state indexed by its orbital character, oxidation state,

and spin multiplicity.

6.5 Perturbation of directional coupling

Let Hp, o denote the bridge or local node-bridge Hamiltonian in
direction @ € {x, y}. If the metal perturbs that subspace through

XM, a, define

-1
TS(E) =V} , [EI - Hp.o - r.a(Exm)] ™ VR o

Let o
GY(E) = (EI-Hp,q)™'

and .
GU(E) = [ET-Hp.o — Zpr.0(Esm)] .

Lemma 16 (Resolvent perturbation identity). Whenever
both resolvents exist,

G GO _ GOy, G
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Proof. This is the second resolvent identity applied to ET —
HB,Q and EI—HB,Q—ZM,Q. m}

Proposition 17 (Bound on coupling perturbation). Suppose
|69 @)[[Izw.o®)] < 1.
Then

IGY (E)IPIZp,a ()
1= IGY(E)Zpm,a(E)

l6tm @ -6 )| <

and o
T () = T (E)| < 6T (),
where
IGQ (E) PN m.a ()
6Tam(E) = Ve, allllVR,oll <

1= 1G(E)Zpm.a(E)

Proof. The assumed inequality permits the Neumann expan-
sion )
GoY = (1-Gu.a) GV

Taking norms in Lemma 16 gives the resolvent bound. Apply-
ing the endpoint vectors gives the coupling bound. O

Corollary 7 (Sufficient preservation of two-direction cou-
pling). If

T8 ()| = 6T o (E") = teri
for @ = x,y, then

min [T (E*)] > ferit.
ae{x,y}

This criterion certifies that metal conditioning does not destroy
the minimum directional coupling. It does not require the metal
to increase either coupling.

6.6 Energetic alignment under metal condition-
ing

Write

AGEY = AGY) + 65
and

AGUY = AGY + st

where 6%,15 and 61\7[ contain metal-induced changes in excited-
state, oxidation, reduction, solvation, and interfacial energies.
Suppose
CcS _ TS cs
|05 — a7 | < €3y
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and

H _TH H
|04 — Opsl < €p-

The robust energetic conditions are

0
AG((ZS> + (’5‘[(‘148 + 6,(‘:,15 < —dcs
and R
AGY + M 4 elt < 5.

Remark 9 (No benefit from alignment alone). A favorable
shift in AGcs or AG g does not establish improved activity.
The same metal may decrease excited-state lifetime, direc-
tional coupling, transport length, or Pt injection. Energetic
alignment is one factor in the complete rate product.

6.7 Charge-separation benefit versus metal
quenching

Let k; > 0O denote the unconditioned productive charge-
separation rate and let k, > 0 denote the sum of competing
unconditioned loss rates. Then

o® ks
ks+kg

Suppose metal conditioning introduces a productive rate ks a7 >
0 and an additional quenching rate k4 37 > 0. The conditioned
yield is

(D(m) _ ks + ks,M .
cs ks + ks,M + k[ + kq,M

Proposition 18 (Net charge-separation improvement crite-
rion). The inequality

(m) (0)
Dcs’ 2 Pcg
holds if and only if

ks’Mk[ > kskq’M.

Proof. Because all denominators are positive,

ks +ks,M ks
ks + ks,M + k[ + kq,M - ks + k(i

is equivalent, after cross multiplication and cancellation, to
ks’Mkf > kskq’M.

O

Thus, the existence of a new metal-mediated charge-transfer
pathway is not sufficient. Its productive contribution must
outweigh the accompanying quenching relative to the baseline
separation and loss rates.
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A weaker admissibility requirement is

m)

(
QCS > ¢Cs,min,

even if the conditioned yield is lower than the unconditioned
yield. Likewise, the conditioned excited-state lifetime must
satisfy the transport requirement

= DI > g™

in every direction needed for catalyst access.

(m)
Ldiff,ar

6.8 Mass-normalized conditioned rate

Let the conditioned primitive-cell mass be

MM = A0

cell cell

+ HMMM + Z Qqu.
qeq

The metal-conditioned rate lower bound is

,.l(m),abs
(m).LB _ 1 Zycell oo om) g m)
RN - 2 M(m) —CS —tr
cell
(D(m)n(m)

—inj Lpy

If the unconditioned lower bound is positive, define the
conditioned-gain ratio

(m),LB
RSRN

Gum :

T ,(0),LB
RmN

A value Gy > 1 indicates improvement only under the common
normalization, illumination, uncertainty, and catalyst conven-
tions used in both calculations. Phase I feasibility does not
require Gy > 1; it requires

(m),LB
RﬂtN > RLOQ-

6.9 Bounded calculation protocol

For each m € ., the following quantities shall be recorded
before experimental testing:

1. metal identity, oxidation state, spin state, counterions, and

environmental conditions;

optimized metal-r distances, stack separation, slip, twist,
and coordination geometry;

the metal-centered spectrum Spec(H s (m));
the coupling operator Vs (m) and self-energy Xy, (E; m);

conditioned directional couplings T;m) (E*) and Ty(m) (E™);
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6. conditioned optical and redox quantities;

7. induced broadening, excited-state lifetime, and quenching-
rate bounds;

8. conditioned primitive-cell mass and mass-normalized ab-
sorption; and

9. the simultaneous lower bound R;{';)’LB.

Definition 18 (Metal-conditioned certification). A metal-
conditioned candidate is certified for prospective testing
only if all of the following hold:

min {7 (E)L T (BN} 2 feri

AGY < —bcs.  AGYHY < -6,
2((11131) > dCS,min» X[(;[“) <1,
R;‘T;)’LB > Riog.-

Every inequality is evaluated with the uncertainty procedure
of Section 5.

Remark 10 (Interpretive limitation). Metal conditioning
expands the design space but does not repair a candidate
that fails an unexamined physical requirement. A favorable
calculated metal interaction cannot substitute for prospec-
tive measurements of absorption, charge separation, lifetime,
transport, Pt accessibility, and hydrogen evolution. The
bounded transfer test evaluates whether the lattice formalism
and inverse-design workflow can represent and rank metal-
conditioned candidates; it is not a separate unrestricted
metal-photocatalyst discovery program.

7 Reproducibility and Calculation Se-
quence

The calculations are reproducible only if the molecular structure,
physical state, numerical method, parameter provenance, uncer-
tainty construction, and decision thresholds are fixed together. A
chemical drawing or final rate estimate alone is not a complete
computational record.

Definition 19 (Reproducibility bundle). For each candidate
931(3), define its reproducibility bundle by

(q) _ (@) (@) (@) 9,(q) (q)
B = (50, 99.89, %P, 27,

where:

1. Jlflq) is the chemical and topological identification

record;

2. ?Ii,q) is the geometry and environmental record;

3. %1(\,4) is the electronic-structure and kinetic calculation
record;

4. %1(\;1 ) is the uncertainty and calibration record; and

5. 91(\? ) is the prospective decision record.

The identification record shall contain the node structure,
attachment-site labels, crossbar structures, bridge order N, pe-
riodic connection rules, metal-conditioning state if present,
empirical primitive-cell formula, and a unique candidate identi-
fier. Machine-readable structures shall be stored as appropriate
molecular and periodic-coordinate files.

The geometry record shall contain the initial and optimized
coordinates, unit-cell parameters, stacking relation, metal—r
distances, counterions, charge, spin multiplicity, dielectric or
solvent model, and all geometry constraints. Distinct conformers,
oxidation states, or spin states shall receive distinct identifiers.

7.1 Prospective calculation sequence

For every candidate, the following sequence shall be executed in
the stated order.

(C1) Freeze the candidate definition. Record
N, C3-C9, C12-Ce, m,

together with the node, bridge, stacking, and environmental
specifications. The candidate identifier is fixed before
property calculations are examined.

(C2) Optimize and verify the geometry. Determine

an, by, cN

where applicable. Verify preservation of the intended con-
nectivity and reject structures exhibiting bond rearrange-
ment, lattice collapse, or loss of the declared topology.

(C3) Construct the bridge Hamiltonians. Calculate

HéN), Hg\uz),
and the attachment vectors

V3, Vg, V2, V.
Evaluate

T«(E),  Ty(E)

by direct resolvent calculation and, where the reduced-
chain approximation applies, by the recurrence and transfer-
matrix methods of Section 3.
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(C4) Determine optical and redox quantities. Calculate or
measure the absorption response, Eqp, oxidation and reduc-
tion potentials, and the free-energy quantities

AGCS’ AGH .

Every potential shall be converted to the common reference
scale before free energies are combined.

(C5) Estimate Kinetic and transport factors. Determine or
bound

Dcs, Dy, Dy, Pt
including lifetime, diffusion-length, catalyst-distance, and
interfacial-transfer assumptions.

(C6) Perform mass normalization. Calculate the complete
primitive-cell molar mass using Section 4. Report the
dry and conditioned masses separately whenever metals,
counterions, solvent, or residual species are present.

(C7) Propagate joint uncertainty. Construct simultaneous
lower bounds using the procedure of Section 5. Preserve
covariance arising from common geometries, spectra, ki-
netic fits, or experimental replicates.

(C8) Apply the prospective decision rule. Calculate
Imin = min{|Tx(E*)|, |Ty (E*)l}

and
1

LB _
Ry = EENQCS,NQtr,NQinj,NQPLN‘

A candidate advances to prospective measurement only if all
predeclared structural, energetic, kinetic, and detectability
inequalities are satisfied.

(C9) Lock predictions before experimental unblinding.
Archive the predicted structure, properties, intervals, thresh-
olds, and decision outcome before optical, electrochemical,
or hydrogen-evolution measurements are released for that
candidate.

(C10) Execute and report the controlled test. Compare the
illuminated candidate against dark, no-material, and no-Pt
controls. Report positive and negative results under the
same prospectively declared analytical procedure.

7.2 Numerical verification requirements

The following internal checks shall be completed before a candi-
date decision is accepted:

H = (Hé’”’)T,
D,(E) = (E = &)D,_1(E) = [1r-11*Dr—2(E),
T (E) = Ty (E),
res Mpre _Mloss,

cell — cell
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within prospectively specified numerical tolerances. Monte
Carlo or bootstrap bounds shall be checked for convergence with
respect to the number of draws, and results near a resolvent pole
shall be repeated with the declared broadening and full block
Hamiltonian.

Definition 20 (Prospective decision record). The decision
record is

9,(\?) = (E* ferit> 0CS» OH > $Cs.min» RLOQ» @, Ry DeCiSiOH) ;
where
Decision € {Advance, Reject, Unresolved}.

A missing lower bound, failed calibration, unconverged cal-
culation, or unspecified provenance produces the decision
Unresolved, not Advance.

7.3 Software, data, and archival record

Every executable calculation shall record:

1. software name, version, and relevant source-code revision;

2. functional, basis set, pseudopotential, dispersion correction,
solvation model, and convergence criteria;

3. operating environment and hardware information when
numerically consequential;

4. random seeds for stochastic fitting, sampling, or model
training;

5. dataset version, split identifiers, and preprocessing rules;
6. input- and output-file checksums; and

7. date, operator, and candidate identifier.

Publicly releasable structures, scripts, and derived data shall be
archived with the article or in a persistent repository. Where pro-
prietary molecular inputs cannot be disclosed, their immutable
checksums, calculation settings, and nonconfidential derived
results shall be retained in an auditable record. No proprietary
result is treated as independently reproducible merely because
its existence is asserted.

Remark 11 (Reproducibility standard). The reproducibil-
ity bundle establishes what was calculated, under which
assumptions, and before which experimental observations.
It does not convert a computational prediction into an
experimental result. Reproducibility, prospective locking,
and controlled measurement are separate requirements for
Phase I feasibility.
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Conclusion

This Supplemental Information converts the main article’s con-
ditional feasibility statement into a reproducible calculation se-
quence for 3, 6,9, 12-connected rectangular chrysene networks.
The resulting framework does not infer photocatalytic activity
from visible absorption, geometric density, or structural sim-
ilarity to the DBC benchmark. Instead, it requires separate
support for electronic coupling, energetic alignment, charge
separation, carrier survival, catalyst access, interfacial injection,
and analytical detectability.

The bridge recurrence shows how the unequal N- and N + 2-
order directions may be compared without assuming isotropy.
Within the homogeneous reduction,

1Ty (E; N)|
T (E; N)|

U&)+N (Z(E))
U{’0+N+2(Z(E)) .

The longer bridge generally incurs an electronic-coupling penalty,
but finite bridge extension does not by itself force

nr(E;N) = = xy(E;N)

T,(E;N) = 0.
Admissible bridge orders are those satisfying

N € Num(E*) & min{|Tx(E*;N)|, |Ty(E*; N)|} > teri

Primitive-cell accounting establishes that geometric compact-
ness and density per unit mass are different design properties.
The translation lengths cancel from the node count per gram:

Na

(m) —
nv (N) B Mcell(N) )

Consequently, improvements in areal density cannot be reported
as mass-normalized advantages unless primitive-cell composi-
tion or per-node photophysical performance also changes. Metal
ions, counterions, retained solvent, and longer bridges must all
be included in the reported cell mass.

The uncertainty analysis shows that the rate lower bound is
certified only on a simultaneous event. If

P|Xin =X, foralli] > 1-a,

then

with coverage at least 1 — a. Marginal intervals, point estimates,
or independently sampled factors do not provide the same guar-
antee when common geometries, spectra, or kinetic fits induce
covariance. The robust detectability decision is therefore

RLB

Sin.a > RLOQ, e

rather than comparison of a best-fit rate with a fixed nominal
threshold.

te
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Metal conditioning is represented by
Sp(Evm) = Vg ()" [E1 = Hag (m)] ™! Vg ().

This construction permits metal-induced shifts, coupling changes,
and broadening to be evaluated within a common formalism. It
also makes explicit that favorable energetic alignment can be
offset by excited-state quenching. A productive metal-mediated
separation pathway improves the reduced charge-separation yield
only when

ks,Mk{ > kskq,M.

Thus, neither Mg nor a redox-active transition metal is assumed
beneficial before its complete conditioned rate bound is evalu-
ated.

The final output for each candidate is a locked reproducibility
bundle containing its chemical identity, geometry, Hamiltonians,
property predictions, uncertainty construction, thresholds, and
advance-or-reject decision. Candidates advance to measurement
only after these records are archived. Experimental confirmation
then requires a background-corrected lower confidence bound
above the assay limit of quantification and prospectively specified
comparisons with dark, no-material, and no-Pt controls.

Accordingly, the supplement provides a procedure for deciding
whether a rectangular chrysene candidate merits experimental
testing and whether the result supports the predicted feasibility
conditions. A positive result would establish controlled Pt-
assisted hydrogen evolution for the tested material and boundary
conditions. A negative result would identify the failed structural,
electronic, thermodynamic, kinetic, or analytical inequality.
Neither outcome establishes catalyst-free hydrogen production
or overall water splitting, but both provide falsifiable information
for the subsequent development of chrysene-based artificial-
photosynthesis materials.

A Methodological Literature Context

This appendix places the mathematical methods used in the
Supplemental Information within the relevant literature. Its
purpose is not to infer experimental hydrogen evolution from
precedent alone. Rather, it identifies the established theoretical
results supporting the bridge-reduction, anisotropic-transport,
uncertainty-propagation, and metal-perturbation calculations
developed in Sections S1-S6.

A.1 Projection methods and bridge-mediated
electronic coupling

The elimination of internal bridge degrees of freedom is an
application of partitioning theory. Lowdin partitioning decom-
poses a Hilbert space into a retained subspace and an eliminated
subspace and replaces the latter by an energy-dependent effective
operator acting on the former [Low51]. If

7‘{27‘(p®7‘{Q
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and the Hamiltonian has block form

then elimination of the Q-subspace yields

Hpp Hpo
Hop Hgo

He(E) = Hpp + Hpo(Elp — Hoo) ™' Hop-

The bridge self-energy and effective node-to-node coupling
used in the present work are finite-dimensional instances of this
construction.

McConnell’s treatment of intramolecular charge transfer es-
tablished an early superexchange description in which electronic
communication between terminal states is mediated by interven-
ing molecular orbitals [McC61]. In an off-resonant bridge, the
resulting coupling commonly decreases approximately exponen-
tially with bridge length,

IT(N; E)| ~ To(E)e PEN,

although the attenuation constant depends on the bridge spectrum,
attachment geometry, and energy E. The recurrence developed
in Section S2 therefore does not assume a universal value of 3; it
derives the length dependence from the specified reduced bridge
Hamiltonian.

Green’s-function formulations relate transmission amplitudes
to resolvent matrix elements [FL81]. Recursive and transfer-
matrix algorithms provide efficient evaluations of bulk, surface,
and finite-chain Green’s functions without repeated inversion
of the full Hamiltonian [LSLSRS85]. These precedents justify
computing

To(E) = VTL’Q(EI —Hp.o) 'VR.a» @ € {x,y},

by recurrence or transfer matrices.

The present use of this expression is deliberately narrower than
a complete quantum-transport calculation. A nonzero value of
T, (E) establishes electronic communication within the reduced
model; it does not, by itself, determine macroscopic conductivity,
carrier mobility, or a hydrogen-evolution rate.

A.2 Periodic conjugated frameworks and

anisotropic transport

The electronic structure of a two-dimensional conjugated frame-
work depends jointly on the frontier states of its nodes, the
electronic character of its linkers, the attachment-site coefli-
cients, lattice topology, and interlayer interactions [TLZ*19]. It
is therefore generally insufficient to characterize a framework
solely through the optical spectrum of an isolated chromophore.

For the rectangular lattice, the two bridge directions need
not have equal length or equal effective coupling. The nearest-
neighbor Bloch dispersion

e(K) = &g + 2Ty cos(kyay) + 2Ty cos(kyay)
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accordingly retains 7 and Ty as independent parameters. This
form captures the minimal distinction between a square approxi-
mation and the chemically realizable rectangular network. The
condition

T.Ty, #0

is amodel-level criterion for two-dimensional spectral dispersion,
whereas
I\T, =0

reduces the nearest-neighbor model to one-dimensional elec-
tronic propagation.

The calculation does not equate band dispersion with useful
photocatalytic transport. Disorder, exciton binding, dielectric
screening, finite domain size, interlayer offsets, and electron—
phonon coupling can substantially alter carrier motion in an
experimental framework. The periodic Hamiltonian should
therefore be interpreted as a falsifiable electronic baseline rather
than a quantitative mobility model.

Excited-state energies and optical transitions may be refined
through time-dependent density-functional theory. The formal
basis for time-dependent density-functional theory was estab-
lished by the Runge—Gross theorem [RG84]. Practical results
nevertheless depend on the exchange—correlation approximation,
basis or pseudopotential, dielectric environment, conformational
model, and treatment of charge-transfer states. Consequently,
the calculation protocol must report these choices and must not
combine computed excitation energies with experimental spectra
as though they were measurements of the same random variable.

A.3 Uncertainty propagation and sensitivity anal-
ysis

The hydrogen-support lower bound in Section S4 is a product of
uncertain factors. Guidance for reporting and propagating mea-
surement uncertainty is provided by the Guide to the Expression
of Uncertainty in Measurement [Joi08]. For

R1B = RabsncsuTIPUIHER

the logarithmic representation

log Ri g = log Raps + log ncs + log 17 + log 7p + log 7HER

makes multiplicative sensitivity explicit and prevents a single
poorly constrained factor from being hidden by aggregation.
First-order uncertainty propagation is appropriate only when
the map is locally smooth and the uncertainties are sufficiently
small. Bootstrap resampling provides a less restrictive method
for estimating sampling variability and confidence intervals
from finite datasets [Efr79]. Global variance-based indices,
including Sobol indices, are appropriate when nonlinearities and
interactions make local derivatives inadequate [SobO1]. These
methods are complementary: logarithmic elasticities identify
local multiplicative sensitivity, whereas Sobol indices apportion
output variance over a prescribed joint input distribution.
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When a machine-learning predictor supplies optical or redox
inputs, calibration must be assessed separately from point error.
Conformalized quantile regression provides a distribution-free
route to marginal prediction-interval coverage under exchange-
ability assumptions [RPC19]. Such coverage is not automati-
cally simultaneous over all factors in Ry g, nor does it remain
guaranteed under uncontrolled domain shift. The Supplemental
Information therefore distinguishes model uncertainty, parameter
uncertainty, measurement uncertainty, and structural uncertainty.

A.4 Metal-ion conditioning and catalytic inter-

faces

Metal incorporation can modify orbital energies, excited-state
lifetimes, charge localization, and catalytic accessibility, but
metal addition is not intrinsically beneficial. Isostructural met-
alloporphyrin covalent organic frameworks have shown that
changing metal identity can change charge-carrier dynamics and
photocatalytic hydrogen evolution even when the surrounding
framework is closely related [CWM*21]. This establishes the
importance of treating metal identity and coordination as explicit
variables. It does not establish that Mg, Fe, or another metal
will improve the proposed chrysene network.
The perturbative model in Section S5 writes the metal-
conditioned node Hamiltonian as
H(M)(E) )

node node

+ vﬁvA[(lzlr—'l{A[)_l‘/A{AI

This Schur-complement form separates the unconditioned net-
work from the metal-state subspace. It also makes the breakdown
of perturbation theory explicit: if E approaches the spectrum
of Hyy, or if ||Vyas]| is not small relative to the relevant level
separation, a full coupled-state treatment is required.

Electron-transfer kinetics depend on electronic coupling, re-
action free energy, nuclear reorganization, and temperature, as
formalized in Marcus theory [Mar93]. A metal-induced increase
in optical absorption or density of states therefore need not
increase productive charge transfer. The same perturbation may
introduce trap-assisted recombination, excited-state quenching,
or unfavorable redox shifts.

The terminal cocatalyst must likewise be treated indepen-
dently from the light-absorbing framework. Studies of platinum
deposited on covalent organic frameworks show that catalyst
placement and interfacial electronic communication can materi-
ally affect photocatalytic hydrogen production [LYH*22]. This
supports retaining 77p; as a separate factor rather than absorbing
it into an intrinsic lattice-coupling parameter.

A.5 Reproducibility and evidentiary status

Reproducibility studies in density-functional theory demon-
strate that well-specified calculations can agree across imple-
mentations, while also showing that numerical settings, pseu-
dopotentials, basis representations, and convergence criteria
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must be documented [L.*16]. The calculation sequence in Sec-
tion S6 therefore records the molecular geometry, bridge length,
electronic-structure method, environmental model, energy refer-
ence, matrix construction, convergence thresholds, and software
version.

The FAIR principles provide a complementary framework un-
der which numerical inputs, metadata, scripts, and outputs should
be findable, accessible, interoperable, and reusable [W* 16]. For
the present model, a reproducible computational record should
minimally contain

‘% = (gaQ,HB’HnodeaV, D9ﬂ70)7

where G is the structural graph, © is the parameter set, D is the
input dataset, A is the ordered calculation procedure, and O is
the set of reported outputs.

Remark 12 (Limits of the cited precedent). The literature
reviewed above establishes the legitimacy of the mathe-
matical and computational tools used in the Supplemen-
tal Information. It does not establish that the proposed
3,6,9,12-connected chrysene network evolves hydrogen. In
particular,

methodological precedent = Ry, > 0.

The latter proposition remains a prospective experimen-
tal hypothesis requiring controlled illuminated, dark, no-
material, no-cocatalyst, and benchmark measurements.
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