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Abstract

We present a revised twelve-axiom formulation of the Chrysene Formalism that rigorously separates its molecular,
tensorial, noncommutative, spectral, and physical layers. The molecular reduct is restricted to a finite four-ring polyhex
comparison class whose canonical reference point group is conjugate in O(3) to the standard Cyj, realization and whose
two primary attachment directions are intrinsically inequivalent. The 3,6,9, 12 « 2,5, 8, 11 dual cipher is realized as a
uniform one-step perimeter displacement.

A local structural tensor W generates a Z3-indexed tensor network. Its quasi-local observable algebra and lattice-translation
action produce the crossed-product sequence algebra g = Qg =, Z>, whose noncommutativity follows from translation
of localized operations rather than from geometric orthogonality. The dual cipher defines a second structural tensor, a
native Z, X Z, four-state alphabet, and a commutant representation of the primary sequence algebra.

The sequence algebra is equipped with the spectral triple (‘21&, H,,,Dg). An explicit faithful tracial representation
and finite-filtration Dirac operator give bounded commutators and compact resolvent on the infinite Z3 architecture
without compactifying the lattice or requiring translation invariance of Dg. Physical transfer, polarization response, and
admissibility geometry are introduced as distinct subsequent structures.

An exhaustive enumeration of the seven free four-cell polyhexes selects a unique canonical carbon framework with the
required C,;, point-group type, and its graph is independently identified with chrysene. An explicit extension of the
standard numbered chrysene reference node satisfies all twelve axioms, proving non-vacuity. Consequently, every full
model has canonical carbon-framework reduct polyhex-congruent to chrysene, while the standard 3,6,9, 12 < 2,5,8, 11
locant frame is retained on the reference and standard-locant realization class rather than derived uniquely from the
axioms.

The Ny = N, + 2 relation, a structurally induced G F (4) field law, directional transfer and optical anisotropy, spectral—path
metric reconstruction, real spectral structure, spectral dimension, higher-algebraic braiding, emergent assembly chirality,
and dynamical scission remain theorem-level problems.

Keywords: Chrysene Formalism; chrysene; tensor space; tensor network; noncommutative geometry; spectral triple;
Connes distance; C*-algebra; crossed product; 73 fibration; dual cipher; commutant; molecular graph; operator
Hamiltonian; linear response.

1 Introduction

The Chrysene Formalism was introduced as a discrete mathe-
matical architecture motivated by substituted chrysene and was
subsequently developed through tensorial descriptions, operator
algebras, noncommutative state spaces, finite structural encoding,
spectral methods, discrete transport, and boundary constructions

[Sch26a, Sch26b, Sch26¢c]. Several concepts recur throughout
that program: the 3, 6,9, 12-substituted chrysene architecture,
the geometric basis tensor W, a three-dimensional discrete
fibration, a noncommutative observable algebra, the adjacent
2,5,8,11 dual cipher, and a spectral description based upon
C*-algebras and Dirac-type operators.

A previous restatement of the formalism improved its logical
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discipline by separating molecular geometry from Hilbert-space
orthogonality, directional anisotropy from chirality, four-state
cardinality from G F (4) field structure, and local constraint vio-
lation from global metric disconnection. Those distinctions are
retained here. However, that restatement also weakened several
structures that were central to the earlier program: the molecular
reduct was allowed to be an arbitrary finite embedded graph, the
three-dimensional tensor space was reduced to a primarily planar
translation lattice, the 2,5, 8, 11 dual cipher ceased to be part of
the axiomatic structure, and the noncommutative-geometric role
of a spectral triple was no longer explicit.

The present work therefore undertakes a second, more com-
prehensive restatement. Its objective is not to return to the
stronger inferential claims of the original formulation, but to
restore those structures that properly belong to the foundation
while preserving the logical separations introduced by the first
revision.

The resulting architecture is based upon five principles.

First, the molecular reduct is no longer arbitrary. Itis restricted
to a precisely defined class of four-ring polyhex molecular graphs.
Within that class the carbon framework must possess Cyj, sym-
metry, the distinguished 3, 6,9, 12 and 2, 5, 8, 11 perimeter coor-
dinates must support the primary and dual-cipher structures, and
the two primary attachment directions must remain inequivalent
under the carbon-framework stabilizer. This formulation permits
molecular characterization without defining the molecular graph
to be chrysene by fiat.

Second, the term Chrysene Tensor Space is given a literal
tensorial interpretation. The embedded molecular graph remains
the primitive chemical object, while its attachment interfaces
determine finite-dimensional tensor factors. A distinguished
structural tensor

lP(g e Tg

occupies each cell of a discrete three-dimensional network.
Molecular bridges and stacking contacts correspond to contrac-
tions of tensor interfaces.

Third, the spatial base is restored as

Xg = 27,
with the discrete fibration
)
7 — 7 — 7.

The x- and y-directions remain governed by exact bridge-closure
relations, while the third coordinate supplies the stacking fiber.
The resulting construction therefore retains both the planar
closure problem and the three-dimensional sequence space.

Fourth, noncommutativity is reconstructed from sequence
dependence. For the quasi-local tensor algebra Qg, lattice
translation acts by

a: 7> — Aut(Qg).
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The structural sequence algebra is

s = Q¢ <o Z3,
and its covariance relation

umPx = PxymUm

provides an explicit source of noncommutativity whenever local-
ization is changed by translation. Thus the formalism does not
infer operator noncommutativity from molecular orthogonality
or anisotropy.

Fifth, the operator algebra is promoted to a noncommutative
metric geometry through the spectral triple

(?’[é’ 7-[(1)9 DG) .

The Dirac operator defines the spectral Lipschitz seminorm and
Connes-type distance, while the physical node-bridge Hamilto-
nians remain distinct operators on separately specified physical
representations. This distinction permits spectral geometry
and electronic dynamics to interact in later models without
identifying them axiomatically.

The 2,5, 8, 11 dual cipher is restored simultaneously. The
primary structural tensor W and its dual ¥( are related by an
explicitly defined one-step locant transformation. Together with
the binary stacking registry, this produces the native four-state
alphabet

T¢ = Z5° X ZE.

At the operator level the dual representation generates the com-
mutant of the primary von Neumann algebra. The four-state
structure is therefore foundational, whereas a multiplicative law
making it a field is not.

These restorations do not reinstate the stronger implication
chains of the earlier formalism. In particular,

geometric anisotropy = transfer anisotropy,
|IZ¢| =4 =» Z¢ = GF(4) as a field,
d(x,y) = +oo = autonomous physical scission,

without further hypotheses.
The central inferential convention is therefore

axiomatic foundation + explicit realization hypotheses

ey

= derived consequences.

The principal objectives of this article are:

1. to formulate a twelve-axiom foundation whose molec-
ular reduct is compatible with a rigorous chrysene-
characterization problem;

2. to restore the tensorial and Z3-fibrated architecture of the
Chrysene Tensor Space;
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3. to derive the noncommutative sequence algebra from or-
dered translation and localization operations;

4. to restore the 3,6,9,12 < 2,5,8, 11 dual cipher and its
commutant realization;

5. to endow the sequence algebra with a spectral triple and
noncommutative metric structure;

6. to retain physically distinct Hamiltonian, transfer, response,
and admissibility layers; and

7. to separate molecular characterization from the subsequent
theorem program involving N + 2 closure, GF(4), di-
rectional transfer, optical response, metric reconstruction,
higher algebra, chirality, and dynamical boundaries.

Section 2 fixes the logical levels and notation. Sections 3—
8 state the twelve axioms. Section 9 gives the prerequisite
architecture and molecular-characterization theorem. Section 11
states the deferred theorem program. Section 12 provides a
concordance with the earlier formalism and the final sections
discuss the scope and implications of the restatement.

2 Mathematical Setting, Logical Levels,
and Conventions

The revised formalism distinguishes molecular characterization,
axiomatic structure, realization-specific extension data, and
derived consequences. This distinction is necessary because the
present axioms constrain the molecular reduct more strongly
than the previous restatement while continuing to leave many
physical and algebraic properties theorem dependent.

2.1 Logical Levels of the Formalism

Let
A:={A1,..., A} (2)
denote the complete axiom set, and let
Mod(A) (3)

denote the class of full structures satisfying all twelve axioms.

Definition 1 (Axiomatic statement). A statement P is ax-
iomatic when it is contained in A or follows solely from
definitions necessary to interpret the axioms. We write

AP “

when P holds in every full model.
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Definition 2 (Molecular-reduct statement). A statement is
called a molecular-reduct statement when it concerns only

Red ol (R)

and the graph, embedding, locants, symmetry stabilizer, or
attachment data inherited from Axioms A1—As.

Definition 3 (Realization or extension hypothesis). Let
R € Extin(Cenr)

be a specified full realization over the chrysene molecular
reduct. A statement
H(R)

is a realization hypothesis when it supplies additional geo-
metric, chemical, registry, spectral, Hamiltonian, response,
or dynamical information not required by the twelve axioms.

Definition 4 (Conjugated m-Framework Hypothesis). Let
R € Extiz (Cenr)

be a chemically instantiated chrysene realization.
We say that R satisfies the Conjugated m-Framework Hy-
pothesis, retaining the notation

Hyx(R), ®)

when the carbon sites and carbon—carbon bonds associated
with the external perimeter

6Gchr

participate in the ordinary delocalized m-electronic frame-
work of the sp?-conjugated benzenoid realization.

The statement Hy, (R) is a chemical realization hypothesis
and is not an axiom of the Chrysene Formalism.

Remark 1 (Relation to the historical perimeter-conductivity
condition). The hypothesis Hy, is the chemically qualified
successor to the closed conjugated-perimeter or perimeter-
conductivity condition used in earlier formulations of the
Chrysene Formalism.

It asserts participation of the relevant carbon framework
in the ordinary delocalized rt system of a conjugated sp>
benzenoid. It does not assert the existence of a separate
electrically conducting perimeter loop, a uniform molecular
ring current, equal bond order around the perimeter, or a
measured electrical conductivity.
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Any quantitative transport statement requires a separately
specified electronic Hamiltonian, state, coupling model,
and transport observable within Axiom A1y or a subsequent
physical realization.

Definition 5 (Derived realization theorem). A statement Py
is a derived realization theorem when

AU Hy = Py (6)

for an explicitly stated hypothesis family Hsy.

Definition 6 (Empirical instantiation claim). A statement
identifying an abstract model parameter with a mea-
sured or computed property of a synthesized molecular or
supramolecular system is an empirical instantiation claim.
Such a statement requires independent experimental or
computational support and is not converted into an axiom
merely by its use in motivating the formalism.

The logical hierarchy is therefore

molecular comparison class

I}
twelve-axiom structure

U

molecular characterization @)
U

realization-specific hypotheses
U
derived mathematical or physical conclusions.

3 Embedded Molecular Geometry and
Local Tensor Structure

The revised Chrysene Formalism begins with an embedded
molecular graph rather than with an abstract tensor taken as
primitive. Tensorial structure is introduced only after the molecu-
lar interfaces have been defined. This order permits the molecular
graph, its Euclidean embedding, and its tensor representation to
remain mathematically distinct.

The present section therefore performs two tasks. First, it
restricts the molecular comparison class sufficiently to support a
later characterization theorem for the chrysene molecular reduct.
Second, it constructs the finite-dimensional interface tensor
space associated with the distinguished attachment directions.
The resulting tensor space will become the local fiber of the
three-dimensional network defined in Section 4.

The terminology “Chrysene Tensor Space” and “basis tensor”
is retained from the earlier formalism [Sch26a, Sch26b, Sch26c¢],
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but is given a more precise meaning below.

3.1 The Four-Ring Benzenoid Comparison Class

We first specify the molecular class within which the later
chrysene-characterization theorem is to be formulated.

Definition 7 (Four-ring polyhex comparison class). Let #Z
denote the abstract hexagonal tiling graph.

A finite graph G belongs to the four-ring polyhex comparison
class 9By if there exists an edge-connected union of exactly
Jour hexagonal cells of # whose induced carbon-skeleton
graph is isomorphic to G.

Thus

By = {G:GEG(S)

for some edge-connected four-cell polyhex S }

®)

The corresponding set of graph-isomorphism classes is

denoted

GG(%’4

(€))
Accordingly,

means that G is an actual four-ring polyhex carbon-skeleton
graph, whereas
[Glz € By/=

denotes its graph-isomorphism class.

Remark 2 (Role of the comparison class). Membership in
By does not identify a candidate with chrysene. The class
contains the competing four-ring polyhex topologies admit-
ted by the stated combinatorial definition. The purpose of
introducing 98, is to give a precise finite comparison domain
for the molecular-characterization theorem developed later.

Remark 3 (Combinatorial status of the comparison class).
Membership in 9By is a graph-theoretic condition and does
not assert that every member corresponds to an isolable
neutral closed-shell hydrocarbon of formula CigHy,.

The exhaustive classification contains carbon-skeleton
graphs with different vertex counts and condensation pat-
terns. Some correspond to familiar polycyclic aromatic
hydrocarbon skeletons, whereas others serve only as mem-
bers of the finite combinatorial comparison class required
for molecular characterization.

Accordingly,

G e %y



Annals of the Chrysene Formalism Vol. 1, No. 2 | Sep 2026
does not by itself imply chemical stability, a particular with
molecular formula, closed-shell electronic structure, syn- Pr(2) =@ (R € 0(3)). (15)

thetic accessibility, or experimental isolation.

Lemma 1 (Bipartiteness of the four-ring polyhex class).
Every graph
G e %4

is bipartite.
Equivalently, there exists a decomposition

[V(G) = Va(G) U V5(G) | (10)

such that every edge of G has one endpoint in V5(G) and
one endpoint in Vg(G).

Proof. The abstract hexagonal tiling graph # is bipartite.

Every G € %, is, by Definition 7, the carbon-skeleton graph
induced by a finite union of cells of #. The restriction
of a bipartition of #Z to the vertices of G therefore gives a
bipartition of G. O

Remark 4 (Balanced bipartition is a stronger property).
Bipartiteness alone does not imply

[Va(G)| = [VB(G)|.

Accordingly, balanced bipartiteness is not imposed as an
additional axiom on the entire comparison class By.

For the reference chrysene molecular reduct, however, the
verified carbon-skeleton bipartition is balanced:

[1Va(Gen)| = [VB(Genn). | (11)

This molecular fact may therefore be used in subsequent
Chrysene realizations without being reintroduced as an
independent axiom.

3.2 Embedded Labeled Benzenoid Molecular
Node

Let Lioc, Lehem, and Ly be sets of locant, chemical, and
attachment labels, respectively. Assume

{2,3,5,6,8,9, 11,12} C Liec. (12)

Let .
Law = Law U {2}

If attachment labels carry orientation-dependent data, assume
an orthogonal action

13)

p:0(3) — Aut (Zm) (14)
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Axiom 1 (Embedded Labeled Benzenoid Molecular Node
(A1)). The molecular reduct of the Chrysene Formalism is
a quadruple

€ =(Vg, Eg,t, 1) (16)
satisfying the following conditions.
1. The molecular graph
Gg = (Vg, Eg) 17)

belongs to the four-ring polyhex comparison class 9.

2. The molecular embedding
(Vg — R (18)
is injective.
3. The labeling datum
A = (Aioc, Achems Aatt) (19)
consists of maps
Aioc 2 Vg — Lioc U {2}, (20)
Achem : Ve U Eg — Lenem, (2D
Aa : Vg — Lun- (22)
4. For each
Jj€{2,3,5,6,8,9,11,12}, (23)
there exists a unique vertex v; € Vg such that
Atoc(vj) = J. (24
5. The primary attachment set is
A%ﬁ = {v3, V6, V9, Vi2}. (25)
Its vertices carry non-null attachment data:
(V) £ @ (v c Algi) . (26)
6. The distinguished dual-cipher locant set is
Adgual = {v2, Vs, V8, V11 } (27)

Its algebraic role is not imposed by Axiom Ay, it is
developed in Axiom Ag.

For every distinguished locant define

r; = L(Vj). (28)
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Definition 8 (Embedded labeled four-ring node class). De- if there exists Q € O(3) such that
fine
0GQ ' =H. (34)

‘ N,y := {C : € satisfies Axiom 1} . ‘ (29)

Thus
By

is the comparison class of abstract carbon-skeleton graphs,

whereas
N4

is the class of embedded labeled molecular nodes built over
those graphs.
For € € N4, one has

Gg € Bu. (30)

Remark 5 (The molecular node is not defined to be chry-
sene). Axiom 1 restricts the molecular reduct to a well-
defined four-ring polyhex comparison class and specifies
the locant data required by the formalism. It does not

Fix once and for all a standard orthogonal realization

C < 0(3) (35)
of the Schoenflies point group Coy,.
Thus

G ~o(3) Cay

means equivalence as an embedded orthogonal point group,
not merely abstract group isomorphism.

In particular, although Cyy, and Cy, are abstractly isomor-
phic to Zy X Zy, they are not identified by ~o3).

Axiom 2 (Symmetry Stabilizer (A2)). Let € be an embedded
node satisfying Axiom 1.
For g € E(3), write

assert that G is the chrysene graph. Identification of the g(r) = Rgr + tg, R, € O(3). (36)
surviving molecular isomorphism class is reserved for the . ]
characterization theorem of Section 10. The full labeled symmetry stabilizer of € is
Jg € Aut(Gg) such that
oqe . . gOL=10¢@g,
3.3 Symmetry Stabilizer and Chiralit i
y y y Te=1g€EB): Achem© P = Achems 37)
For g € E(3), write Aat © Pg = PR, © Aaws
Sog (A](JEI'I) - A[()gl'l
g(r) = Rgr + tg, R, € O(3). (31)
Here gog, is the induced bijection on Vg U Eg.
Definition 9 (Polyhex reference embedding). For each The associated full labeled molecular point group is
G e 334, let
Ig :={Ry : g €T} <0(3). (38)

tpx - V(G) — R?

denote the embedding induced by a representative union
of four regular hexagonal cells of the standard hexagonal
tiling.

Two such reference embeddings are identified when related
by a Euclidean isometry of the tiling.

The corresponding reference polyhex symmetry group is

P = {g e Isom(R?) : g(;px(G)) = 4y (G)} . (32)

Its three-dimensional molecular extension is obtained by
adjoining reflection through the molecular plane.

Definition 10 (Orthogonal equivalence of molecular point
groups). Let G, H < O(3). We write

(33)
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To distinguish symmetry of the carbon framework from sym-
metry reductions caused specifically by attachment labels or
substituent identity, define the embedded carbon-framework
stabilizer

J e € Aut(Gg) such that
gEE(3): got=10,g,

b ._
rem . ﬁ
Achem © Yg = Achem

(39)
Its associated embedded carbon-framework point group is
Y™ = {Ry : g € TT™} < 0(3). (40)

Because the full labeled stabilizer preserves all data required
of the embedded carbon framework,

emb
e <T™.

(41)
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For Gg € By, let

i Vg — R? 42)
denote the canonical regular-polyhex reference embedding
specified in Appendix A, and define its planar realization in

three-dimensional Euclidean space by
Tx () = (epx(v),0) € R, (43)

The reference carbon-framework stabilizer is defined purely
from the canonical carbon-skeleton geometry:

Jg € Aut(Gg) such that }
80Ty =Tpx © ¢g '

F&"re o= {g € E(3):

(44)
Its associated reference carbon-framework point group is
NP = {Ry : g € T} <0(3). (45)

The molecular reduct of the Chrysene Formalism is required
to satisfy

core std
g™ ~o0@3) Cyy,-

(46)

The requirement (46) is a statement about the canonical
regular-polyhex carbon-framework geometry. It is indepen-
dent of chemical coloring, substituent identity, attachment
labels, or realization-specific distortions.

Chemical and attachment labels remain relevant to F(egmb and
I, but they do not alter the reference carbon-framework
symmetry used in the finite molecular classification.

The requirement (46) is therefore a property of the canonical
regular-polyhex reference geometry and is independent of
accidental distortions of a particular physical realization.
If the physical carbon-framework embedding v is Euclidean-
congruent to the canonical reference embedding 1,x, then
F&mb and T are conjugate as Euclidean symmetry groups.
If substituents, environment, strain, stacking, or another
realization-specific perturbation lowers the symmetry of the
physical embedding, then H‘&mb may be a proper subgroup
of the reference Cyy, group without altering the molecular-
classification result.

Thus Axiom A, distinguishes three levels of symmetry:

canonical carbon-framework symmetry
TIcore < Cstd
c 0@3) “an
embedded carbon—fra{rework symmetry
em
(S
fully labeled molecular symmetry
c

(47)

The symmetry of a substituted realization depends addi-
tionally upon the chemical identity and orientation of its
attachment data.
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If symmetry-related primary sites carry chemically identical
substituents with local attachment data transforming covari-
antly under the relevant carbon-framework operations, the
fully decorated realization may retain some or all of the
reference Cyj, symmetry.

By contrast, chemically distinct substituents, inequivalent
local orientations, or attachment patterns that destroy inver-
sion or another reference symmetry may lower Ilg without
changing the identity of the underlying chrysene carbon
Jramework. Only the first is used in the finite molecular-
characterization theorem.

Definition 11 (Chirality). The embedded molecular node
€ is called chiral if

IIg € SO(3), (48)

and achiral if

JRellg detR=-1. (49)

Proposition 2 (Cy;, implies achirality). If Ilg is conjugate
in O(3) to the standard point group Cyp, then € is achiral.

Proof. The point group Cy;, contains inversion, represented
by —1I3, and
det(-I3) = —1.

Determinant is invariant under conjugation in O(3). Hence
every orthogonal realization conjugate to Cy; contains an
improper symmetry. O

3.4 Directional Attachment Geometry

Define the ordered primary attachment vertices by

(50)
(D

= Vo,

< =+

= V.

Axiom 3 (Directional Attachment and Anisotropy (A3)).
Let € satisfy Axioms 1-2.
Define the ordered primary attachment vertices by

= Vo, (52)
= ve. (53)

Ve = V3, v

Vy =Vi2, Vv

<+ %+

Recall
ri=u(v;).

The directional displacement vectors of the particular em-
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bedded realization are They are required to satisfy
il =1 1, (5%) d, xd, #0. (69)
dy =Te —TI12. (55)

They are required to be nonzero and linearly independent:

d, #0, d, #0, d, xd, #0. (56)
No Euclidean orthogonality condition
d,-d, =0 57

is imposed.
Each primary attachment vertex carries a unit outward
tangent

T: AE’;I — 52,

T(Vj) = tj, (58)

satisfying covariance under the full labeled symmetry stabi-
lizer:

to,) = Rety,  gele, veAl.  (59)
Define the embedded directional data
D™ = (v3,v9: dx, t3, 1), (60)
D™ := (vi2, ve: dy, tia, ). (61)
We write
D™ ~p DS (62)

if and only if there exists g € I'g, with induced graph
automorphism ¢g, such that

(63)
(64)

‘Pg(V9) = Ve,
Rqt3 = ty,

<Pg(V3) =Vi2,

R.dy =d,, Reto = t6.

The embedded labeled realization is required to satisfy

D™ wr, DI, (65)

Independently, let
oyt Vg — R3

be the canonical regular-polyhex reference embedding of
Axiom 2, and define

F = () (66)
The corresponding reference directional vectors are
d, =Ty -Ts, (67)
d, =T —Tp (68)
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Define the reference carbon-framework directional data

Dy = (v3,v9:dy), (70)
5y = (Vlz,vﬁ;ay)- (71)

We write _ _
Dx NF&‘”E 2)y (72)

if and only if there exists g € I'™, with induced graph
automorphism @g, such that

g (v3) = via, g (vo) = ve, (73)
R.d, = d,. (74)

For the canonical molecular reduct we require
Dy #rgn Dy. (75)

The conditions (65) and (7715) belong to different geometric
levels. No subgroup relation between I'c and I is
required to infer one from the other.

Thus canonical carbon-framework anisotropy and
anisotropy of a particular embedded labeled realization are
stated independently.

No electronic, spectral, transfer, or optical inequality follows
from either directional inequivalence alone.

3.5 Planar Interface Tensor Space

We now introduce tensorial structure only after the molecular
interfaces have been defined.

Definition 12 (Primary interface spaces). Associate with the
four primary attachment vertices nonzero finite-dimensional

complex vector spaces
Vi, Vo, Vip, Vg, (76)
and let

Kg 77

be a nonzero finite-dimensional internal structural-state
space.
The planar interface tensor space is

Téy =VieVo® Vi ®Ve®Kg. (78)

The four factors Vi, Vo, V15, Vg represent attachment interfaces,
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not Hilbert-space quantum channels. The internal factor K¢ will
later carry the discrete registry and cipher information specified
by Axiom Ag.

Remark 6 (Meaning of “tensor”). Equation (78) uses the
ordinary algebraic tensor product of finite-dimensional
complex vector spaces. The term tensor space therefore has
a literal linear-algebraic meaning in the revised formalism.
The molecular graph G is not itself identified with a tensor.
Rather, its labeled attachment structure determines the
interface factors from which a local structural tensor is
subsequently constructed.

Remark 7 (Structural tensor versus quantum state). An
element of Téy is a structural tensor representation. It is
not automatically a vector of the GNS Hilbert space H,,,
nor an electronic wavefunction, nor a response eigenstate.
Any map between these spaces must be defined separately.

4 Directional Closure and the Z3-

Fibrated Tensor Network

The local molecular node becomes a spatially extended object
by directional bridge formation in the x- and y-directions and by
discrete stacking along a third direction. The x/y geometry is
governed by exact closure equations. The third direction supplies
the discrete fiber required for the three-dimensional Chrysene
Tensor Space.

The resulting architecture is not identified with Z? itself.

Rather, Z? is the discrete base indexing copies of the local tensor
space.

4.1 Directional Bridge Families

Definition 13 (Embedded bridge realization). Let Lg be a
specified set of bridge-terminal labels.
An embedded bridge realization is a tuple

B =(Vg.Eg,18,pg P 18) (79)
such that (Vg, Eg) is a finite connected graph,
tg: Vg — R> (80)
is injective,
Ps # Py

are distinguished terminal vertices, and

As : {pg.ry} — Ls 81)

is the terminal-label map.
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Its oriented terminal displacement is

B(8) :=13(py) —ts(pg). (82)

Definition 14 (Bridge—interface compatibility). For a €
{x, y}, define the ordered molecular interface datum

Ia(G) = (/latt(V:ry),/latt(V(_,)Qtv;,tv;,)- (83)

For each direction, fix an explicitly specified compatibility
relation

Comp,, € Lz X Ly X (8. (84)

An embedded bridge B is compatible with the ordered
a-interface when

(18(pg). 18(Pp);

- (85)
At (V) dae(vy)s b, t,-) € Comp,, .

Define

Bo(C) := {B : B satisfies Definition 13 )
and Equation (85)}.

The relation Comp,, is structural compatibility data. It
does not by itself assert chemical synthesizability, bond
formation, or energetic stability.

Axiom 4 (Directional Bridge Generation (A4)). For every
a € {x, y} there exists a nonempty set

No € Zsg (87)
and a bridge-generation map
Bo : Nog — B, (€), N+ By(N). (88)

Define
By (N) := B (Bo(N)). (89)

For each direction there is also an N-independent terminal
displacement
cq €R?, (90)

so that the total connector displacement is
Co(N) :=cq + B4 (N). 91)

No equality between the two directional bridge families is
imposed.
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Definition 15 (Homogeneous bridge family). A bridge Axiom 6 ( Discrete Z3-Fibrated Tensor Network (A6)).
family in direction « is homogeneous if there exists a There exists a third translation vector
nonzero vector b, such that
a, e R} (101)
B,(N) = Nb, (N e Np). 92)
such that
4.2 Exact Directional Closure det(ax a, ag)#0. (102)

The full translation lattice is
Axiom 5 (Directional Translational Closure (A5)). For each

a € {x,y}, let

be a distinguished directional translation generator intended
to carry a reference attachment site on one molecular node 3

to the corresponding attachment site on a translated copy. ()
At the level of Axiom As, ax and ay are closure data. No For

nearest-neighbor or minimal-length property is assumed.
Axiom Ag subsequently incorporates them into the three-

dimensional translation lattice. and v € Vg, define
For N € N, define the closure residual

Ag = {max +nay, + pa; : (m,n,p) € Z3} . (103)

The corresponding index space is

k = (m,n,p) € Xg

in(k,v) = «(v) + ma, + nay + pa,. (105)

N):=a, —d, —co —By(N). 94 . .
‘ pa(N) =a ¢ W) ‘ 9 The translation vectors are required to be chosen so that i

is injective.
The molecular vertex set of the periodic network is

0 ot 0

Exact closure in direction a occurs at N}y € No when

Equivalently, Every lattice cell carries a translated copy of the molecular
graph.
‘ a, =dgy + ¢, + By (N}). ‘ (96) For a € {x, y}, the exact-closure connector joins
A regular network requires distinguished exact-closure (k,vy) to (k+eq,vy). (107)
counts
N* € Ny, N;‘ €N, 97) Adja‘cent cells in the z-direction carry a discrete stacking
relation
satisfying k~k+e;. (108)
Py (NY) = Py (N ; ) =0. (98) Each such relation is assigned a registry label
Nk € Rz, R, =Z,. (109)

Definition 16 (Closure defect). For N € N, define The registry label is not identified with molecular chirality.

Let Myng denote the underlying periodic network obtained
N) := N)ll2. 99 un
ga(N) = llpa(Ml2 ©9) by forgetting the registry labels on the z-edges.
Exact closure is stronger than merely having a small closure The lattice translations act on this underlying network by
defect.
U:7° — Aut(Nund), Ue(k,v) = (k+¢,v).
. . . . . (110)
4.3 The Discrete Three-Dimensional Fibration T sz
Let
Up=1, UxU¢ = Ukye. (111)

ex =(1,0,0), ey =(0,1,0), e, =1(0,0,1) (100)
Let

denote the standard basis of Z?. n:E,— 7
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denote the registry field on the oriented z-edges, with tensor space is
Nk Te =V30VoeV®Ve®V,- @ V,+ @ K. (119)
assigned to the edge k ~; K + €. A nonzero distinguished element
Translation transports the registry field according to
e
(€ - Mse = Nk (112)
is called the local Chrysene structural tensor.
Thus Uy is an isomorphism
(Runds 7)) — Runa, €+ 7). (113) Remark 8 (Legacy terminology: geometric basis tensor).

Only when

t-n=n
is Uy an automorphism of the fixed registry-decorated net-
work.

The symbol Y is the rigorous replacement for the earlier
“geometric basis tensor” Wc. The word basis is retained as
historical terminology for the distinguished local generator
of the tensor network; it does not mean that W is, by itself,
a linear basis for Tg.

4.4 Base-Fiber Decomposition 4.6 Tensor-Space Fibration

Define the planar index projection For each k € Xg, let

Tk = T(g (12])
My 1 2> — 2, mxy(m,n, p) = (m,n). (114)  be a copy of the local tensor space.
Proposition 3 (Discrete fiber structure). The sequence Definition 18 (Tensorial geometric skeleton). Define
773 22,72 (115) e = | 4Kk} x Ty, (122)
keZ3
is a discrete fibration in the elementary set-theoretic and
group-theoretic sense. For every (m,n) € 72, with projection
Ah(m.n) = {(m,n,p):p€Zy =Z.  (116) Pen I8 — Xs,  pak¥) =k (123)
. L . Every fiber satisfies
Proof. The map 7, is a surjective group homomorphism and
-1
k) = Tg. 124
ker ey = {(0,0,p) : p € Z} = Z. 117) Pren(k) = Te (124)
. . The translation-invariant local tensor section is
Every fiber is a coset of this kernel. O
. . . . L Y X e, Y(k) = (k, ¥Yg). 12
Thus the earlier three-dimensional discrete construction is ¢ (k) = ( ¢) (125)

retained, while the x/y closure equations and the z-fiber remain
mathematically distinguishable. The object Ig“ is the tensorial geometric skeleton of the Chry-
sene Tensor Space. Its noncommutative operator completion is

introduced later in Axioms A7—Ag.

4.5 The Local Chrysene Structural Tensor
Choose nonzero finite-dimensional complex vector spaces 4.7 Network Contractions

The geometric connectors now acquire a tensor-network inter-
pretation.

Ve, Ve (118)

associated with the two stacking interfaces of a local cell.
Definition 19 (Directional contraction maps). Associated

Definition 17 (Local Chrysene tensor space). The full local with the distinguished exact bridge counts N, Ny are
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nonzero bilinear contraction maps

Cy:VooV; — C,
CyZV6®V12—>C.

(126)
(127)

For each fiber registry state n € Zy, there is a stacking
contraction

cim v, eV, — C. (128)

Hence the correspondence between the molecular-network
and tensor-network descriptions is

C9 & C3
C6 > Cl2 «— C,,

— ",

—  Cy,

(129)

F ez

Definition 20 (Finite tensor-network realization). Let A €
Z3 be finite. Before contraction, the regional tensor is

@A = ® \P([,k.

keA

(130)

Contract every x-, y-, and z-interface whose two incident
cells both belong to A. The resulting boundary tensor is

¥, := Contrg, (a) (\?A) . (131)

Uncontracted tensor factors correspond precisely to inter-
faces meeting the boundary of A.

Proposition 4 (Translation covariance of the tensor network).
Suppose the same local tensor Y and the same direction-
dependent contraction rules are assigned to every translated
cell, with registry labels translated together with their
associated z-edges. Then, for every finite A € Z> and every
£ € 73, the tensor networks on A and A + € are canonically
isomorphic.

Proof. Translation sends each local cell to a cell carrying an
isomorphic copy of Tg, preserves the orientation class of every
x-, y-, and z-edge, and translates the corresponding registry
data. Therefore it sends every contraction map in Ejy(A)
to the corresponding contraction map in Eiy (A + £). The
resulting contracted boundary tensor is preserved up to the
canonical relabeling of its boundary factors. O

Remark 9 (Tensor network does not yet imply noncommu-
tativity). The tensor product and contraction operations
introduced above are not, by themselves, the source of
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noncommutativity. Noncommutativity enters when local-
ized operators and translations act in an ordered fashion
on the tensor network. The resulting sequence algebra is
constructed in Axiom A1.

4.8 Planar Translation and Commensurate Reg-
istry

The planar translation lattice is the subgroup

Ay = {ma, +na, : (m,n) € Z*} C Ag. (132)
A realization is rectangular when
a,-a, =0, (133)
and square when, additionally,
laxll> = [layll2. (134)

Neither condition fixes the directional bridge counts.

Definition 21 (Axially aligned homogeneous direction). A
direction a € {x, y} is called axially aligned and homoge-
neous if

ba = €aeom €a >0, ”ea”2 =1, (135)
and
a, | eq. (136)
Define
L, =a, e, (137)
S = (dg + o) - eq. (138)

Proposition 5 (Scalar directional closure). Under exact

closure and the hypotheses of Definition 21,

Lo = 5o +N:la. (139)

Proof. Substitute
BQ(N;) = N;&tea

into Equation (96) and take the Euclidean inner product with

e, O
Definition 22 (Directional registry coordinate). Define
Sa Lo
O 2 =g Ky =— 140
@« =g o« = (140)
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Then exact closure gives

Ko =NX +0,. (141)

Remark 10 (Deferred count relations). Neither

5y —6y=2
nor
Ny =Ny +2

is imposed by Axioms A1—Ag. Such relations require addi-
tional commensurability or molecular-registry hypotheses
and remain part of the subsequent theorem program.

4.9 Geometric Hierarchy After Axioms A|-A¢

The first six axioms now define the sequence

four-ring embedded molecular candidate

U

primary directional interfaces

U

exact x/y bridge closure

U (142)

7Z3-indexed discrete network

U

local structural tensor g

U

fibrated tensor network I(‘S“.

At this stage the construction is tensorial and three-
dimensional but is not yet a noncommutative geometry. The
next stage equips the tensor network with localized observables,
ordered translation and cipher operations, a noncommutative
C*-algebra, and ultimately a spectral triple.

S Tensor Sequence Algebra and Noncom-
mutative Action

Axioms A1—Ag define a three-dimensional tensor network whose
local structural tensor W is replicated over the discrete base

X¢ =73

The purpose of the present section is to pass from this tensorial
geometric skeleton to an operator algebra that retains the ordering
of localized structural operations and lattice translations.

The distinction is essential. A tensor product alone is not
a noncommutative geometry, and the fact that two molecular
attachment directions are geometrically inequivalent does not
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imply that their associated operators fail to commute. Noncom-
mutativity will instead arise from the covariance of localized
tensor observables under the nontrivial translation action of the
Z3-indexed network.

In particular, the order

localized operation — translation
need not produce the same operator as
translation — localized operation.

This order dependence constitutes the sequence structure un-
derlying the noncommutative algebra of the revised Chrysene
Formalism.

5.1 Local Tensor State Spaces
Recall from Definition 17 that the local structural tensor space is
Te=V;0Vo@ V@ Ve®V,- @ V,+ @ K. (143)

Choose once and for all a positive-definite Hermitian inner
product on each finite-dimensional tensor factor and equip T¢
with the induced tensor-product inner product.

Definition 23 (Local tensor Hilbert space). The finite-
dimensional Hilbert space underlying one tensor-network

cell is

(144
equipped with the preceding Hermitian structure.
For everyk € 73, let

7(]( = 7((; (145)

be the corresponding translated copy.
We require

dim¢ K¢ > 2. (146)

Remark 11 (Structural versus electronic Hilbert spaces).
The space K is the Hilbert realization of the local structural
tensor degrees of freedom. It is not identified with the
electronic Hamiltonian space introduced later, nor with the
GNS Hilbert space until a representation of the observable
algebra has been chosen. The notation therefore preserves
the distinction

tensor structure # algebraic representation (147)

# electronic dynamics.

5.2 Finite-Region Tensor Algebras
Fix a lexicographic ordering of Z>. For every finite set

AeZ’,
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define 5.3 Localized Operators
K = (X) K (148) g,
keA X € B(Ke)
where the tensor factors are written in the fixed order. 5 .
and k € Z°, write
w(X) € Q¢ (156)

Definition 24 (Finite-region tensor observable algebra).
The algebra of bounded structural observables supported

in\is
QA = B((](A).

Because Ky is finite dimensional, Q is a finite-dimensional
unital C*-algebra.

(149)

If
ACAN,

the canonical inclusion is

IV Qp — Qa, Ar— A® Izz. (150)

These inclusions satisfy
JA =id, (151)
IN o N = (ACN CA). (152)

Definition 25 (Local tensor algebra). The algebraic local
observable algebra is the directed union

(153)

where the algebras are identified through the embeddings
AI
JA -

Definition 26 (Quasi-local tensor algebra). The quasi-local
Chrysene tensor algebra is the norm completion

Q(g = Dloc (154)
Equivalently,
Q¢ = h_r)n Q. (155)

AeZ3

Remark 12 (Role of tensor contractions). The contraction
maps of Definition 19 specify how the local tensors are
geometrically connected. The algebra Qg instead records
bounded operations on the local structural degrees of free-
dom. Bridge and stacking interactions will enter the physical
Hamiltonian later; they are not implemented by quotienting
the quasi-local algebra by the tensor-contraction relations.
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for the canonical copy of X acting on the k-th tensor factor and
as the identity elsewhere.
Thus, on any finite region A 3 k,

k(X)=1® - -X®---®1. (157)
Lemma 6 (Disjoint local operators commute). If
k#¢,
then for every
X,Y € B(K¢)
one has
[ [w(X), ()] = 0. (158)

Proof. Choose a finite region A containing k and ¢. The
two operators act nontrivially on distinct tensor factors of K.
Hence

(XeN(I®Y)=XeY=(IY)(X®I).

The equality is preserved by the canonical embeddings into
Q@. O

This lemma is useful because it shows that global noncommu-
tativity need not arise from assigning noncommuting observables
to spatially disjoint cells.

5.4 Translation Automorphisms

The geometric translation action of Axiom 6 induces a corre-
sponding action on the tensor observables.
For
me 7’

and finite A € Z3, let

WA Ky — Knsem (159)

be the canonical unitary obtained by translating each tensor
factor
Kk — Kism-

For A € Q,, define

am(A) == WAA (W,,ﬁ)+ . (160)
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Proposition 7 (Translation action on the quasi-local algebra).
The maps ay, extend uniquely to x-automorphisms of Qg
and define a group action

a7 — Aut (Q¢) (161)

satisfying
ap = id, (162)
@m © &n = Cm+n- (163)

For every localized operator,

[ om ((X)) = tom(X)- | (164)

Proof. The maps WA are unitary, so conjugation defines a
*-isomorphism
QA — Qa+m.

These maps are compatible with the canonical inclusions ]j\\’.

They therefore define an isometric *-automorphism of Qje,
which extends uniquely by continuity to its norm completion
Qg.
Composition of the factor translations gives

A+nyrrA A

Win "W = Winins

from which the group law follows. Equation (164) is immediate
from the definition. O

5.5 The Noncommutative Sequence Algebra

We now adjoin the translation operations themselves to the
quasi-local observable algebra.

Axiom 7 ( Quasi-Local Tensor Algebra and Noncommu-
tative Sequence Action (A7)). The structural observable
algebra of the Chrysene Formalism is the crossed-product
C*-algebra

Ws := Q¢ xa Z°. (165)

The notation
Q(g My Z3

may be interpreted as the full crossed product.

Because 77 is a discrete amenable group, the canonical
quotient from the full crossed product to the reduced crossed
product is an isomorphism:

Qg %0 Z° = Qg 2a,r Z°. (166)

Accordingly, no distinction between the two completions
affects the axiomatic construction. When a regular represen-
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tation or canonical conditional expectation is used explicitly,
as in Appendix B, the reduced notation is employed.
It is generated by Qg and a family of unitaries

{um : m e Z3} (167)
satisfying
up =1, (168)
UmUn = Um+n, (169)
Up = U_m, (170)
umAuy, = am(A), A€ Q. (171)

The realization is additionally equipped with a state

w:Asg — C (172)

satisfying
w(A*A) =0, (173)
w() =1. (174)

Remark 13 (Algebraic crossed-product multiplication). On
the dense algebraic crossed product, a typical element is a
finite sum

Z Amitm,  Am € Qg. (175)
m

The covariance relation implies

‘ (Amttm) (Bnttn) = Am@m (Bn)tmsn- ‘ (176)

Similarly,
(AmUm)" = @-m(Ap)t-m. (7

Thus the translation history is retained algebraically in the
multiplication law.

5.6 Sequence Dependence

Definition 27 (Structural operation word). A structural
operation word is a finite ordered tuple

w=(Gi,...,G), (178)

where each G ; is either a localized tensor operator in Qioc
or a translation unitary umy.

If the operations are applied in the listed order, define the
associated sequence operator by

\op(w) = GrG,_1~--Gl.\ (179)
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o one has

Definition 28 (Sequence dependence). Two words w and w’
containing the same elementary operations but in different Pr(eo®ey) = ey ® ey, (185)
order are called sequence-distinguishable when

a s Pism(e0 ® e1) = 0. (186)

’
Op(w) # Op(w’). (180) Hence
The tensor network is called operator-sequence dependent Piesm # Py
if at least one such pair exists. Using the covariance relation,
UmPx = am(Px)um = Pkymlm. (187)

Remark 14 (Sequence order is not yet physical time). Defi-
nition 28 concerns ordered algebraic composition. It does Therefore
not, by itself, identify the ordering parameter with physi-
cal time. A temporal interpretation requires a dynamical [tm, Px] = umPx — Pxitm (188)
law, introduced later through the Hamiltonian or another = (Px+m — Px) Um. (189)
specified evolution.

The factor in parentheses is nonzero and uy, is unitary. Conse-
. . . quently,
5.7 Noncommutativity from Translation of Local [ttm, Pi] # 0.

Structure ) ]
Thus Ag is noncommutative. |

The following theorem gives the principal mathematical reason

for calling g a noncommutative sequence algebra. Corollary 1 (Order of localization and translation matters).

Let
Theorem 8 (Sequence-induced noncommutativity). Under
Axioms Ae—A7, the crossed-product algebra g is noncom- wi = (Pk, Um), (190)
mutative. wy = (um, Px), (191)

More precisely, there exist a localized projection
where m # 0. Then

Py € Q¢
|Op(w1) # Op(w2). | (192)

and a nonzero translation
Hence the Chrysene tensor network is operator-sequence

m € 7 dependent.
such that
[ttm, Px] # 0. (181) Proof. By Definition 27,
Op(w1) = umPx,
Proof. By Equation (146), choose orthonormal vectors
ep, el € Kg. Let whereas
Op(w2) = Pxiim.
P :=leg){eol € B(Ke) (182) o .
Their difference is the nonzero commutator of Theorem 8. O

and define

Py = Lk(P). (183)
Choose any m # 0. Then 5.8 Local Commutativity and Global Noncom-

mutativit

k+m #k. utatinity

By Equation (164), The preceding result does not require spatially separated local
projections to fail to commute.
am(Px) = Px+m- (184) Let

The two projections are distinct. Indeed, on the two-site tensor .
factor Pe = C ({Ph ke 2'}) € Q. (193)

Kk ® Kic+m,
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Proposition 9 (Commutative local sector with noncommu-
tative sequence extension). The algebra B¢ is commutative,
while the C*-algebra generated by B¢ and the translation
unitaries {umy, } is noncommutative.

Proof. Fork # £, Lemma 6 gives
PxPp = P¢Px.

Each generator also commutes with itself, so B is commuta-
tive.
Theorem 8 gives

[tm, Px] #0

for m # 0. Hence the algebra generated jointly by the two

families is noncommutative. |

Remark 15 (Origin of noncommutativity). Proposition 9
isolates the source of noncommutativity used in the revised
Sformalism. The essential relation is not

d,-dy=0 = [A,A,]#0.

Rather, it is the covariant sequence relation

| 4mPk = Picrmitm. | (194)

Noncommutativity therefore arises because translation
changes the localization of a structural observable.

5.9 GNS Representation of the Sequence Algebra
Axiom 7 includes a state
w: Vg — C.

The representation of this algebra does not require a new axiom.

Proposition 10 (GNS representation). Associated with
(g, w) there exists a cyclic =-representation

(T, He, Qo) (195)

satisfying
w(A) =(Qu, e (A)Qw>7—{w

(AeUs). (196)

Proof. This is the Gelfand—Naimark—Segal construction ap-
plied to the state w on the unital C*-algebra Wg. O

Definition 29 (Von Neumann sequence algebra). The von
Neumann algebra generated by the GNS representation is

My =m0 Ag)” . (197)
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5.10 Distinction from Noncocommutativity

Remark 16 (Noncommutativity versus noncocommutativ-
ity). The result
AB # BA

concerns multiplication in the observable algebra. It is
distinct from a statement of noncocommutativity

AP # A,

which presupposes the existence of a coproduct A and
therefore additional Hopf-algebraic structure.

No coproduct, universal R-matrix, or braided monoidal
structure is assumed in Axiom A7. Such structures, if later
introduced, require independent definitions and proofs.

5.11 Status of the Tensor-Space Construction

The first seven axioms now establish the chain

embedded molecular node

U

local structural tensor ¥¢

U

73-fibrated tensor network

U

quasi-local tensor algebra Q¢

U

translation action a : Z3 — Aut(Qg)

U

sequence algebra g = Qg 2o Z3

U
JA, B € U with [A, B]

(198)

#0.

Thus the noncommutative character of the revised Chrysene
Formalism is no longer inferred from Euclidean orthogonality
or molecular anisotropy. It is generated explicitly by the ordered
action of translations on localized tensor observables.

The next stage introduces the primary and dual structural
tensors, the

{3,6,9, 12} « {2,5,8,11}

dual-cipher transformation, and the corresponding commutant
relation inside M ,,.

6 Dual Tensor, Cipher Encoding, and
Commutant Duality
Axiom A7 constructs the noncommutative sequence algebra

from localized tensor observables and the ordered action of the
Z3-translation group. We now introduce the second structural
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ingredient of the original Chrysene Formalism: the dual-cipher by exchanging the paired coordinates
relation between the primary
3,2), 6,5), 9,8), 12,11). 209
(3.6.9.12) (3,2) (6,5) (9.8) ( ). (209
ttachment pattern and the adjacent Then
attachment pattern and the adjacen Oﬁc —id 210)

{2,5,8,11}

pattern.
The revised construction separates three notions that must not
be conflated:

geometric dual-cipher transformation
finite four-state encoding (199)

+
operator-algebraic commutant duality.

Axiom Ag will connect these structures explicitly. It will not,
however, identify a four-element encoding alphabet with G F (4)
without an independently specified multiplicative law.

6.1 The Primary-Dual Locant Transformation
Let

Spri == {3,6,9,12},
Sdual := {2, 5,8, 11}

(200)
(201)

Recall from Axiom 1 that the associated distinguished vertex
sets are

AP = {v3,v6,v0, v12}, (202)
AP = {va, vs, v, v11} (203)
Definition 30 (One-step dual-cipher shift). The primary-to-
dual cipher shift is the bijection
’fsdc : Spri — Sdual (204)
defined by
dac(3) = 2, d4c(6) =5, (205)
d4c(9) =8, 04c(12) = 11. (206)
At the vertex level,
84 (V) = Vo (- (207)
Definition 31 (Cipher involution). Define
Odc - Spri U Saual — Spri U Saual (208)
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Thus the cipher transformation carries a canonical Z;-
action.

Remark 17 (The cipher shift is not a molecular symmetry).
The map 84 is a transformation of the distinguished locant
data. It is not assumed to belong to the molecular symmetry
stabilizer I'g. In particular, the notation does not assert
the existence of a Euclidean isometry carrying the primary
substituted realization onto the dual realization.
Historically, the one-coordinate perimeter shift was repre-
sented as a discrete angular phase change. In the revised
formalism the primitive object is the explicitly defined locant
bijection (204); any realization as a physical rotation is an
additional geometric statement.

6.2 Combinatorial Complementarity

Lemma 11 (Disjoint primary and dual locant supports).
The two distinguished attachment-site sets satisfy

AT AL = g, @211)

Proof. The eight locants
2,3,5,6,8,9,11,12

are pairwise distinct, and Ay, is a function. Hence no vertex can
simultaneously carry two different locant labels. Therefore the
vertices appearing in the two distinguished sets are disjoint. O

Remark 18 (Combinatorial versus steric disjointness).
Lemma 11 is a graph-theoretic statement. It does not,
by itself, establish that three-dimensional substituent ex-
clusion volumes are disjoint. A stronger assertion such
as

Vsub (Pe) N Vaun (Pg) = @ (212)

requires an explicit definition of the exclusion-volume func-
tional and verification for the molecular realization. Such
steric non-overlap may therefore be included in a later molec-
ular instantiation theorem without being silently assumed
here.
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6.3 The Dual Structural Tensor Definition 34 (Primary and dual tensor fibrations). Let
Associate nonzero finite-dimensional complex interface spaces -
= |_| {k} x Tg, (222)
Va, Vs, Vs, Vit (213) keZ?
1= | k) x TS, (223)
with the four dual locants. ¢ J&L ¢
We require the paired primary and dual interfaces to have
matching dimensions: Their distinguished translation-invariant sections are
dim V3 = dim V5, dim Vg = dim Vs, (214) Pri(K) = (k, ¥e), (224)
dim Vo = dim Vs, dimVy, = dim Vy;. (215) pual (k) = (k, Wp). (225)
Choose unitary interface identifications The fiberwise cipher isomorphism
. . 5. . ppbri dual
D3 : V3 — V,, D¢ : Ve — Vs, (216) Dac : Iy — I (226)
Dy : Vi Vs, Dy 1V, Vii. 217
9: Vo — Vg 12:Vie— Vi (217) is defined by
Definition 32 (Dual local tensor space). The dual local @dc(k, ¥) .= (K, Z4.P) . (227)

structural tensor space is

Thus the primary and dual tensor constructions occupy the

T/C =V Vi eVseV,- eV, ®Kg. (218) same discrete base

Xg = Z3,
The ordering of the first four factors is chosen to correspond
factorwise to but have distinct labeled local interface realizations.

(3,9,12,6) — (2,8,11,5). 6.5 The Native Four-State Encoding

The cipher involution supplies one binary coordinate. The

Definition 33 (Geometric dual-cipher tensor map). Define z-registry of Axiom 6 supplies a second.
Define
Dic = D3®@Dog®D120Dg®I,- @I+ ®IK¢ (219) €€, (228)
as a unitary isomorphism by
0, primary tensor Wg,
D : Tg — T (220) €= (229)
1, dual tensor ‘I‘&

The dual structural tensor is Recall that

denotes the discrete z-registry state.

Remark 19 (Meaning of duality). The adjective dual in ¥
refers first to the cipher pairing (209). It does not mean
that T( is the algebraic dual vector space Tg. Nor does
it imply a Hilbert-space orthogonality relation between
W¢ and W The operator-algebraic duality is introduced
separately below.

Definition 35 (Chrysene structural alphabet). The local
structural alphabet is

Tg i= Z3° X Z%. (231)

Its elements are written

6.4 Primary and Dual Tensor Sections Seqp = (60), &n€dy. (22

The two structural tensors define parallel tensor sections over Consequently,

the same Z> base. |Z¢| = 4. (233)
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Explicitly,

g = {50,0, 50,1, 51,0, 51,1} (234)

Definition 36 (Additive structural law). The canonical

additive operation on g is componentwise addition modulo
2:

‘ (esm@(e,ny):=(e+€.,n+7n') (mod?2). ‘ (235)

Proposition 12 (Additive encoding group). The structural
alphabet satisfies

(Z6.8) = Zp X Zp (236)

as an abelian group.
Proof. This follows directly from Definition 36.

Remark 20 (No GF (4) field law yet). The additive group
z

is isomorphic to the additive group of GF (4), but this fact
does not specify the multiplicative structure of a field.
Thus

|Z¢| =4 (237)

and even
(Zg,m) = (GF(4),+) (238)

do not imply that g has a distinguished multiplication
making it a field. A structurally induced multiplication
remains a theorem-level problem.

6.6 Local Cipher Flip in the Sequence Algebra

The finite alphabet may be represented internally within the local

structural-state factor.

Definition 37 (Cipher and registry factors). Axiom Ag
requires the internal factor of the local tensor space to
admit a decomposition
| K = Kan ® Ko ® K, (239)
where
Ky = C2, K, = C2. (240)
Choose orthonormal bases
{10)dc, [1)ac} € Kac, (241)
{10)z, 1)} c K. (242)
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Define the cipher flip
Facl€)ac =€+ 1)ac,  €€Zy. (243)
Then
Fg =1 (244)
Let
Ao = Tinerfaces ® Taux ® Fae ® I; € B(Ke). (245)

For k € 73, define its localized copy

’Ak =1k (Ag) € Qg € Uss. ‘ (246)

Proposition 13 (Translation covariance of the cipher). For
everyk,m € 73,

I/thkI/t;i.l = Ak+m- (247)

Proof. This is Equation (164) applied to the local operator
AQ. m}

Corollary 2 (Cipher—translation sequence dependence). If
m # 0, then
[tm, Ak] # 0. (248)

Proof. By Proposition 13,
UmAx = AxymUm- (249)

Because A is non-scalar and its localized copies act on distinct
tensor factors,
Agem # Ak

when m # 0. Hence
[#m, Ak] = (Akem — Ak) Um # 0. (250)

]

Thus the dual cipher supplies a second explicit realization
of the sequence-dependent noncommutativity established in
Theorem 8.

6.7 Operator-Algebraic Commutant Duality

We now state the algebraic counterpart of the geometric dual
tensor.
Recall the GNS representation

(7w, Hes Qo) 251)
of the sequence algebra W and its von Neumann closure

M, = 10 (Ag)”. (252)
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Definition 38 (Primary operator algebra). The primary
operator realization is

(253)

The commutant is

sm;m = {B € B(H,) : [A,B] =0 forevery A € impri} .
(254)

Axiom 8 (Dual-Cipher Tensor Encoding and Commutant
Duality (A8)). The Chrysene Tensor Space is equipped with
the following dual-cipher structure.

1. The primary and dual locant configurations are related
by the involutive cipher pairing o4. of Definition 31.

2. The primary—dual cipher is perimeter realized. Let
0Gg

denote the chosen oriented external perimeter cycle of
the molecular graph. Then, for every

j€{3,6,9,12},

the primary locant v ; and its paired dual locant v s, j)
are adjacent on the perimeter:

{vi-veu(i)} € E (8Gg) . (255)

Moreover, the four pairings are required to have the
same orientation relative to the chosen perimeter cycle.
Thus the map

dac ¢ {3,6,9,12} — {2,5,8, 11} (256)

is realized as a uniform one-step perimeter displace-
ment rather than as an arbitrary relabeling of distin-
guished vertices.

This perimeter realization does not imply that dqc
belongs to the molecular symmetry stabilizer I's.

. The primary structural tensor W¢ and dual structural
tensor W are related by the unitary fiber isomorphism

W, = Dy e (257)

. The native local structural alphabet is

T¢ = Z5° X Z%. (258)

. The internal tensor factor admits the decomposition
(239), and the cipher transformation is represented
locally by the involution Ay.
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6. There exists a conjugate-linear isometric involution
Jic i Hey — Hyy, T2 =1, (259)
satisfying
JacMpriJae = M. (260)
7. Define the dual operator algebra by
Mavar = JaeMpriddc- (261)
Hence
Mauar = M ;. (262)

6.8 The Opposite-Algebra Representation

The commutant realization can be stated equivalently through
the opposite algebra.

Definition 39 (Dual representation). For A € Ug, define

[Faua(A) 1= Jac (A ) 263)

Then

Tdual - QIE)EP — B(q‘{w) (264)

is a x-representation of the opposite algebra.

Proposition 14 (Axiom Ag realization of the dual commu-
tant). Under Axiom 8,

(265)

7
op — —
T dual (%I@ ) = Maual = E)Jt;,ri'

Proof. Because 7., (Ug)”" = My, taking adjoints leaves the
generated von Neumann algebra unchanged. Conjugation by
J4c therefore gives

Trdual (m(ép) = Jdcgﬁpri-]dc (266)
- (267)
by Equation (260). O

This is the precise operator-algebraic meaning assigned in the
revised formalism to the earlier statement that the dual tensor
W generates the commutant lattice.
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6.9 Primary-Dual Commutativity

Theorem 15 (Primary—dual commutant theorem). For every
A€ My (268)

and

B e EIRdual, (269)
one has

[A,B] =0. (270)
Proof. By Axiom 8,

Maual = mt;,ri'

The result is therefore the defining property of the commutant.
O

Corollary 3 (Mutual commutant recovery). The primary
algebra is recovered from the dual algebra by

/ — .
gJJtduz:ll - EI‘RPI’I :

Proof. Using the bicommutant theorem,

W = ( ),

Because M, is already a von Neumann algebra,

271)

mtl

_ ’”
pri)] m

v (272)

EUE/I — mt

pri pri-

6.10 Compatibility with Global Noncommutativ-
ity

The preceding theorem does not make the Chrysene sequence
algebra commutative.

Proposition 16 (Dual commutativity does not remove se-
quence noncommutativity). The relations

[gﬁpri’ iIRdual] =0 (273)
and

[ttm, Px] # O (274)

are compatible.
Hence the existence of a commuting dual-cipher algebra
does not imply that the global Chrysene sequence algebra
is commutative.
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Proof. The first relation states that every element of the com-
mutant EIR’ri commutes with every element of I,;. The sec-
ond relation is an internal noncommutativity relation among
operators represented within the primary sequence algebra

itself. No contradiction occurs. O
Thus the revised formalism admits simultaneously
primary—dual algebraic insulation
and (275)

sequence-dependent global noncommutativity.

6.11 The Four-State Cipher as Structural Data

The structural content of Axiom Ag may be summarized by the
commutative diagram

Dac
Y ==, v,
1
+1 (mod2)
e=0 — e=1 (276)
n € Z, independently records the z-registry
Sg = 28 x 72
At the operator level this becomes
Jae ,
SUzpri <_d’ Maual = mtprp 277)

The first relation is tensorial and geometric; the second is
operator-algebraic. Axiom Ag requires their coexistence but
does not identify them as the same mathematical map.

6.12 What Axiom Ag Does Not Yet Assert

Axiom 8 restores the primary/dual tensor architecture and a
native four-state alphabet. It does not imply any of the following
statements without additional hypotheses:

Ys L ¥, (278)
Vaun (W) N Vsub(\lj&) =0Q, (279)
¢ = GF(4) asafield, (280)
D, L Dy inaquantum Hilbert space,
(281)
o4qc € . (282)

The first two are geometric or molecular claims requiring ex-
plicitly defined inner products or exclusion-volume models. The
third requires a structurally derived multiplication. The fourth
would again conflate molecular and Hilbert-space orthogonality.
The fifth would incorrectly identify the cipher transformation
with a molecular point-group symmetry.
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6.13 Axiomatic Hierarchy Through Ag

After Axioms A;—Ag, the revised Chrysene Formalism has the
structure

embedded four-ring molecular candidate
U
Y¢ on the primary 3, 6,9, 12 interfaces
U
Z3-fibrated tensor network
}
s = Qg = Z°
U . (283)
sequence-dependent noncommutativity
U
dual cipher ,
Ye ¢
U
Lo =ZaXZy,  |Xg|=4
I}
Maval = gﬁ;ri«

The next segment equips the resulting noncommutative tensor
sequence algebra with metric spectral data through a discrete
spectral triple

(Ag, Ho, D) .

This provides the missing passage from a noncommutative
operator algebra to a noncommutative geometry in the sense
required by the spectral formulation.

7 Spectral Noncommutative Geometry
of the Chrysene Tensor Space

Axioms A;—Ag have constructed a tensorial, 73-fibrated se-
quence space together with the noncommutative C*-algebra

W = Q¢ o Z°. (284)
The noncommutativity of this algebra follows from the ordered
action of translations on localized tensor observables rather
than from Euclidean orthogonality of the molecular attachment
directions.

A noncommutative algebra alone, however, does not yet con-
stitute a noncommutative metric geometry. To recover geometric
information spectrally, the algebra must be represented on a
Hilbert space and equipped with a Dirac-type operator whose
commutators with a dense subalgebra are bounded.

We therefore introduce a discrete spectral triple in the sense mo-
tivated by the noncommutative-geometric framework of Connes
[Con94]. The construction also provides the rigorous setting in
which spectral distance, directional spectral cost, and bounded
metric fluctuations may subsequently be defined.

511

7.1 The Spectral Core of the Sequence Algebra

Recall the algebraic local tensor algebra

Rioc = U Q.

AeZ3

Definition 40 (Algebraic sequence core). Define

alg Fe Z3,
A = {Z Amttm "0t (285)
meF
This is a unital involutive algebra dense in Ug.
Its multiplication is inherited from Axiom 7:
(AmUm) (Bnttn) = Am@m(Bn)Um+n- (286)

Definition 41 (Spectral core). A spectral core is a norm-
dense unital x-subalgebra

such that |
al o
Ac® < Ag. (288)

Thus every finite-support tensor observable and every finite
translation word belongs to the domain on which the Dirac
commutator will be required to be bounded.

7.2 Faithful Spectral Representation
Axiom A7 supplies a state

w:Ag — C
and the corresponding GNS representation

(T, Hes Q)

For the spectral realization we strengthen the state condition.

Definition 42 (Faithful spectral state). A state w is called a
faithful spectral state when

w(A*A) =0 = A=0. (289)

Lemma 17 (Faithfulness of the GNS representation). If w
is faithful, then
Mo g — B(H,) (290)

is faithful.
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Proof. If n,(A) =0, then
0= I70(A)Q0” = w(A"A).
Faithfulness of w therefore gives A = 0.

7.3 The Discrete Spectral Triple

Axiom 9 (Discrete Spectral Triple and Noncommutative
Metric Geometry (A9)). The state w of the sequence algebra
is a faithful spectral state. The Chrysene Tensor Space is
equipped with a densely defined self-adjoint operator

‘Dq : Dom(Dg) € Hey — Ho, \ (291)
satisfying the following conditions.
1. For every
a € Ag,
one has
7, (a) Dom(Dg) € Dom(Dg). (292)

2. For every a € Uy, the operator initially defined on

Dom(Dg) by
[Dg,mp(a)] := Dgny(a) —n,(a)Deg (293)
extends to a bounded operator on H,,.
3. The resolvent of D¢ is compact. Equivalently,
(I+D})™'? e K(H.), (294)
where K(H,,) denotes the compact operators.
Consequently,
(A, Her D) (295)

is a unital spectral triple.

Because g is noncommutative by Theorem 8, Axiom 9
equips the Chrysene Tensor Space with a genuine noncommuta-
tive spectral geometry.

7.4 Compact Resolvent on the Infinite Lattice

The requirement of compact resolvent in Axiom 9 must be
distinguished from translation invariance of the Dirac operator.
On the infinite lattice

X = 2,

a Dirac operator that is strictly translation invariant in the regular
lattice representation generally has continuous Fourier-space
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multiplicity and does not provide the compact-resolvent structure
required by Axiom Ag.

Accordingly, Axiom Ag does not require D¢ to commute
with lattice translations. Instead, the appropriate compatibility
condition is boundedness of the translation commutators.

Definition 43 (Position operators on Z°). Let

Hia = 2(Z%) ® C*. (296)
For
n = (ny,ny,n3) € 73,
let 8, denote the standard basis vector of €>(Z?).
Define the coordinate operators
X;On := njon, j=1273. (297)

Let
Y1, Y2, Y3 € M4(C)

be self-adjoint matrices satisfying the Euclidean Clifford
relations

Yivi +Vjvi = 26i14. (298)

Definition 44 (Confining lattice Dirac operator). Define

3

Dy = ZXj ® Y
=1

(299)

} . (300)

Proposition 18 (Compact resolvent of the lattice Dirac
operator). The operator Diy is self-adjoint and satisfies

on the natural domain

v Py @) < oo

nez3

Dot = {

,\-1/2
(1+D}) e K (Hh). (301)
Proof. Forn = (ny,ny,n3) € 73, set
3
[(n) := an. (302)

J=1

Each I'(n) is a finite-dimensional self-adjoint matrix. By the
Clifford relations,

[(n)? = [nf*14, (303)
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and hence
IT(n)|| = [n. (304)

Under the orthogonal decomposition
Hu = P (Chn o), (305)
neZz?

the operator Dy, is the direct sum of the self-adjoint matrices
I'(n).
The maximal domain of this direct-sum operator is therefore

{w : > IT @y ) < oo}, (306)

which, because I'(n)> = |n|?l4, is exactly the domain in
Definition 44. Thus Dy is self-adjoint.
The Clifford relations further give

lat —

D2 = (Xl2 + X2+ X32) ® L. (307)
Hence on the lattice basis,

(1 + Dﬁn)_l/2 (60 ® &) = Sn®E. (308)

1
V1 + [n|?

For every bounded interval of |n| there are only finitely many
lattice points, while

1
V1 + [n|?

Therefore the resolvent factor is the norm limit of finite-rank
operators and is compact. O

— 0 (In| — o). (309)

Proposition 19 (Bounded translation commutators). For
m € 73, let

Um6n = 6n+m- (310)
Then
3
[Dia, Uml = | D m;7; | Um. G11)
j=1
In particular,
I [D1at, Um] |l < o0 (312)

for everym € Z3.

Proof. For each coordinate operator,
X;jUnon = (nj + mj)6n+ms (313)
Uijén = I’lj6n+m. (314)

Hence
[Xj, Um] = ijm~
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Summing over the Clifford components gives Equation (311).
]

Remark 21 (Confinement rather than translation invariance).
The operator Dy is deliberately not translation invariant:

UleatU;l * Dlat (315)

form £ 0.

Instead, translation changes the Dirac operator only by a
bounded operator. This is precisely the behavior required
for a compact-resolvent spectral geometry on the infinite 73
lattice while retaining bounded translation commutators.
Thus the coexistence

Xg =73

and

(I+D%)™"? e K(Ho)

does not require compactification of the molecular network.

Remark 22 (Extension to the full Chrysene Hilbert space).
The operator D1y provides the canonical lattice component
of a possible Dyg.

Because the full GNS representation also contains the quasi-
local tensor degrees of freedom, a complete analytic realiza-
tion must combine this lattice confinement with an internal
operator having compact spectral growth and bounded
commutators on the local tensor algebra.

One possible graded-product form is

Dg = Din ® 71 + D1t 8 02, | (316)

where Diy is a compact-resolvent operator for the quasi-
local tensor sector and o, 0% are anticommuting Pauli
matrices.

7.5 The Dirac Lipschitz Seminorm

Definition 45 (Spectral Lipschitz seminorm). For
a € Ag,

define

[ Lo(a) = I[Dg, 70 ()]l | (317)

Proposition 20 (Leibniz inequality). For a,b € A,

[Lo(ab) < Lo(@bl[ +llallLp(b).|  (318)
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Proof. On Dom(Dyg),

[Dg,mw(ab)] = [Dg, e (a)]me (b)
+ny(a)[Dg, mo,(b)].

(319)
(320)

Because a faithful *-representation of a C*-algebra is isometric,
7w (@)l = llall.
Taking operator norms therefore gives the stated Leibniz

inequality. O

Proposition 21 (Adjoint symmetry). For every a € Uz,

Lp(a®) = Lp(a). (321)

Proof. Because Dy is self-adjoint,

[Dg.70(a")] = =[Dg. 7m0 (a)]"

The two operators therefore have equal norm.

7.6 Spectral Cost of Discrete Translation

Write

Um = e (ttm), meZ°. (322)

Because the translation generators belong to U, their Dirac
commutators are bounded.

Definition 46 (Spectral translation seminorm). Define

(p(m) := ||[Dg,Unlll, meZ’ (323)
Let
cx = {Cpley), (324)
cy :=p(ey), (325)
c, :={pl(ey). (326)

These numbers measure the Dirac-commutator cost of the
three elementary sequence translations.

Proposition 22 (Translation seminorm properties). For all
m,n € 73,

tp(0) =0, (327)
tp(-m) = {p(m), (328)
{p(m+n) < €p(m) + {p(n). (329)
Proof. The first identity is immediate from Uy = 1.
Since U_y = Uy,
[De, Unl = ~Un[Dg, Um]Up, (330)
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and unitary invariance of the operator norm gives (328).
Finally,

[Dg, Uminl = [Dg, UmUn] (331)
= [Dg, Un|Un + Un[Dg, Un]. (332)
Taking norms gives (329). O
Corollary 4 (Coordinate bound). For
m = (my,my,my) € yAR
one has
tp(m) < |mylcy + |mylcy + |mz|c.. (333)
Proof. Write
m=myey +myey, +nmze;
and repeatedly apply Proposition 22. O

Remark 23 (Spectral anisotropy is not imposed). The
quantities
Cxs

Cy, c,

need not be equal. However, neither
Cx #Cy

nor any prescribed inequality among them is imposed by
the present axiom.

Thus molecular directional anisotropy and spectral
anisotropy remain distinct statements.

7.7 Connes Spectral Distance

Let

S(Ug) (334)

denote the state space of the C*-algebra Ug.

Definition 47 (Spectral distance). For states

®, lﬁ € S(Q’[@),
define

a=a*¢€ ‘ZI%,
Lp(a) <1

dp(p.¢) = Sup:hﬁ(a) —y(a)l: ;

(335)

The value +co is permitted.
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Proposition 23 (Extended pseudometric property). The
function dp is an extended pseudometric on S(Ug). In
particular,

dp(e,¥) 20, (336)
dp(¢,¢) =0, (337)
dp(¢,¥) =dp (W, ¢), (338)
dp (¢, x) <dp(e,¥) +dp (¥, x). (339)

Proof. Non-negativity and symmetry follow from the absolute
value. The diagonal vanishes identically.
For every admissible a,

lp(a) = x(a)| < lp(a) =y (a)| + ¥ (a) - x(a)].  (340)

Taking the supremum over the same Lipschitz ball gives the
triangle inequality, with the usual arithmetic in [0, co]. O

Definition 48 (Metric-nondegenerate spectral realization).
The spectral triple is called metric-nondegenerate when

]LD(a)zo = aeCI (341)

% o
fora=a* € Ug.

Proposition 24 (Separation of states). If the spectral real-
ization is metric-nondegenerate, then
dp(e,9) =0 = o¢=y. (342)

Hence dp is an extended metric on the state space.

Proof. Assume ¢ # . Because g is norm dense in Ug,
there exists a self-adjoint @ € A such that

p(a) # y(a).

The element a cannot be scalar. Metric nondegeneracy there-
fore gives
Lp (a) > 0.

Scaling a by Lp(a)~! produces an element of the Lipschitz
ball for which the two states have distinct values. Hence

dD (90’ lﬁ) > 0

7.8 Structural States and Spectral Distance

The abstract state space of the spectral triple is larger than the
finite or discrete set of structural configurations used in the
admissibility theory.
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Definition 49 (Structural-state embedding). Let X, be
a specified structural state set. A spectral realization of
structural states is an injective map

Jsir : X — S(Uo), | (343)

assigning to every structural configuration a state of the
sequence algebra.

Whenever such a realization has been specified, define

d%r(x’}’) =dp (Jsu(x), Jsur () - (344)

Remark 24 (Spectral and path distances are distinct). The
spectral distance d3 and the admissible path distance
d. introduced later in Axiom A, are defined by different
mathematical constructions.

Accordingly,

(345)

dy(x,y) = dg(x,y)

is not an axiom.

Equality, bi-Lipschitz equivalence, or any other precise
relation between the two metrics requires a separately
proved compatibility theorem for a specified Dirac operator
and structural-state embedding.

7.9 Algebraic One-Forms

The spectral triple also supplies a canonical differential calculus.

Definition 50 (Represented one-forms). The space of rep-
resented algebraic one-forms is

N < o0,
o
Clj,bj E?IG

N
Q) () =4 7w (@) [De, me(b))] :
j=1

(346)

Every element of Qb is bounded because the represented
algebra elements and the Dirac commutators appearing in its
definition are bounded.

7.10 Inner Metric Fluctuations
Definition 51 (Bounded inner fluctuation). Let
A€ Qp (UAL) (347)

satisfy

A*=A. (348)
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Define the fluctuated Dirac operator by

\ Dg.a = Dg +A (349)

on Dom(Dg).

Proposition 25 (Stability under bounded inner fluctuations).
If A = A" is a bounded represented one-form, then Dg p is
self-adjoint on Dom(Dyg).
Moreover,

(A, He, D p) (350)

again has bounded commutators and compact resolvent.

Proof. Since A is bounded and self-adjoint, the bounded
perturbation theorem gives self-adjointness of Dg + A on
Dom(Dg).

Fora € 91"@,

[De.a-mw(a)] = [De.mo(a)] + [Amu(a)], (351

and both terms are bounded.

Compactness of the resolvent is preserved under bounded
perturbation. Indeed, for any z belonging to the common
resolvent set, the resolvent identity gives

(Dga—zl)"' = (Dg —zI)™!

352
=—(Dg.a—z)'A(Dg - zI)7". (552)

The second resolvent is compact and the remaining factors
are bounded, so the right-hand side is compact. Hence the
fluctuated resolvent is compact. O

Remark 25 (Interpretation of inner fluctuations). The re-
placement
D@ — D(g +A

is an algebraic metric fluctuation of the spectral geometry.
No specific molecular force, electromagnetic field, or physi-
cal deformation is identified with A without an additional
model specifying that correspondence.

7.11 Cipher Conjugation and Real Spectral
Structure

Axiom Ag introduced the conjugate-linear isometric involution
Jae

satisfying

Jdcgﬁpn\]dc = EIR;,ri-

This resembles one component of the real-structure machinery
of noncommutative geometry, but the two concepts are not

identified axiomatically.

Remark 26 (Cipher conjugation is not automatically a real
structure). The operator Jy. is introduced by Axiom Ag to
implement primary—dual commutant duality.

For Jy. to serve additionally as the real structure of a
real spectral triple, further conditions would be required,
including appropriate sign relations with D¢ and an order-
one condition of the form

[[De, 7w (@)], Jacm o (D) T3] = 0 (353)

for a, b in an appropriate spectral core.

These conditions are not consequences of commutant duality
alone and are therefore left to the subsequent theorem
program.

7.12 The Dirac Operator Is Not the Electronic

Hamiltonian

Remark 27 (Geometric versus physical generators). The
Dirac operator
Dg

encodes the metric spectral geometry of the noncommutative
sequence space.
The electronic Hamiltonians introduced in Axiom A,

H",

encode physical dynamics of specified node—bridge—node
motifs.
No identity

D¢ = HY (354)

is assumed.
Likewise, boundedness of

[Dg.mw(a)]

is a spectral-geometric condition and does not imply a
dynamical commutation relation

(H, 70 (a)] = 0.

A relationship between D¢ and a physical Hamiltonian
requires an explicit representation theorem or model-
dependent identification.

7.13 Spectral Dimension

The discrete base of the tensor network is Z3, but its algebraic
spectral dimension is not fixed solely by this combinatorial fact.
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Definition 52 (Spectral dimension). When the relevant trace
ideals are defined, set

. 2\ P2
dsp :=inf{p>0:Tr (I + DG) <oof. (355)

If the set is empty, define

dgp = +o00.

Remark 28 (Three lattice directions do not prove spectral
dimension three). The relation

X(g = Z3
does not by itself imply
dgp = 3.

Such a statement depends upon the eigenvalue growth of
the particular Dirac operator and therefore belongs to the
spectral theorem program.

7.14 What Axiom Ag Establishes

Axioms A;—Ag now produce the hierarchy

embedded molecular node
U
local structural tensor W
U
7Z3-fibrated tensor network
U
s = Q¢ <o 73
U . (356)
sequence-dependent noncommutativity
U
Yo o ¥; and Maya = EIR]’Dri
(2. Ho, D)
spectral noncommutative geometry.

Thus the terminology noncommutative Chrysene Tensor Space
has acquired three separate mathematical components:

1. atensor-network structure over Z>;

2. a genuinely noncommutative sequence algebra generated
by ordered local and translation operations;

3. aspectral triple furnishing metric information through the
Dirac commutator.
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The next segment introduces the physical Hamiltonian and
effective directional transfer operators on top of this spectral-
geometric foundation.

8 Physical Operators, Transfer, Re-
sponse, and Admissibility

Axioms Aj;—Ag define the molecular, tensorial, sequence-
algebraic, dual-cipher, and spectral-geometric structure of the
revised Chrysene Formalism. We now introduce the physical
operator layer.

Three distinctions remain essential.

First, the spectral Dirac operator

D¢

encodes noncommutative metric geometry, whereas a physi-
cal Hamiltonian encodes dynamical evolution of a specified
electronic or node—bridge—node realization.

Second, the existence of distinct molecular or network di-
rections does not imply inequivalent physical Hamiltonians or
transfer operators.

Third, the metric geometry generated by Dy is distinct from
the constrained path geometry used to describe admissible
structural transitions.

The final three axioms therefore have the logical organization

physical Hamiltonian and effective transfer
Ao

U

polarization and causal linear response
An

U

admissibility and path/spectral boundary structure
App.

(357)

8.1 Directional Physical Realizations

Let

a € {x,y}, N e N,.

The corresponding node-bridge—node motif of Axioms A4—Ag
contains a left terminal node, a bridge, and a right terminal node.

Chemical realization hypotheses. The physical operator layer
may depend upon chemical information not contained in the
graph-theoretic or spectral axioms. In particular, when electronic
propagation through the aromatic carbon framework is invoked,
the realization shall explicitly state whether it assumes the
Conjugated m-Framework Hypothesis

H@ﬂ(m)-
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Neither Cy;, symmetry, bipartiteness, nor the existence of the

R i X - The diagonal blocks are self-adjoint,
tensor network implies this electronic hypothesis.

T

Hp,o=Hj ,. (362)
Definition 53 (Motif observable algebra). For each pair (N) )\ f
(@ N), let Hiya = (Hia) - (363)
t o .
Uy € Ag (358) Hr.o = Hf ., (364)
be a unital involutive subalgebra containing the structural )
observables assigned to the corresponding finite node— and the contact operators have domains
bridge—node motif.
§ s W) My o — HEY), (365)
W) Hy o — HEY), (366)
Definition 54 (Physical motif representation). A physical ( 1’\/) ’
realization of the motif consists of a complex Hilbert space o i Hre— HLa- (367)

The operator j(,(N) represents direct terminal-to-terminal
coupling not mediated by the bridge. It may vanish only
under an explicitly specified physical model.

For

HN = Hy o @ HYY) © Hr o (359)

,

and a unital %-representation

wan : Ugy — B (7{5\’)) ) (360) Z€p (HI(;N(E) ; (368)

define the bridge resolvent

Remark 29 (Representation spaces remain distinct). The

-1
(N) (N)
R (g) := (zI ~H ) . (369)
physical motif space HN) need not coincide with the GNS o i

space H,,. Likewise, the representation @, y need not be
the restriction of m ., unless a unitary equivalence or explicit
embedding has been supplied.

The effective directional transfer operator is

:
@ ) T Ja L, B, R,a"
H, + HSN) “ " “
is permitted, and no identification is made implicitly. Thus N
TN (2) : Hioo — Hi.a- (371)

No equality or inequality between the x- and y-directional
Hamiltonians or transfer operators is imposed by Axiom A .

8.2 Directional Hamiltonian and Effective Trans- 83  Schur-Complement Interpretation

fer
Let
7‘{7',,1 = 7‘{14,” (&) 7_{R,(Y (372)
Axiom 10 (Directional Hamiltonian and Effective Transfer h —
(A10)). For every be t eterrr'nna Hilbert space'.'
Reordering the decomposition as
a € {x,y}, N € N, ™)
7'(T,ar (&) WB,(I ,
the physical motif realization carries a bounded self-adjoint
Hamiltonian define
Heo (W) N e T \gNT He
N N N N
H((x = Wiar) Hé,(i Wl(e,a) o (361) and
T T N) . (V) (V)
(7) (we) e Wi = (i) wi). (374)

518
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Definition 55 (Energy-dependent terminal Hamiltonian).
For

zep(HYY),

define
HE) (2) = 2 + WM TRY) (wiV | (379)
In block form,
(N) (. (N)T p(N) (N)
2 0@ =W Ry (W,
L,a L,a "'B,a L.a (376)

(N)  (N)T p(N) (N)
ZR’Q(Z) = Wr o RB’Q(Z)WR’Q.

N N
T L In@ Ve
ff,a ¢/ = -
e TV @ Hro+ 250 (2)
(377)
Indeed, the upper-right block is
M wNTRM W) = 7V (), (378)
whereas the lower-left block is
T W IRY) (W) = 7V (21 (379)

The last equality follows from self-adjointness of HI(QNJ, which
gives the resolvent identity

Ry (D' =Ry (2). (380)
For real
ZEpP (H;Noz) s
one has
7=z
and therefore .
7o @ =73" @) (381)

For non-real z, the energy-dependent effective operator

H(N) (2)

eff,

need not be self-adjoint.

Remark 30 (Transfer as an off-diagonal Schur block). The
operator

T (2)

is the upper-right effective terminal coupling obtained after
elimination of the bridge degrees of freedom.

The corresponding lower-left block is
TN @)

Only for real z in the bridge resolvent set does this reduce
to the ordinary adjoint

%(N)(Z)T.

The transfer operator is not a geometric attachment vector
and is not determined solely by the bridge count N.

8.4 Bridge-Mediated and Translation-Covariant
Models

Definition 56 (Strictly bridge-mediated model). A direc-
tional physical realization is called strictly bridge mediated
when

(M) = 0. (382)

Definition 57 (Translation-covariant terminal dynamics).
Suppose the terminal molecular nodes are related by the
geometric translation of Axiom Ag. The physical terminal
realization is called translation covariant if there exists a
unitary

Va, 5 ﬁL,a —> (]‘{R’Q (383)

such that

Hg.o = VoHr oV, (384)

Remark 31 (Geometric translation is not enough). Trans-
lation covariance of the molecular graph does not by itself
prove Equation (384). The electronic environment, bound-
ary conditions, and physical model must also transform

compatibly.

8.5 Analyticity and Resolvent Control

Proposition 26 (Analyticity of directional transfer). For
fixed (a, N), the map
2 — T () (385)

is operator-valued analytic on

(N)
P (HB’Q) -
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BT 8.7 Transfer Moments
” If
(N )
> ||Hy
7™ (5 —JJN)H < " (386) |zl > [[Hp oI,
dist (z, o-(HB’a)) then
()
.. . . R(N)(z) - Z IV Bae) (391)
Proof. The resolvent of a self-adjoint operator is analytic on - kel
k=0

its resolvent set and satisfies
1

IRY) ()| = ——————
’ dist (z a'(H(N)))

The result follows from Equation (370) and submultiplicativity
of the operator norm. O

8.6 Directional Transfer Comparison

Because the two transfer operators can have different domains
and codomains, direct equality need not even be a well-formed
statement.

Definition 58 (Unitary comparison of transfer operators).

Let
Ny € Ny, Ny € Ny,
and let 7 belong to both bridge resolvent sets.
We write
Ny
TN (2) = T (2) (387)
if there exist unitaries
Ur: Hpx — Hiy, (388)
UR 3 7_{R,x — 7'{R,y (389)
such that
ULT ™) (2) = T\ (2)Ug. (390)

Remark 32 (Transfer anisotropy remains derived). Neither

Dx *T¢ Z)y
nor
NY # Ny
implies

A transfer-anisotropy theorem must compare the actual
bridge Hamiltonians, contacts, and direct couplings.

Definition 59 (Directional transfer moments). Define

k
N) N) N) N)
M) = (W) ) (H0) W e92)
Then s
= k(
7N (z) = <N>+Z k+1t' (393)

The comparison of the two moment sequences is deferred to
the directional-transfer theorem program.

8.8 Dirac Geometry and Physical Hamiltonians

Proposition 27 (Logical independence of Dg and H E,N)).

Axiom Ag does not determine the physical Hamiltonian
HY

Dg.

, and Axiom Ao does not determine the Dirac operator

Proof. The operator Dg is defined on H,, through bounded
commutators with the spectral core and compact resolvent.

The physical Hamiltonian H, ((YN) is defined on the independently
specified motif space “HC(,N) through its block decomposition
and physical contact operators. Neither axiom supplies an
identification of the two Hilbert spaces or operators. O

Remark 33 (Possible future compatibility). A later model
may provide an intertwiner

Uan - HS — HY
or a functional relation between Dg and H((,N). Such
a relation is additional structure rather than part of the
foundational axioms.

8.9 Polarization and Causal Linear Response

We now introduce the response of a physical realization to a
weak external electric field.
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Definition 60 (Response representation). A response re- 8.10  Finite-Dimensional Spectral Representation

alization consists of a Hilbert space ?{resp, a unital *-

representation Proposition 28 (Spectral representation of polarizability).
Dresp * Wresp — B(Hleesp) (394) Assume Heqp is finite dimensional and let
of a specified physical observable subalgebra, and a self- {In)ner
Ce iy be an orthonormal eigenbasis satisfying
— gt
Hresp - Hresp~ (395) Hresp|n> — Enln)
Let Then, for Imz > 0,
|0> € 7-{resp’ <0|O> =1, (396)
satisf (0fpi|n){n|p;10)
y ~ @i (z) = Z ST
Hiespl0) = El0). 397) o E,—Ey—Thz
(403)
. o : (Ol |m){n|pi10)
Axiom 11 (Polarization and Linear Response (A11)). The + E —Eixhe |
response realization carries bounded self-adjoint dipole " hss
operators
- 9
Hi = Hy» i€{xy.z} (398) Proof. Insert the finite resolution of the identity
A weak applied electric field
1= n)n]
E(t) = (Ex(1), Ey(1), E-(1)) n
couples according to the perturbation convention into each term of the commutator in Equation (401). Because
the sum is finite, termwise integration is justified. The resulting
Vi(r) = — Z E;(t)u;. (399) elementary Laplace integrals give Equation (403). O
J

The Heisenberg dipole operator is

Li(1) = ¢ ety o iFuogt 1 (400) 8.11 Static Response and Inversion Symmetry

U v tieg LoRTar L e COmEion Definition 61 (Static polarizability). Whenever the limit

o7t Imz > 0, exists, define

afj’) = 1lim a;j(w). (404)
so that the causal integral converges in the upper half-plane; w=0
this is the convention used throughout the following response

Jrmtes: oy Proposition 29 (Inversion symmetry eliminates the per-
zeC Imz> 0 manent dipole). Suppose there exists a unitary inversion
’ ’ operator P such that

define the causal polarizability tensor by

PlirespPT = Hresp, (405)

@ij(z) = 7’—1/0 e 20| [i (1), u;110) dt. (401) PuiP" = —p;, (406)

and suppose the reference eigenstate is nondegenerate. Then
When the boundary value exists in the stated topology,

Olpil0) =0 (i=x,y,2). (407)
@ij(w) = lima;;(w + in). (402) (Ol »2) ]
710
No inequality among tensor components is imposed axiomat- Proof. Nondegeneracy implies
ically. )
o P10) = '*]0)

521
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for some §. Therefore

(01u:10) = (0P PP P|0) (408)
= —(0[x:10). (409)
Hence the expectation value vanishes. O

Remark 34 (Centrosymmetry does not imply isotropic
polarizability). Equation (407) does not imply

Txx (W) = yy (w) .

Directional response depends on transition energies and
dipole matrix elements and therefore remains a theorem-
level property.

8.12 Finite Response versus Bulk Dielectric Re-
sponse

Let

{Mrmtmsn
be an increasing family of finite network realizations with vol-
umes Vjs > 0 and finite-system polarizabilities al.(jM) (w).

Definition 62 (Bulk susceptibility). If the limit exists and
is independent of the admissible exhaustion and boundary
prescription, define the dimensionless susceptibility by

a,(M) (w)
() = lim —Z (410)
Xij T Moo SOVM
The relative dielectric tensor is then
erij(w) =6 + xij(w). (411)

Remark 35 (No finite-fragment-to-bulk inference). A finite
molecular polarizability does not become a bulk dielectric
tensor by relabeling. Existence and boundary independence
of Equation (410) must be established separately.

8.13 Admissible Structural States

The final axiom compares two kinds of geometry without identi-
fying them:

1. the spectral geometry generated by D¢; and

2. the constrained transition geometry generated by admissible
paths in a structural state graph.

Let
X 412)

522

be a nonempty structural state set.

Axiom 12 (Admissibility and Spectral/Path Boundary
(A12)). The structural state set X is equipped with the
following data.

1. An injective spectral realization

Jsir 1 X — S(Ug). | (413)
2. A symmetric transition relation
& C X XX, (414)
with
(x,y) € 8 = (y,x) € &.
3. A symmetric positive edge-weight function
w: &y — (0,00) (415)
satisfying
w(x,y) = w(y,x). (416)
4. A finite family of constraint functionals
Cj: X — (-00,00], j=1,....m, (417)
with finite thresholds
T €R. (418)
The admissible structural domain is
Dt = {x € X : Cj(x) < tj for every j} . (419)
The induced admissible transition relation is
Eadm = {(x,y) € & : x,y € Qadm}- (420)

For x,y € Qaam, let Paam(x, ¥) denote the set of finite paths

v =(x0,...,%r), X0=X, Xr=Y, (421)
with
(Xk—1,%k) € Eadm-
Their weighted length is
-
Lyw(y):= Z w(Xk—1,Xk)- (422)

k=1
The extended admissible path distance is

inf  Ly,(y), Paum(x,y) # 2,
d*c(x,y) - Y€ Padm (x,y)
+o00, Padm (¥, y) = @.
(423)

The corresponding structural spectral distance is

dyy (x, ) = dp (Jsu(x), Jsue () -

No equality, inequality, or finiteness equivalence between
di and d%‘ is imposed axiomatically.

(424)
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8.14 Constraint Boundary

Definition 63 (Constraint boundary). Define

Ci(x) <tjforall j,
Cr(x) = 1y for at least one k

O0cQRadm = {x eX: }

(425)

Remark 36 (Not automatically a topological boundary).
The set OcQuaam is defined by constraints. It need not
coincide with a topological boundary unless an appropriate
topology on X has independently been supplied.

8.15 Path-Metric Properties

Proposition 30 (Extended pseudometric and metric cri-
terion). The function d. is an extended pseudometric on
Qadm-

If, in addition,

= inf
(x,y) €&adm

Wy w(x,y) >0, (426)

then d*c is an extended metric.

Proof. Non-negativity and symmetry follow from positivity

and symmetry of the edge weights. The trivial path gives

di(x,x) =0.

The triangle inequality follows by concatenating admissible

paths and taking infima.

Under Equation (426), every path joining distinct states con-
tains at least one edge and therefore has length at least w..

Hence

x#y = dg(x,y)2w.>0.

Corollary 5 (Infinite distance and admissible connectivity).

Forx,y € Quam,
di(x,y) = +00

if and only if x and y belong to different connected compo-
nents of

(427)

Gadm = (Qadm, gadm)-

Remark 37 (Threshold violation does not imply global
disconnection). The removal of a state violating one or more

523

constraints does not automatically imply that all surviving
states separated by that vertex have infinite distance. If an
admissible bypass exists, the remaining path distance is
finite.

8.16 Spectral-Path Compatibility

Definition 64 (Exact spectral-path compatibility). The
realization is called exactly spectral-path compatible on a
subset Y C Qaqm when

dy(x,y) = di(x,y) (x,y €Y). (428)

Definition 65 (Bi-Lipschitz spectral-path compatibility).
The two distances are called bi-Lipschitz compatible on Y
if there exist constants

O<co<cy <o (429)
such that, whenever d.(x,y) < oo,
codi(x,y) <dy(x,y) < cidf(x,y). (430)

Definition 66 (Disconnectivity compatibility). The two
geometries are called disconnectivity compatible when

=  dy(x,y) =+

di(x,y) = +o0 (431)

forall x,y € Qudm.

Remark 38 (Compatibility remains theorem-level). Ax-
iom A1y merely places both metrics on the same structural
state domain. It does not assert exact compatibility, bi-
Lipschitz compatibility, or disconnectivity compatibility.
These become theorem targets for specifically constructed
Dirac operators and admissibility graphs.

8.17 Operator Realization of Admissibility

The constraint geometry does not itself dynamically remove

states.

Definition 67 (Admissible and rejected Hilbert sectors).
Suppose a physical Hilbert space Hpnys admits an orthogo-
nal decomposition

7-{phys = Haam ® 7_{rej- (432)
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Let
Qadm : 7'{phys — Jladm (433)
be the orthogonal projection and set
Qrej =1 = Qadm. (434)
Then
QZin = Quam = O . (435)
02 = Orj = O (436)
Qaderej =0. 437)

Proposition 31 (Dynamical preservation criterion). Let

T

H

thys = phys

be a self-adjoint physical Hamiltonian, possibly unbounded.
Assume

Qadm Dom(thys) c Dom(thys) (438)

and

(¢ € Dom(Hppys)) -
(439)
Then Hyam and Hiej are reducing subspaces of Hpnys, and

thysQadm‘// = Qadephysl//

e oM € Hogm (440)
foreveryt € R.

If Hphys is bounded, conditions (438)—(439) reduce simply
to

[thys, Qadm] =0. (441)

Proof. Conditions (438)—(439) state that the orthogonal pro-
jection Qaqm reduces the self-adjoint operator Hphys. Hence
Qaam commutes with the spectral projections of Hppys and
therefore with every bounded Borel function of Hppys.

In particular,

Qadme_”thyg/h = e_lthhyS/hQadm,

which proves preservation of the admissible and rejected
sectors. a

Remark 39 (Projection is not physical scission). The ex-
istence of Qrej does not imply that the physical system
spontaneously applies this projection.
If

[thys’ Qadm] * O,

amplitude can couple between the two sectors. Physical
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excision or scission therefore requires an additional unitary,
dissipative, stochastic, measurement, or control mechanism.
Accordingly,

Cj(x) >71; =

automatic physical removal. (442)

8.18 Completion of the Twelve-Axiom Architec-
ture

Axioms A;—A1> now define the sequence

Molecular geometry
Al — A3

U

Tensor-network and Z> fibration
Ay — Ag

U

Noncommutative sequence and dual-cipher algebra
A7 — Ag

U

Spectral noncommutative geometry
Ag

I}
Physical Hamiltonian and effective transfer
Ajo
I}
Polarization and response
Aj
I}
Admissibility and spectral/path boundary
A,

(443)
The architecture deliberately preserves the logical separations

molecular anisotropy = transfer anisotropy,

transfer anisotropy = optical anisotropy, (444)
spectral distance # admissible path distance,

constraint violation =% physical scission.

These implications may hold for a specified Chrysene realiza-
tion only after the additional hypotheses required for their proofs
have been supplied.

9 Model Existence and Molecular Char-
acterization
The preceding sections define a twelve-axiom system whose

structures extend from an embedded four-ring molecular node
to a Z>-fibrated tensor network, a noncommutative sequence
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algebra, a dual-cipher commutant representation, a spectral triple,
physical transfer operators, linear response, and constrained
admissibility geometry.

We now address a distinct question:

Does the molecular reduct of a full twelve-axiom real-
ization remain arbitrary within the four-ring polyhex
class, or do the combined geometric requirements
select a unique molecular architecture?

The answer must be formulated carefully. Uniqueness of the
molecular reduct does not imply uniqueness of every Hamil-
tonian, state, bridge family, spectral triple, response tensor, or
admissibility model built over that reduct.

9.1 Full Models and Molecular Reducts

Let

A={A,...,A;n} (445)

denote the revised axiom set.

Definition 68 (Full model). A full model of the revised
Chrysene Formalism is a collection

R (446)

of all molecular, network, tensor, algebraic, spectral, physi-
cal, response, and admissibility data required by Axioms A1—
A1, satisfying every condition appearing in those axioms.
The class of full models is denoted

Mod(A). (447)
Definition 69 (Molecular reduct). For
R € Mod(A),
define
Redmol : Mod(A) — 9y | (448)
by
Redpo(R) = Cg, (449)

where Qg is the embedded labeled molecular node appear-
ing in Axiom Aj.

Definition 70 (Canonical carbon-framework reduct). For
€ € Ny, define its canonical carbon-framework realization
by

CanGraph(€) := (G, T) - \ (450)
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For a full model R, define

CanGraphRed,,;(R) := CanGraph (Redme1 (R)) . ‘
(451)

Definition 71 (Canonical polyhex congruence). Let

(G1,1), (G2,12)

be canonical carbon-framework realizations.
We write
when there exist a graph isomorphism

(720 Gl i G2
and a Euclidean isometry

g: R} —R3
such that

goli=nogp. (453)

Define the reference canonical chrysene framework by

G = (Getrs Tpnschr) -

(454)

Definition 72 (Canonical labeled polyhex reduct). Let
R € Mod(A)
have embedded molecular reduct
Redyo1 (R) = Cx.

Define its canonical labeled polyhex reduct by

CanRedo1 (R) := (G(st ”L\px’ Aloc> Achem’ Ag; 5 A%‘;al) 5

(455)
The attachment labels Aa and the physical embedding ¢ are
not included in CanRedy,o), because they may depend upon
the particular molecular or supramolecular realization.
Let

(%o

chr (456)

denote the corresponding canonical labeled polyhex reduct
of the reference chrysene structure.

Definition 73 (Label-compatible polyhex congruence). Let
Q:LI)X and (ng be canonical labeled polyhex reducts.
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We write
Q:Ifx =px,lab (ggx (457)

when there exist a graph isomorphism
(720 G1 —> Gz

and a Euclidean isometry

g:RP R
such that
4 OTpx,l = IIZ)X,Z °p, (458)
/lloc,z oY= /lloc,l’ (459)
/lchem,2 o ‘Pﬁ = /lchem,l~ (460)

Equivalently, the two objects represent the same canonically
embedded, locant-preserving carbon-framework polyhex.

9.2 The Reference Chrysene Node

Definition 74 (Reference chrysene molecular node). Let

(461)

denote the embedded labeled carbon-skeleton graph of
chrysene equipped with its standard carbon connectivity
and standard locant labeling.

The explicit graph adjacency, locant assignment, and em-
bedding convention are fixed once and for all in Appendix A.

The distinguished primary and dual locant sets of €, are

AS}rlir ={v3,v6,vo,vi2}, (462)
AG = {va,vs,vs, Vi) (463)

The primary-to-dual shift is

312, 615, 98,

9.3 Perimeter Compatibility of the Dual Cipher

Because Gg € %y, its polyhex realization possesses a distin-

guished external perimeter cycle, denoted

0Gg. (465)

Definition 75 (Perimeter-realized cipher). The primary—
dual cipher is called perimeter realized when

Vi, Va(j) € V(aG(g) (466)

12 11, (464)

and

{vjsvew(n} € E(0Ge) (467)

for every
Jj €1{3,6,9,12}.

The orientation of G is chosen so that each dual locant is
the same one-step perimeter neighbor of its primary partner.

Remark 40 (Why this condition is needed). Without Defi-
nition 75, the labels 2,3,5,6,8,9, 11, 12 could be assigned
abstractly to unrelated graph vertices. Perimeter realization
turns the dual cipher into a graph-theoretic property of the
molecular reduct rather than a relabeling convention.

9.4 The Chrysene Characterization Signature

Definition 76 (Chrysene characterization predicate). For
an embedded labeled node

66%4,

define
ChrSig(€)
to mean that all of the following conditions hold.

(C1) The molecular carbon-skeleton graph belongs to the
four-ring polyhex comparison class:

)

(C2) Its canonical carbon-framework point group satisfies

5™ ~o3) G (469)

(C3) The primary—dual cipher is realized as a uniform
one-step displacement on an oriented external perimeter
cycle

0Gg.

Explicitly, for every
Jj €1{3,6,9,12},

the paired primary and dual vertices satisfy

{vi.,veu(i)} € E (0Gg), (470)

and all four pairings have the same orientation relative to
the chosen perimeter cycle.

(C4) The two canonical primary displacement vectors are
linearly independent:

d, xd, #0. (471)
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(C5) The canonical directional data are inequivalent under Definition 78 (Extension class). For an embedded labeled
the reference carbon-framework stabilizer: molecular node €, let
13)( e @y~ (472) Ext2(€) 477)

denote the class of all choices of bridge, tensor-network,
sequence algebra, dual-cipher, spectral, Hamiltonian, re-
Proposition 32 (Axioms imply the characterization signa- sponse, and admissibility data extending € to a full model
ture). If of Axioms A1—Aj».

R € Mod(A),

then its molecul duct sati
en its molecular reduct satisfies Theorem 35 (Existence of a full Chrysene extension). The

‘ ChrSig (Redmo (R)) - ‘ (473) explicit construction of Appendix B establishes

\Extu (Cot) # @. \ (478)

Proof. Condition (C1) is Axiom A;. Condition (C2) is the
carbon-framework clause of Axiom A,. Conditions (C4)—(C5)

are the strengthened directional requirements of Axiom Aj3. Proof. This is Theorem 61. o
The primary and dual locant sets are part of Axiom Ay, while
their cipher pairing is part of Axiom Ag. With perimeter Remark 41 (Status of the analytic extension condition). The
realization included as a molecular compatibility condition of principal analytic issue in establishing non-vacuity is the ex-
the dual cipher, condition (C3) follows. O istence of a faithful spectral realization satisfying Axiom Ay,
together with compatible realizations of Axioms Ajg—A1>.
9.5 TFinite Molecular Classification Appendix B constructs such a realization explicitly. There-
ore
The uniqueness problem is now finite and purely molecular. f ‘ Extiz(Canr) # 2, (479)
Definition 77 (Characterization node class). Define and the analytic-extension condition (AE) is discharged in
the present article.

NCF = {€ € N, : ChrSig(C)} . (474)

9.7 The Chrysene Characterization Theorem

Proposition 33 (Reduction to finite carbon-framework clas-

sification). The carbon-framework uniqueness problem for Theorem 36 (Chr.ysene Chara(.:terization and EXist.enc.e
the twelve-axiom system reduces to determination of the Theorem). The revised twelve-axiom Chrysene Formalism is
canonical polyhex-congruence classes non-vacuous. Moreover, every full model has the canonical
carbon framework of chrysene.
{[CanGraph((I)]:pX :Ce EREF} . (475) More precisely:
1.

a5

Theorem 34 (Finite carbon-framework classification). The

finite classification carried out in Appendix A establishes 2. For every R € Mod(A),
{[canGraph(©)1.., : € e w§F = {[GR]_ || @76) CanGraphRed,o; (R) ~px G (481)
Proof. This is Theorem 55. O 3. Equivalenily,
9.6 Extension of the Chrysene Reduct {[CZmG“‘I’hReGlrnol(‘R)]:px Re MOd(ﬂ)}
Molecular uniqueness and existence of a full operator realization = { G‘:ﬁr] N } .
are logically separate. = @82)
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4. Every full model possesses a noncommutative sequence
algebra
s = Q¢ ~¢ YA
with
dA,BeUg [A,B] #0.

5. Uniqueness of the canonical chrysene carbon frame-
work does not imply uniqueness of the complete twelve-
axiom realization.

Proof. By Theorem 35, the reference chrysene node admits a
full twelve-axiom extension. Hence

Mod(A) # @.

Let
R € Mod(A)

be arbitrary. By Proposition 32, its molecular reduct belongs

to NEF.

The finite carbon-framework classification theorem then gives
CanGraphRed,,; (R) ~px G*

chr’

This proves parts 2 and 3.

Part 4 follows from Theorem 8.

Finally, the axioms permit distinct physical embeddings, lo-
cant realizations, attachment labels, bridge families, states,
spectral triples, Hamiltonians, response operators, and admis-
sibility structures over the same canonical carbon framework.
Therefore canonical molecular-framework uniqueness does
not imply categoricity of the complete model class. O

Definition 79 (Standard-locant Chrysene realization class).
Define

Mo dstd

chr

(A) = {?{ € Mod(A) : CanRedmol (R) ~px,1ab (5 } .

chr
(483)
This subclass consists of full models whose canonical chry-
sene framework carries the standard locant convention
used throughout the Chrysene Formalism, including the
distinguished

{3,6,9, 12}

primary frame and
{2,5,8,11}
dual frame.

Proposition 37 (Non-vacuity of the standard-locant sub-
class). The explicit realization Rex of Appendix B belongs

528

to
Modstd

chr

(A).

Hence

Mo dstd

chr

(A) + 2. (484)

Remark 42 (Role of the standard locant frame). The finite
classification theorem derives the identity of the canon-
ical carbon framework; it does not claim that chemical
nomenclature is generated uniquely by the twelve axioms.
The standard chrysene locant convention is instead fixed
on the reference molecular realization and retained as the
coordinate frame for the subsequent Chrysene theorem
program.

Accordingly, later chrysene-specific realization theorems
may be formulated over

Exti2(Cepr)

or equivalently over the appropriate standard-locant sub-
class, without converting an external nomenclature conven-
tion into an axiomatically derived theorem.

Remark 43 (Canonical uniqueness versus physical congru-
ence). Theorem 36 does not assert that every realization-
specific embedding t is Euclidean-congruent to the ideal
regular-polyhex embedding, nor does it assert that the
twelve axioms uniquely generate the standard chemical
locant convention.

Rather, it states that the underlying canonically embedded
carbon framework is uniquely the chrysene framework.
The standard numbered chrysene realization is selected
separately by Definition 79.

If a particular realization additionally satisfies

L= Ty

by Euclidean congruence and belongs to the standard-locant
realization class, then its embedded numbered molecular
reduct may be compared directly with the reference embed-
ded chrysene node.

Corollary 6 (Canonical carbon-framework uniqueness with-
out full categoricity). The twelve-axiom system is categori-
cal at the level of its canonical carbon framework:

|{[CanGrathedm01(93)] I R e Mod(ﬂ)” =1.

=p
(485)
The complete twelve-axiom theory need not be categori-
cal, because distinct full realizations may share this same
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canonical chrysene framework. chrysene.
twelve-axiom model R
9.8 Why the Previous Abstract Countermodel Is I}
Excluded Redmol (R) € RET
U (491)
Proposition 38 (Exclusion of the four-cycle countermodel). finite four-ring carbon-framework classification
The four-vertex square-cycle structure used in the earlier U px
non-vacuity construction is not a model of the present CanGraphRed o (R) =px G-

twelve-axiom system.

Proof. The square-cycle molecular graph is not the carbon-
skeleton graph of an edge-connected four-ring polyhex and
therefore fails Axiom Aj.

It also lacks the required eight distinguished locants

2,3,5,6,8,9,11,12

and cannot realize the primary/dual perimeter cipher of Ax-
iom Ag.

Hence it is excluded before any operator-algebraic or response
data are considered. ]

9.9 What Molecular Uniqueness Does Not Prove

Remark 44 (Logical scope of the characterization theorem).
Theorem 36 is a molecular characterization result.
It does not, by itself, establish

N;‘ =N} +2, (486)
Tx #u Tys (487)
T € Ty (488)
Y¢ = GF(4) asafield, (489)
755 = dly (490)

nor does it establish an autonomous physical scission mech-
anism.

Each statement remains a separate theorem-level problem
over the the unique canonical chrysene carbon framework.

9.10 The Revised Meaning of “Chrysene Isomor-
phism”’

The phrase Chrysene Isomorphism Theorem was used in the
earlier formalism for a stronger collection of geometric, quantum,
finite-field, optimal-transport, and boundary assertions [Sch26b,
Sch26a].

The revised theorem makes the narrower and mathematically
explicit statement that the canonical carbon framework, rather
than every realization-specific labeling or embedding, is uniquely

The uniqueness conclusion is therefore separated from later
claims about electronic decoupling, finite-field multiplication,
spectral response, optimal transport, or physical boundary dy-
namics.

9.11 Characterization Hierarchy

The twelve-axiom foundation together with the characterization
theorem may now be summarized as

N4
U

C;t;lj-type canonical symmetry
+ perimeter cipher
+ directional inequivalence

U
CF
Rion
I}
pxX
Gchr
(unique canonical

carbon framework)

U
7?-fibrated
tensor network
I}

s = Q¢ 2o 7>
[}

spectral noncommutative
geometry

U

multiple admissible
physical/operator completions

(492)

Thus the revised formalism can be molecularly specific without
collapsing its downstream operator, transport, response, and
boundary theories into properties that hold by definition.
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10 Logical Architecture and Chrysene
Characterization
The twelve axioms are organized by mathematical prerequisite

rather than by a claim of automatic physical causation.
Let

A ={Al,...,An}. (493)
Partition the axiom system into five strata:
Ag = {A1, Az, A3}, (494)
Ar = {A4, As, Ag}, (495)
Ap = {A7, Ag}, (496)
As = {Ag}, (497)
Ap :={A10, A11, A2} (498)

The subscripts denote, respectively, molecular geome-
try, tensor-network construction, sequence/dual-cipher alge-
bra, spectral noncommutative geometry, and physical re-
sponse/admissibility structure.

Definition 80 (Prerequisite relation). For A;, Aj € A, write

A; < Aj (499)
when the statement of A uses a mathematical object whose
domain, codomain, or defining data are introduced by A;.

The relation records definitional prerequisite only and does
not mean that the conclusions of A; follow physically from
properties stated in A;.

A sufficient generating set is

Al < Ay, Ap < Aj, Ay < Az, (500)
Az < Ay, Ag < As, As < Ag, (501)
Ag < A7, Al < Ag, Ag < Ag, A7 < Ag, (502)
A7 < Ao, Ay <Ay, A9 <A, (503)
Ag < Ayps. (504)

Remark 45 (Expository order versus prerequisite). Ax-
iom A1 is presented after Axiom Ay because polarization
and response are physically downstream topics. Under Def-
inition 80, however, the response realization is introduced
independently and therefore does not require a generating
prerequisite edge A7 < Ajy or Ajp < Aq1.

The sequential placement of Ajg—A1> is therefore partly
expository rather than a claim of definitional dependence.

Proposition 39 (Acyclicity of the prerequisite architecture).
The prerequisite relation generated by Equations (500)—
(504) contains no directed cycle.

530

Proof. Assign the numerical rank
r(A,-) =1.

Every generating prerequisite relation satisfies i < j. The rank
therefore increases strictly along every directed path, which
precludes a directed cycle. O

11 Deferred Theorem Program

The twelve-axiom system defines the foundational Chrysene
Formalism, and Theorem 36 identifies the canonical chrysene
carbon framework, within the specified four-ring polyhex com-
parison class, as the unique canonical carbon-framework class
realized by every full model.

The remaining principal claims of the Chrysene program are
of a different logical type. They concern special arithmetic
closure, finite-field multiplication, directional transfer, optical re-
sponse, spectral metric reconstruction, higher algebraic structure,
emergent chirality, and dynamical boundary behavior. None
of these properties is required merely for an object to satisfy
Axioms A]—Alg.

Accordingly, let

R € Extyp (Cenr) (505)

be a specified full realization over the chrysene molecular reduct.
Let

| Ho = {(H\(R), ..., Hn(R)} | (506)

denote any additional collection of explicitly stated geometric,
registry, algebraic, spectral, Hamiltonian, response, or dynamical
hypotheses associated with that realization.

A deferred theorem has the logical form

AU Hy | Px,

A={A,,.

(507)
where
AR}

and where Pg is not true merely by virtue of satisfying the
twelve axioms.

11.1 Directional Registry and the N + 2 Closure
Law

Under the axially aligned homogeneous specialization of Defini-
tion 21, exact directional closure gives

Ko =N + 64, « € {x,y}. (508)
Subtracting the two relations yields
N;‘ =N} = (Ky — Kx) + (65 — 6y). (509)
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Ag

Embedded molecular geometry, Cy;, core symmetry, and directional attachment structure

{A1, Ay, A3}

Y

Ar
Bridge closure, local tensor structure,

{A4, As, A}
and the Z3-fibrated tensor network

Ao

Quasi-local tensor observables, noncommutative se-
quence algebra, dual tensor, and commutant cipher

{A77A8}

Y

As

Spectral triple, Dirac operator, and noncommutative metric geometry

{Ao}

Y

Ap

=

{A10, A1, A2}
Physical Hamiltonians and transfer, linear response, and admissibility

J

Figure 1: Stratification of the revised Chrysene Formalism. The arrows indicate availability of mathematical structure and definitional prerequisite.
They do not assert automatic physical causation. In particular, molecular anisotropy does not by itself imply transfer or response anisotropy.

Definition 81 (Commensurate chrysene registry hypotheses).
A chrysene realization satisfies the commensurate registry
hypotheses when

£ =&y, (510)
K, = K,, (511)
Sy —0y=2 (512)

Theorem 40 (Target: Chrysene N + 2 Closure Theorem).
If a full chrysene realization satisfies Definition 81, then

N} =N} +2. (513)

Prooftarget. Under K, = K, Equation (509) reduces to
N;—N;‘ =0y — Oy.
Thus 6, — 6y, = 2 implies Equation (513).
The substantive theorem obligation is therefore the molecular
and network derivation of
Ox —0y =2

for the relevant chrysene connector geometry.

531

Remark 46 (What must still be proved). The algebraic
subtraction is immediate. The nontrivial content of the future
theorem is the demonstration that the chrysene attachment
geometry and admissible connector family actually produce
the required two-unit registry difference.

11.2 Dual Cipher and the G F(4) Field Law

Axiom Ag already establishes the structural alphabet

Tg = Z5° X Z% (514)
with
IS¢l = 4 (515)
and the canonical additive operation .
Consequently,
(Zg, @) = 73 (516)

as an additive group.
A finite-field theorem requires additional multiplicative struc-
ture.

Definition 82 (Structurally induced multiplication). A bi-
nary operation

Ry | 2¢ X 26 — ¢ 517)

is called structurally induced when its value is determined by
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an explicitly specified composition law of cipher and registry be identical:
operations in the realization R, rather than transported
arbitrarily from an external four-element field. 7;(Nx) () #u 7;(N ») ). (524)

Theorem 41 (Target: Dual-Cipher G F'(4) Theorem). Sup-
pose a chrysene realization admits a structurally induced
multiplication Ry, for which

(Z¢, B, Rg) (518)
satisfies the field axioms.
Then
(36, B,8%) = GF(4) =2 F)[w]/(w? +w+1).| (519)

Remark 47 (Nontrivial content of the GF(4) theorem).
Every four-element set can be equipped artificially with
a field structure isomorphic to GF(4). Such transport of
structure is not the theorem sought here.

The substantive question is whether the multiplication pro-
duced by the actual dual-cipher and registry composition
laws satisfies the field axioms.

11.3 Directional Electronic Transfer

For
lz| > ”Hl(gN(z ,
Axiom A gives
o )
T @) = TN + Y =t (520)
k=0
with
M) = Wi () Wi (s21)

Assume unitary identifications of the x- and y-terminal Hilbert
spaces have been specified so that the corresponding coefficients
may be compared.

Theorem 42 (Target: Directional Transfer Anisotropy The-
orem). Suppose
F) 2 g (522)

after the prescribed terminal identifications, or suppose that

(Nx) (Ny)
Mk,x M,

P (523)

for at least one k > 0.
Then the corresponding analytic transfer functions cannot

Proof target. After the specified unitary identifications, equal-
ity of the two analytic operator-valued functions on a common
exterior domain would imply equality of their Laurent coeffi-
cients. Inequality of one coefficient therefore rules out identical
transfer functions by uniqueness of analytic continuation. O

Remark 48 (Geometry is not sufficient). The condition
DX ’)"F(cgore @y

does not itself prove Equation (524). The bridge Hamiltoni-
ans and contact maps must carry the geometric inequiva-
lence into the physical operator realization.

11.4 Polarization and Optical Anisotropy

For the finite-dimensional response model of Proposition 28,
define the directional transition-dipole measures

dvi(Q) = ) [Olmiln)” 6 (@ - wno) dQ, i€ {x,y},
n#0
(525)
where
E, - E
wno 1= 9. (526)

Theorem 43 (Target: Polarization Anisotropy Theorem).
Under a common spectral and broadening prescription,
suppose the directional transition spectra differ in at least
one pole location or residue contributing to the response:

Vx # Vy.

Under conditions sufficient for uniqueness of the correspond-
ing spectral transforms,

(527)

@) # ayy ()| (528)

For an oriented finite realization, define absorption functions
Ax(w) and A, (w). Whenever

Ax(w) # Ay(w), (529)
define the linear dichroism
LD(w) := Ay(w) — Ax(w). (530)
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Remark 49 (Bulk optical response requires a further limit).
A molecular or finite-network anisotropy theorem does not
establish a bulk dielectric anisotropy. Such a result addi-
tionally requires the existence and orientation dependence
of the thermodynamic or homogenization limit introduced
in Definition 62.

11.5 Connes Distance and the Admissible Path
Metric

Axiom Aj; places two independently defined distances on the
same structural state space:

di;r and dg.. (531)
Definition 83 (Metric-calibrated Dirac realization). A Dirac
realization is called path calibrated on Y C Q,qp, when its

Lipschitz seminorm
Lp(a) = [[[Dg, mw(a)]ll

reproduces the weighted graph-Lipschitz constraint associ-
ated with the admissible edge weights on Y.

Theorem 44 (Target: Spectral-Path Metric Compatibility
Theorem). For a path-calibrated Dirac realization sat-
isfying the required separation and domain hypotheses,
establish one or more of the relations

dy(x,y) = dg-(x, ), (532)
c_dg(x,y) <dp(x,y) < cadi(x,y), (533)
A5 (x,y) = +00 & di(x,y) = +o0.  (534)

Remark 50 (The strongest relation need not always hold).
Exact equality is the strongest possible compatibility state-
ment. Bi-Lipschitz equivalence or agreement only on dis-
connected components may be the appropriate theorem for
a particular Dirac realization. The formalism does not
require all three statements simultaneously.

11.6 Dual Cipher and Real Spectral Structure

Axiom Ag provides the conjugate-linear isometric involution

Jac : Hoy — Ho (535)
satisfying
T =1 (536)
and
JacMpriJac = gﬁ;ﬁ- (537)

533

Equivalently, Axiom Ag defines the representation of the
opposite algebra by

Aaual (0%) 1= Jaet o (b)), (538)
Consequently, the zero-order commutation relation
[ [0 (@), Tawar (5)] = 0] (539)

holds for a, b € g at the von Neumann-algebraic level deter-
mined by the primary—dual commutant construction.

Axiom Ag independently provides the spectral triple

(A, He, D) - (540)

The commutant relation of Axiom Ag does not by itself establish

compatibility of J4. with the Dirac operator. That compatibility
is therefore retained as a theorem-level problem.

Theorem 45 (Target: Real Spectral-Triple Theorem). As-
sume the dual-cipher conjugation Jq. of Axiom Ag, which
already satisfies

J3 =1

Determine whether the following additional conditions hold.
First, Jqc must preserve the Dirac domain:

\ Joe Dom(D¢) = Dom(Dg). \ (541)
Second, determine whether there exists a sign
g e {+1,-1} (542)
such that
[ JacDg = &' Delac (543)
on Dom(Dg).
Third, determine whether the order-one condition
[ [[Dg. 7 (@)]. Mauar (b)] = 0] (544)
holds for all
a,b e ‘l[&, (545)

or on a specified dense involutive subalgebra thereof if a
smaller common domain is required.

Equivalently, using Equation (538), the order-one condition
is

[[DC’ ”w(a)]’ Jdcﬂw(b*)-]d_cl] =0.

If Equations (541), (543), and (544) hold, then J4. provides
a real structure compatible with the ungraded spectral triple

(546)

(U3, Ho. D) -
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Remark 51 (Possible even grading). No grading operator
is imposed by Axioms A1—Ayg. If a later realization equips
the spectral triple with a grading

r=rf, r’=1, (547)
satisfying
I'me(a) = ny(a)l (548)
and
I'Dg = -D¢T, (549)

then compatibility with the real structure requires an addi-
tional sign relation

\Jdcr =& T, & e{+],-1}. \ (550)

Such an even grading is additional spectral structure and is
not inferred merely from the three-dimensional lattice base.

Remark 52 (KO-dimension is derived). No KO-dimension
is assigned solely from the geometric relation

Xg = 7. (551)
The KO-dimension of a realized real spectral triple must

instead be determined from the applicable real-structure
sign data. In the present formulation,

2= (552)

is already fixed by Axiom As, whereas the sign &’ in

JaeDg = &' DgJyc (553)
remains to be derived. If an even grading is subsequently
introduced, the additional sign " in Equation (550) must
also be determined.

Thus combinatorial lattice dimension, spectral dimension,
and KO-dimension remain mathematically distinct invari-
ants of the formalism.

11.7 Spectral Dimension of the Z3-Fibrated
Space
The discrete base satisfies
Xg = 2,
whereas Definition 52 defines the analytic dimension through
eigenvalue growth of Dg.

Let
Np(A) :=#{1 € o(|Dgl) : 1 < A},

counting multiplicity.

(554)

Theorem 46 (Target: Spectral Dimension Theorem). Ifa
chosen Dirac realization satisfies a Weyl-type asymptotic

law
[Np(A) ~CA® (A — o), (555)
for some C > 0, then
550

The substantive theorem problem is therefore whether the
Dirac operator naturally generated by the chrysene tensor network
possesses the spectral growth Equation (555).

11.8 Stacking Registry and Emergent Chirality

The isolated canonical molecular framework satisfies

IIE™ ~o(3) Co4, (557)
and is therefore achiral.

A stacked or extended tensor network can possess a different
symmetry stabilizer.

Definition 84 (Assembly stabilizer). Let S be a specified
stacked realization constructed from the Z-fibrated network
and its registry sequence

{mx}.

Let

I's (558)

denote the full Euclidean stabilizer of the assembled, labeled
structure.

Theorem 47 (Target: Emergent Chirality Theorem). A
stacked realization S is chiral precisely when

Ien{g€EQB):detR, = -1} = 2. (559)

The theorem program is to determine which admissible
z-registry or dual-cipher sequences remove every improper
symmetry of the complete assembly.

Remark 53 (Registry is not synonymous with chirality).
A signed or binary registry variable does not itself prove
chirality. The full assembly stabilizer must be evaluated.

534



Annals of the Chrysene Formalism

Vol. 1, No. 2 | Sep 2026

11.9 Higher Algebraic Extensions and Braided
Sequence Structure

The noncommutativity established in Axiom A7 concerns multi-
plication:

AB # BA. (560)

A distinct question concerns whether the Chrysene sequence
algebra admits a coproduct and hence a Hopf-type or braided
extension.

Definition 85 (Candidate higher-algebraic core). Let

Hs < AL (561)
be a dense algebraic subalgebra on which a candidate
coproduct

A Hg — Heg @ He

has been defined from an explicit structural composition
law.

(562)

Theorem 48 (Target: Noncocommutative Sequence Theo-
rem). Determine whether there exists a € Hg such that

A% (a) # Ala),

AP :=10A

(563)

where

andtT(x®y) =y ®x.

A stronger theorem would establish the existence of an invert-
ible element

R € Hg ® Hg (564)

such that

A%(a) = RA(a)R™! (565)

for all appropriate a.

If R also satisfies the required Yang—Baxter or quasitriangular
identities, a braid-group representation may subsequently be
derived.

Remark 54 (Higher algebra is not part of the foundation).
Neither a coproduct nor an R-matrix is required by Ax-
ioms A1—A1z. The noncommutative sequence algebra exists
independently of whether a Hopf or braided extension can
be constructed.

11.10 Admissibility, Projection, and Dynamical
Scission

Axiom A, separates four different mathematical statements:

constraint violation
+
metric disconnection
* (566)
Hilbert-space projection
+
physical removal.

Metric disconnection is already characterized by

dz(x9 Y) =+ — Padm(x’ )’) = @ (567)

Definition 86 (Dynamical excision model). A dynamical
excision model is an explicitly specified evolution family

{®:}i>0 (568)

on physical states such that the admissible and rejected
sectors of Definition 67 have a stated dynamical role.
The evolution may be unitary, dissipative, stochastic,
measurement-induced, or otherwise explicitly defined.

Theorem 49 (Target: Dynamical Scission Theorem). A
physical scission or excision result requires sufficient dy-
namical hypotheses to prove that a rejected component is
removed, absorbed, or dynamically isolated.

A representative theorem target is

lim [[Qaam®: (p) Qx| = 0. (569)

together with a specified condition ensuring that rejected-
state weight is irreversibly transferred out of the physical
sector of interest.

Remark 55 (Idempotence is insufficient). The algebraic
identity
Qrzej = Qrej

proves that Qv is a projection. It does not prove that a
physical system executes that projection dynamically.

11.11 Dependency Structure of the Theorem Pro-
gram

The principal theorem families are not independent of one
another. Their natural logical organization is:
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1. Chrysene Molecular Characterization
Registry = Ny = N, +2
Dual cipher = GF(4)
Stacking registry = Assembly chirality

2. Sequence Algebra
Spectral triple = Spectral dimension

= Metric compatibility (570)
Physical Hamiltonian = Transfer anisotropy

= Response anisotropy
Candidate coproduct = Noncocommutativity

= Braiding

3. Admissibility
Metric disconnection = Operator projection

= Dynamical scission

The arrows denote theorem dependencies or natural devel-
opment paths, not automatic implications. In particular, the
diagram records where additional information would have to
enter a proof. The Ny = N, + 2 relation requires a registry
statement stronger than exact closure alone; a G F'(4) field law
requires a multiplication generated by the structural operations
rather than merely the existence of four states; and assembly chi-
rality requires analysis of the stabilizer of the completed stacked
realization rather than the symmetry of an isolated chrysene node.
The molecular branch of Equation (570) therefore separates prop-
erties already encoded by the foundation from properties that
depend upon additional realization-specific structure.

The same distinction governs the operator and admissibility
branches. A spectral triple supplies the analytic setting in which
spectral dimension and metric reconstruction may be investi-
gated, but neither quantity is fixed by the existence of the triple
alone. Likewise, a physical Hamiltonian makes directional trans-
fer well defined without requiring the two directional transfer
functions to differ, and a noncocommutative coproduct cannot
be discussed until such a coproduct has first been constructed.
In the admissibility branch, metric disconnection, Hilbert-space
projection, and dynamical removal remain successive mathe-
matical layers. This organization makes the deferred program
modular: failure of a theorem at a later stage need not invalidate
the foundational structure on which that theorem was posed.

11.12 Status of the Principal Chrysene Claims

The logical status of the principal results after the present
restatement may be summarized as follows:

536

Statement

Status in the revised formalism

Canonical chrysene
carbon framework

Z3-fibrated
network
Noncommutative se-
quence algebra

tensor

2,5,8, 11 dual tensor
and commutant
Four-state structural
alphabet

Spectral triple

Ny =N,+2

GF(4) field multipli-
cation

Directional transfer
anisotropy
Optical/polarization

anisotropy
str g%
dp =dc

Real spectral struc-

ture / KO data
Spectral dimension
dyp =3
Supramolecular chi-
rality
Noncocommutative
coproduct and R-
matrix

Physical scission or
excision

Established by the finite carbon-
framework characterization theorem;
no longer deferred.

Axiomatic structure in Ag.

Axiomatic construction in A, with
noncommutativity proved from trans-
lation/localization covariance.
Axiomatic structure in Ag.

Axiomatic consequence of the dual-
cipher and registry coordinates.
Axiomatic structure in Ag.

Deferred theorem requiring a two-unit
registry offset.

Deferred theorem requiring a struc-
turally induced multiplication.
Deferred theorem requiring inequiva-
lent Hamiltonian or transfer moments.
Deferred theorem requiring inequiva-
lent spectral-response data.

Deferred metric-compatibility theo-
rem.

Deferred theorem concerning Jy. and
Dg.

Deferred theorem requiring Dirac
eigenvalue-growth estimates.
Deferred theorem requiring evaluation
of the assembled stabilizer.

Optional higher-algebraic theorem pro-
gram; not part of the twelve axioms.

Deferred dynamical theorem; projec-
tion alone is insufficient.

The summary separates three logically different kinds of

statement. First are results now established within the present
article, most notably the canonical chrysene carbon-framework
characterization and the non-vacuity of the complete twelve-
axiom architecture. Second are structures deliberately placed
at the axiomatic level, including the 7Z3-indexed tensor network,
sequence algebra, dual-cipher structure, and spectral triple.
Their presence in the foundation does not mean that every
stronger property associated with those structures has already
been derived. The distinction is important because the axioms
define the mathematical setting in which later propositions may
be formulated, whereas the characterization and existence results
are claims proved about that setting.

The remaining entries identify the principal boundaries of
the present paper. They are not omitted consequences of the
twelve axioms but explicit theorem targets whose proofs require
additional hypotheses or realization data. Thus the four-state
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alphabet is established without a distinguished field multipli-
cation, directional Hamiltonians are defined without assuming
transfer or optical anisotropy, and both spectral and admissible
path geometries exist without being identified. Similarly, assem-
bly chirality, higher-algebraic braiding, and physical scission
require structures not supplied merely by the isolated molecular
framework. Recording these distinctions in one place makes the
scope of the revised formalism explicit and prevents deferred
research objectives from being mistaken for assumptions of the
foundation.

11.13 Role of the Deferred Program

The purpose of the theorem program is not to weaken the
Chrysene Formalism. It is to separate statements of different
logical types.

The foundation now fixes

chrysene molecular architecture
+
Z3-fibrated tensor structure

+

sequence-dependent noncommutative algebra
+ (571)

dual-cipher commutant
+
spectral noncommutative geometry

+

physical operator and admissibility domains.

The specialized properties

Ny =Ny +2, GF(4), Tx #u 7jw Axx F Ayy,
together with metric compatibility, real spectral structure, higher-
algebraic braiding, emergent chirality, and dynamical scission,
are therefore posed as explicit mathematical questions over that
foundation.

This separation gives the subsequent Chrysene program the

form

fixed foundation + explicit realization hypotheses 572)
— independently falsifiable theorems.

12 Relation to the Earlier Chrysene For-
malism

The present formulation is a reconstruction of the earlier Chry-
sene Formalism rather than an independent abstract system
bearing only a historical relation to chrysene. It restores several
structures that were weakened or omitted in the preceding re-
statement while retaining the logical corrections that motivated
that revision.

537
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The governing principle is
restore primitive structure
. . o (573)
without restoring unsupported implication

Thus the chrysene molecular architecture, tensor space, Z3
fibration, dual cipher, noncommutative sequence algebra, and
spectral triple are returned to the foundational architecture.
By contrast, quantum-channel isolation, G F'(4) multiplication,
N + 2 closure, optical anisotropy, higher-algebraic braiding, and
physical scission remain derived or conditional.

The revised concordance therefore contains both restorations
and logical demotions. A concept is restored when it can
be given a precise foundational definition without forcing an
unsupported physical consequence. A stronger historical claim
is retained only as a theorem target when its validity depends
upon additional geometric, spectral, algebraic, or dynamical
hypotheses.

13 Discussion

13.1 What the Reconstruction Restores

The principal change from the preceding restatement is that
the Chrysene Formalism is once again explicitly a molecu-
larly anchored, tensorial, three-dimensional, noncommutative-
geometric construction.

The molecular graph is not arbitrary; it belongs to a restricted
four-ring polyhex comparison class. The 3, 6,9, 12 primary struc-
ture and 2, 5, 8, 11 dual cipher are again part of the foundational
language. The planar bridge-closure equations are embedded
within a full Z3 fibration, and the phrase fensor space denotes
an actual tensor-product construction rather than a geometric
analogy.

Most importantly, the noncommutative nature of the formal-
ism now has an explicit mathematical origin. Local tensor
observables can commute at distinct sites while the complete
sequence algebra remains noncommutative because translations
alter localization:

UmPx = PgymUm. (574)

This separates sequence noncommutativity from claims about
geometrically perpendicular molecular axes.

The spectral triple of Axiom Ag then turns this operator
algebra into a noncommutative metric geometry. The Dirac
operator is not identified with an electronic Hamiltonian; it
supplies spectral geometry, while physical Hamiltonians are
introduced separately in Axiom Ajg.

13.2 What the Reconstruction Does Not Restore

The present reconstruction does not reinstate every strong con-
clusion appearing in earlier formulations.
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In particular, Cp;, symmetry is not described as molecular
chirality. Because the group contains improper spatial symmetry,
the isolated C»;, molecular core is achiral. Chirality may emerge
only at the level of an assembled structure whose complete
stabilizer contains no improper operation.

Likewise, geometric directional inequivalence does not estab-
lish quantum-channel isolation, electronic transfer anisotropy,
or optical anisotropy. These conclusions concern different
mathematical layers and require separate operator or response
information.

The native four-state encoding is restored, but its cardinality
does not automatically supply multiplication. Consequently,

Yg =75
is foundational, while
Z(g = GF(4)

as a field remains a theorem about a structurally induced multi-
plication.

Finally, a constraint boundary does not execute dynamics. The
existence of an inadmissible state, an infinite path distance, an
orthogonal rejection projection, and an actual physical scission
process are four distinct statements.

13.3 Molecular Specificity and Model Plurality

The molecular characterization theorem changes the interpreta-
tion of Mod(A).
All full models possess the same canonical carbon framework:

px
chr’

(575)

CanGraphRed | (R) =px G

This statement concerns molecular carbon-framework identity,
not Euclidean congruence of every realization-specific embed-
ding or uniqueness of every locant decoration.

The standard numbered chrysene realization remains distin-
guished by Definition 79 and supplies the coordinate frame used
by the downstream Chrysene theorem program.

Nevertheless, the complete theory is not categorical. The
same canonical chrysene framework may support different em-
beddings, bridge families, spectral triples, physical Hamiltonians,
contact operators, environmental states, response models, and
admissibility structures.

Hence

unique canonical molecular framework (576)
=» unique downstream physics.

13.4 Anisotropy as a Layered Property

Directional anisotropy occurs at several logically different levels.
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At the canonical molecular level,
Dy #rgre Dy. 577

At the closure level it may appear as unequal bridge counts,
registries, or lattice pitches.
At the spectral-geometric level it may appear as

I1Dg, Ue, 1Nl # I[Dg, Ue, 11l (578)

At the physical transport level it may appear as inequivalent
transfer functions,

Tx #u Ty. (579)

At the response level it may appear as
(580)

Uxx (W) # ayy(w).

No adjacent implication in this sequence is automatic:

molecular anisotropy
=
closure anisotropy
=
spectral/transfer anisotropy
=
response anisotropy.

(581)

13.5 The Role of Falsifiability

The revised architecture localizes failure.

If the predicted two-unit registry difference is not obtained,
the Ny = N, + 2 theorem fails for that realization without
invalidating the tensor network.

If the x- and y-transfer operators prove unitarily equivalent, the
directional-transfer theorem fails without invalidating molecular
anisotropy.

If no structurally natural multiplication on Xg satisfies the
field axioms, the G F (4) theorem fails while the four-state cipher
remains intact.

If a candidate Dirac operator does not reproduce the admis-
sible path metric, exact spectral-path equivalence fails without
removing the spectral triple itself.

This modularity is a mathematical advantage: increasingly
specialized claims can be tested without requiring the entire
foundational architecture to stand or fall with each one.

14 Conclusion

The Chrysene Formalism has been reconstructed as a twelve-
axiom foundation in which its molecular, tensorial, noncommu-
tative, spectral, and physical layers are mathematically distin-
guished but structurally connected.
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The first three axioms define an embedded four-ring polyhex
molecular node with a Cy;, carbon-framework stabilizer, the
distinguished 3, 6, 9, 12 primary attachment set, and intrinsically
inequivalent directional data. Axioms A4—Ag extend that node
through exact bridge closure into a tensor network over

X(g = Z3,
with
TTx
Z—7 —5 7%
Axiom A7 constructs the noncommutative sequence algebra

?«[({: = Q(E lar Z3,

whose noncommutativity follows from the ordered action of
translation on localized tensor observables. Axiom Ag restores
the 2,5, 8, 11 dual tensor, the native four-state cipher, and the
primary—dual commutant relation.

Axiom Ag restores the explicitly noncommutative-geometric
character of the formalism through the spectral triple

(QIE)E’ ﬂw’ D(ﬁ) M

The final three axioms introduce physical Hamiltonians and
effective transfer, causal polarization response, and admissi-
ble spectral/path-boundary geometry without identifying those
physical constructions with the Dirac geometry by definition.

The molecular-characterization theorem separates canonical
carbon-framework uniqueness from realization-level plurality.
The finite classification of Appendix A establishes

(MR € Mod(A)), | (582)

CanGraphRed,,,;(R) =p GP

while the explicit construction of Appendix B establishes

Mod(A) + @.

Thus both the finite-classification and analytic-extension obli-
gations are discharged in the present work.

The standard 3,6,9,12 < 2,5,8, 11 chrysene locant frame
remains fixed on the reference molecular node and on the
standard-locant realization class used for subsequent Chrysene-
specific theorem development. The complete operator-theoretic
and physical realization, however, need not be unique.

The reconstruction therefore restores the original molecular,
tensor-space, 73, dual-cipher, and noncommutative geometric
identities of the Chrysene Formalism while retaining the princi-
pal logical corrections of the preceding restatement. Specifically,

(583)

unique chrysene molecular core
+
tensorial Z> sequence architecture
+
noncommutative spectral geometry
#
automatic determination of all downstream physics.

(584)
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Relations such as

Ny = Nx+2, Y = GF(4), T #u Ty, Uxx E Qyy,
together with spectral-path metric reconstruction, real spectral
structure, higher-algebraic braiding, emergent assembly chirality,
and dynamical scission, remain explicit theorem-level questions.
The resulting formalism is therefore neither a generic operator
framework merely inspired by chrysene nor a system in which
every historical chrysene claim is true by definition. It is
a molecularly anchored tensorial noncommutative geometry
whose specialized physical and algebraic consequences can be
derived, tested, and, where necessary, falsified over a stable

common foundation.

A Reference Chrysene Graph and Com-
plete Four-Ring Classification

This appendix discharges the finite-classification condition used
in the molecular-characterization argument. The construction
is entirely finite and combinatorial. We first define a canonical
coordinate representation for free four-cell polyhexes, enumer-
ate the resulting seven equivalence classes, and compute their
reference symmetry groups. We then identify the unique Cyj
class with the reference chrysene molecular graph and verify
the primary—dual cipher and directional conditions required by
ChrSig.

No G F (4) multiplication, quantum-channel isolation, optimal-
transport condition, Hopf-algebra structure, response anisotropy,
or scission mechanism enters the classification.

A.1 Canonical coordinates for the hexagonal
tiling
Let

Heen := 22 (585)

denote the axial-coordinate set for the cells of the regular hexag-
onal tiling.
For
h=(qr) ez

the six edge-neighboring cells are

N(h) :{(CI'*‘],r)»(C]"']”’—]),(CI,”— 1)»

586
(g-—1,r),(g—1,r+1),(q,r +1)}. (586)

A finite cell set
ScC Hcell

is called cell connected when the graph obtained by joining
edge-neighboring cells is connected.
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A.1.1 Dihedral action

Let
R(q,r) :=(-r,q+r), (587)
S(q,r) ==(q,—q —7). (588)
Then
R=1,  S§°=1I, SRS=R!, (589)

so R and S generate the dihedral symmetry group D¢ of the
regular hexagonal tiling.

Two finite cell sets S, T c Z? are called freely polyhex equiva-
lent when there exist g € Dg and t € Z? such that

T=gS+t. (590)

Definition 87 (Translation normalization). For a nonempty
finite cell set S C 72, let

(40, 70) := min S.
eX
Define

v(8) :={(q - q0.r —r0) : (¢q,r) € S}. (591)

Definition 88 (Canonical free-polyhex representative). De-

fine

k(S) := nllin {v(gS) : g € D¢}. (592)

Thus
k(S) = «(T)

if and only if S and T represent the same free polyhex class.

A.2 Exhaustive enumeration of four-cell poly-
hexes
Let
Pn

denote the set of canonical representatives of the free, cell-
connected n-cell polyhexes.

Set
P1:={{(0,0)}}. (593)
For a finite cell set S, define its cell frontier by
OeentS 1= (U N(h)) \ S. (594)
heS
Recursively define
| Purt = {k (SU{h}) : S€ Py, h€dearS}.| (599

540

Lemma 50 (Completeness of the recursive enumeration).
Equation (595) produces every free cell-connected (n + 1)-
cell polyhex exactly up to free-polyhex equivalence.

Proof. Let T be any cell-connected (n + 1)-cell polyhex. Its
cell-adjacency graph is a finite connected graph. Every finite
connected graph with at least two vertices possesses a vertex
whose deletion leaves a connected graph. Choose acell h € T
corresponding to such a vertex.

Then

T\ {h}

is a cell-connected n-cell polyhex. By induction, its free-
polyhex class has a representative

SeP,.

Under the corresponding tiling isometry and translation, the
deleted cell & becomes an edge-neighbor of S, hence belongs
to

acells .

Therefore the class of T appears among the sets generated in
Equation (595). Finally,  identifies exactly those generated
sets differing by a translation or an element of Dg. O

Direct application of the recursion gives

PU=1 IPl=1,  IPs=3 [P =7.] (59)

A convenient set of canonical trihex representatives is

T, :={(0,0),(0,1),(0,2)}, (597)
T, :={(0,0),(0,1),(1,-1)}, (598)
15 := {(0,0),(0,1),(1,0)}. (599)

The canonical children produced from their cell frontiers are

T, — {81, 8>, S5}, (600)
T, — {82, 83,84, 85, S6. S7}, (601)
T3 — {853, S5} (602)

After canonicalization, the complete set $ therefore consists
of the following seven classes:

S1=1{(0,0),(0,1),(0,2), (0,3)}, (603)
Sz = {(0,0), (0, 1), (0,2), (1,=1)}, (604)
S3 = {(0,0), (0, 1), (0,2), (1,0)}, (605)
84 ={(0,0),(0,1), (1,-2), (1,-1)}, (606)
S5 ={(0,0), (0, 1), (1,-1), (1,0)}, (607)
Se = {(0,0), (0, 1), (1, =1), (1, 1)}, (608)
87 ={(0,0), (1,-2),(1,-1), (2, -D}. (609)
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Theorem 51 (Complete free-tetrihex enumeration). Up to
translation, rotation, and reflection of the regular hexag-
onal tiling, there exist exactly seven connected four-cell
polyhexes:

]504 = {Sl,...,87}.\ (610)

Proof. Completeness follows from Lemma 50. Equa-
tions (600)—(602) give the complete canonicalized offspring
of the three free trihex classes. Their union contains precisely
the seven distinct canonical sets (603)—(609). |

A.3 Exact carbon-skeleton construction

To avoid floating-point ambiguity, associate each cell

h=(q,r)

with the integer center coordinate

cz(g,r) = (3q,2r + q). (611)
Let
’C ={(2,0),(1,1),(-1,1),(-2,0), (-1,-1),(1,-1) }. ‘
(612)
The six carbon vertices of the cell & are
Vi :=cz(q,r) +C. (613)
The exact Euclidean realization is
X V3Y
€(X,Y) = 5 \/_TO) (614)
For a cell set S, define
V(G©)) = Vi, (615)

heS

with edges joining cyclically consecutive corner coordinates of
every hexagonal cell.

Coincident vertices and coincident edges are identified. This
gives the carbon-skeleton graph

G(S).

Lemma 52 (Bipartiteness). Each
G(S), i=1,...,7,

is bipartite.

Proof. Each graph is a finite subgraph of the bipartite hexag-
onal tiling graph. Restriction of the tiling bipartition gives a
bipartition of the induced carbon skeleton. O

A4 Symmetry classification of the seven poly-
hexes

For a canonical cell set S;, define its reference planar stabilizer
by

(616)

P :={geD¢:v(gS)=3Si}.

Because the reference carbon embedding is planar, reflection
oy, through the molecular plane is also a symmetry of the
unsubstituted carbon framework. Define the corresponding
three-dimensional reference point group by

™ = (1™, oy,) . (617)
Remark 56 (Meaning of the point-group labels). The
Schoenflies symbols in Table 1 refer to conjugacy classes of
finite orthogonal subgroups of O(3), not merely to abstract
group-isomorphism types.
Accordingly, the Cyy, classification criterion used below is

P ~o@3) C3y

rather than abstract group isomorphism [I°P* = Cyy,.

A direct evaluation of the twelve elements of D¢ gives the
classification in Table 1.

Remark 57 (Chemical names versus graph classes). The
symbols Sy, . .., S7 are retained as the primary identifiers
because B, is a combinatorial graph comparison class
rather than a catalogue of neutral isolable hydrocarbons.
Where an unambiguous conventional chemical identification
is useful, the corresponding familiar skeleton may be noted
parenthetically;, no such chemical name enters the finite-
classification proof.

For reproducibility, the stabilizing elements of Dg are

™ = {I,R, S, RS}, (618)
= {1y, (619)
o = {1}, (620)
I = {1,R*), (621)
'™ = {I,R’, RS, R*S}, (622)
™ = (1,5}, (623)
™ = {I,R*,R*,RS,R’S,R°S}. (624)

Proposition 53 (Unique Cyj, reference tetrihex). Among all
free four-cell polyhexes in By, the class Sy is the unique
class whose three-dimensional reference carbon-framework

541
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Table 1: Complete symmetry classification of the seven free four-cell polyhexes. V4, Vp denote the two carbon-skeleton bipartition classes. The
final column records whether the reference three-dimensional carbon-framework group is Cyj,.

Class |V|,|E| (IVal,|Vg|) Planar stabilizer Reference point group Cjj,

S] 18,21 9,9 Dz D2h No

32 18,21 9,9 C] Cs No

S3 17, 20 9, 8 C] CS No

84 1 8, 21 9, 9 Cz C2h Yes

S5 16,19 8,8 D, Dy, No

Se 18,21 9,9 Cs Cyy No

87 18,21 9,9 D3 D3h No
point group satisfies identity and standard connectivity descriptor are indepen-
dently reported by the NIST Chemistry WebBook [Nat26b].

™ ~o(3) G (625)

Proof. By Theorem 51, every free four-cell polyhex is repre-
sented by exactly one of

S | S7.
The explicit D¢-stabilizer calculation gives
™ ={LR} = C,.

After adjoining reflection through the molecular plane, the
resulting orthogonal point group is conjugate in O(3) to C;‘;lj
The remaining six reference point groups are those listed in
Table 1, and none is O(3)-conjugate to C;‘;li.

Hence S, is unique. O

A.5 External identification of the surviving poly-
hex

Let
Sy =84 ={(0,0),(0,1),(1,-2),(1,-1)} (626)

and let
Gy :=G(Sy) (627)

be its carbon-skeleton graph.
At this stage G, is defined purely by the finite polyhex
enumeration; it has not yet been identified by chemical name.

Definition 89 (External chrysene connectivity graph). Let
G ext be the carbon-connectivity graph encoded by the canon-
ical SMILES for chrysene reported by PubChem:

\ C1=CC=C2C(=C1)C=CC3=C2C=CC4=CC=CC=C43. \ (628)

PubChem identifies this structure as chrysene, CID 9171,
molecular formula C1gHi, [Nat26a]. The same molecular
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Proposition 54 (External chrysene identity certificate). The
polyhex carbon graph G is graph-isomorphic to the exter-
nally identified chrysene connectivity graph:

@)

Proof. Number the eighteen carbon atoms appearing in Equa-
tion (628) in their SMILES parsing order by

Cl,...,C18.

Define @ : V(Gy) — V(Gext) by

(v2,V3, V4, W3, Wi, V1, V12, Vi1, W2,
W5, V5, V6, W6, V7, V8, V9, V10, W4)
> (c1,¢2,¢3,¢4,C5,C6, C7,C8, C9,
€10, €11, €125 C13, C14, C15, C16, C17, C18) -

(630)
Parsing the bond and ring-closure symbols in Equation (628)
gives the carbon neighborhoods

N(c1) ={c2, ce}, N(c2) = {c1,c3}, (631)
N(c3) = {c2, ca}, N(cg) = {c3,¢5,c10},  (632)
N(cs) = {c4,c6,c7}s N(ce) = {c1,cs}, (633)
N(c7) ={cs,cs}, N(cs) = {c7, co}, (634)
N(cg) = {cs,cr0,c18},  N(cio) = {ca,c9,c11},  (635)
N(cn1) = {ci0, c12}s N(c12) = {c11,c13}, (636)
N(c13) = {c12,c1a,c18}, N(cia) = {c13, 15}, (637)
N(ci1s) ={c14,c16}s N(ci6) = {c15, 17}, (638)
N(c17) = {c16, 18}, N(cig) = {co,c13,c17}. (639)

Under @, these neighborhoods agree exactly with the adjacency
certificate for G, given below. Thus @ preserves every carbon—
carbon edge and is a graph isomorphism. m}
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Corollary 7 (Identification of the reference molecular graph).
The unique Cyy, four-cell polyhex survivor is the carbon-
connectivity graph of chrysene.
Accordingly, henceforth define

Sebe = Sx,  Gonw i= G| (640)

The locant orientation used below is chosen to agree with
the established fused-ring numbering convention for chrysene
[Mos98].

Remark 58 (Chrysene locant convention). The numerical
locants used below follow the standard fused-ring numbering
convention for chrysene [Mos98].

The coordinate table fixes the orientation of that numbering
explicitly for the reference embedding. The atom order
appearing in the SMILES string used for the external con-
nectivity certificate is a graph-parsing order only and is not
used as the chrysene locant order.

A.5.1 Distinguished carbon coordinates

The twelve numerically labeled perimeter carbons are fixed by

S XY g (X))
1| (-2,2) 7 (5,-3)
2| (-1.3) 8| (4.-4)
31 (1,3) 9 (2,-4) (641)
41 (2,2 10 | (1,-3)
51 (4,0) 11 | (-1,-1)
6| (5-1) 12 | (-2,0)
and
Fj = ’L;,x(\/j) = E(Xj,Yj). (642)
The six remaining fusion vertices are denoted
wii= (LD, wai= (L=, was= (LD, (643)
wy = (2,-2), ws:=(2,0), we = (4,-2), (644)

where the displayed pairs again denote integer coordinates prior
to application of e.
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A.5.2 Explicit adjacency certificate

The complete reference adjacency is equivalently specified by

N(v1) = {va,wi}, N(v7) = {we,vs},
N(v2) = A{vi,v3}, N(vg) = {v7,vo},
N(v3) = {va,va}, N(vo) = {vs,vio}
N(vg) = A{vi,ws}, N(vio) = {vo,wa},
N(vs) = {ws,ve}, N(vn) = {wavia},
N(ve) = {vs,we}, N(vi2) = {viL,wi},
Nwi1) = {viz,vi,ws}, N(ws) = {vio,w2,we},
N(wz2) = {vi,wq,ws}, N(ws) = {vs,wa, w3},
N(w3) = {va,wi,ws}, N(ws) = {ve,v7, w4}

(645)
This adjacency list fixes the reference graph used by Defini-
tion 74.

A.5.3 Reference perimeter cycle

The external perimeter cycle is

0Gehr = (V1,V2,V3, V4, W3, W5, V5, V6, We, (646)
V7, V8, V9, V10, W4, W2, V11, V12, Wi).

The orientation in Equation (646) is the reference perimeter
orientation used for the dual-cipher construction.

A.6 Balanced bipartition of the reference graph

A bipartition of the reference chrysene carbon graph is

Va ={v1,v3, V5,8, V10, Vi2, W2, W3, W}, (647)
Ve = {v2,v4,V6, V7, V9, Vi1, Wi, W4, W5 }. (648)

Hence
[IVal = V5] =9.] (649)

Thus the reference chrysene graph is balanced bipartite. As
shown by Table 1, balanced bipartiteness is not asserted univer-
sally for the entire comparison class ;.

A.7 Primary—dual perimeter-cipher certificate

The primary and dual locant sets are

Spri = {3,6,9,12}, (650)
Saual = {2,5,8, 11}. (651)
Inspection of Equation (646) gives
{v3,v2} € E(0Genr),
, € E(0Gey),
{ve.vs} € E(0Genr) 652)

{vo,vs} € E(0Genr),
{(viz,vi1} € E(0Genr)-
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Consequently, the map On the numerical locants this symmetry induces
32, 65, 98, 12— 11‘ (653) ’(1 7)(28)(39)(410)(5 11)(6 12).‘ (661)
is a uniform one-step displacement along the oriented external Hence
perimeter. {v3, v} (662)
Thus the dual cipher is a graph-theoretically realized perimeter
operation of G, not an arbitrary reassignment of locant labels. and
{vi2, ve} (663)
A.8 Canonical directional independence and or-  form distinct orbits of the canonical planar C; action.
bit inequivalence Define the canonical reference directional data by
The directional quantities used in the finite molecular classi- D, = (V3’ v«;;ax) , (664)
fication are those of the canonical regular-polyhex reference
embedding, rather than those of an arbitrary realization-specific Dy = (V12, Ve, dy) . (665)

embedding.
Recall from Equation (642) that

T =T (V).
The two canonical primary directional vectors are therefore

dx =T9g—TI3

1 7V3
=|=,——,0], 654
" ) (654)
d, :=T¢—Tp
7 V3
-[£,-2 0]. 655
73 ) (655)
Consequently,
d, xd, = 12V3e, #0. (656)

Thus the two canonical primary directions are linearly indepen-
dent, verifying condition (C4) of the chrysene characterization

predicate.
For reference, their Euclidean invariants are
.l = V37, (657)
l[dyll> = V13, (658)
d,-d, =7. (659)

In particular, the canonical reference geometry is not as-
sumed to possess exact Euclidean orthogonality between the two
primary directions.

A.8.1 Action of the canonical C, generator

The nontrivial planar symmetry of the surviving polyhex Sy is
the half-turn

[p(X,Y):=(3-X,-1-Y).| (660)
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No element of the canonical Cyj;, carbon-framework stabilizer
I'e sends simultaneously

chr

V3 > Vi, Vo > Vg. (666)
Therefore the equivalence required to exchange the two refer-

ence directional data cannot occur:

DX ’)"Fg)re Dy‘

chr

(667)

This verifies condition (C5) of the chrysene characterization
predicate.

The conclusion is already forced by the action of the canonical
carbon-framework stabilizer on the distinguished vertices and
reference displacement vectors. No assumption concerning
realization-specific attachment tangents is needed.

The quantities

—~ —~

dX& dyy 13x, 5);

belong to the canonical molecular-classification layer. They are
distinct from the unhatted realization-dependent quantities

d,, d,, D, Dy

introduced in Axiom 3.

A.9 Named bay- and K-region perimeter geome-
try

The reference chrysene perimeter contains two chemically dis-
tinct types of named local perimeter geometry that may be
useful in later registry, stacking, folding, and directional-closure
constructions.

The terminology used here follows the standard distinction
in polycyclic-aromatic-hydrocarbon geometry between inward-
concave bay regions and the distinct K-region bonds.



Annals of the Chrysene Formalism

Vol. 1, No. 2 | Sep 2026

Definition 90 (Chrysene bay regions). The two inward-
concave bay regions of the reference chrysene framework
are the symmetry-related clefts associated with the 4-5 and
10-11 perimeter neighborhoods.

Define
Under the canonical Cyj, carbon-framework symmetry, these
two bay regions belong to the same symmetry orbit.

B(4,5) B(lO,ll)

bay ’ " bay (668)

Boay (Cenr) 1= |

Definition 91 (Chrysene K-region bonds). The geometri-
cally distinct, locally exposed perimeter bonds associated
with the 5-6 and 11-12 neighborhoods are recorded as the
reference chrysene K-region pair:

Kieg (Cenr) = {K(5’6)s K(”’n)} 5 (669)

These two K-region bonds likewise form a symmetry-related
pair in the canonical carbon framework.

For later use, define the complete named perimeter-motif set
by

My (Cenr) = Bray (Cenr) LI 7(reg (Cenr) - (670)

Remark 59 (Geometric status of the named perimeter
motifs). The sets

Bbay (cgchr) and Wreg (o:chr)

record named local geometry of the reference molecular
reduct.
They do not imply a rotational operator

R(0),

a prescribed angular displacement, folding transformation,
stacking offset, steric potential, electronic coupling, or
energetic preference.
Any such consequence requires additional geometric, chem-
ical, energetic, electronic, or dynamical hypotheses in the
relevant realization.

A.10 Unconditional finite-classification theorem
Recall the characterization predicate
ChrSig(€)
of Definition 76 and the characterization node class
NSF = {€ € Ny : ChrSig(€)}
of Definition 77.

(671)
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Theorem 55 (Finite Chrysene Carbon-Framework Clas-
sification Theorem). For the canonical regular-polyhex
embeddings defined in this appendix,

] ~px } :

Hence the finite-classification condition (FC), understood
as canonical carbon-framework classification, holds uncon-
ditionally.

G

chr

{[CanGraph(o:)] iGe san} = {[

=p

(672)

Proof. Let
€ e Nt

By condition (C1),
Gg € By.

By Theorem 51, its free polyhex class is represented by one of

Si,...,87.

Condition (C2) requires
g™ ~o(3) C3y-

By Proposition 53, only the class Sy has this canonical refer-
ence point group.

By Proposition 54, the carbon graph generated by Ss is
graph-isomorphic to the externally specified chrysene carbon-
connectivity graph. Therefore

G™

chr’

CanGraph(€) =~ (673)
Conversely, the standard numbered reference chrysene node
satisfies conditions (C1)—(C5) by the explicit perimeter-cipher
and directional certificates of this appendix.

Thus the canonical carbon-framework quotient contains exactly
the reference chrysene class. O

Corollary 8 (Uniqueness of the canonical molecular frame-
work). Every full twelve-axiom model has canonical carbon-
framework reduct polyhex-congruent to the reference chry-
sene framework:

G

chr

CanGraphRed ;(R) =px (M € Mod(A)) .

(674)

A.11 Reproducibility of the finite enumeration

The classification above can be reproduced using only integer
arithmetic.
Starting from

#1={{(0,0)}},

repeat the following operation until n = 4:
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1. for each S € P, construct the frontier dce1S; Use the canonical regular-polyhex embedding
2. for every h € O, form S U {h}; L= Ty (678)
3. ly all twelve el ts of Dg; .
apply att twelve eletnents of He Define Ajoc by the standard chrysene locant convention fixed
4. translation-normalize each image using v; in Appendix A.

retain the lexicographically minimal image «(S U {h});
delete duplicate canonical representatives.

The resulting class counts are

1, 1, 3, 7.

For every member of P4, the carbon graph is generated
exactly by Equations (612)-(614), and the reference stabilizer is
determined by testing the twelve elements

LR,...,R,S,RS,...,RS.

Thus both the exhaustion and the symmetry classification are
finite and independently reproducible.

B Explicit
Model

Twelve-Axiom Chrysene

The finite classification of Appendix A identifies the reference
chrysene molecular node €, as the unique canonical chrysene
carbon framework satisfying the molecular characterization
conditions.

It remains to establish that this molecular reduct admits at least
one full extension satisfying Axioms A;—Aj;. The purpose of

the present appendix is to construct such an extension explicitly.

The construction is an existence witness. It is not intended
to represent a quantitatively realistic electronic, optical, or
supramolecular model of a synthesized chrysene material. In
particular, the physical Hamiltonians and response operators are
chosen in the simplest form sufficient to satisfy the corresponding
axioms.

We denote the resulting full model by

)
B.1 Molecular reduct: Axioms A;—Aj3
Set
9

where €, is the standard numbered reference chrysene node
specified in Appendix A.
Thus

Gg =Gy € By 677)
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Explicit chemical and attachment labels.
existence witness, choose

For the present

Lchem = {€C’ gCC} (679)
and a one-element non-null attachment-label set
Loy = {a}, (680)
with the augmented attachment set
Luw := Lax U {2} (681)
Define the carbon-framework chemical labeling by
Achem (V) = e, v € Vg, (682)
Achem(e) = €cc,s e € Eg. (683)
Define the attachment labeling by
a, VE Algi,
Aaa(v) 1= . (684)
@, vé¢ A(g .

Let the orthogonal action on the attachment labels be trivial:

lpr@ =a.  pr(@)=2. RcO(@).|  (©89)

Thus every primary attachment site carries the same specified
non-null attachment label, while all remaining carbon sites carry
the null attachment label. These choices supply explicitly the
chemical and attachment data required by Axiom A;.

By Appendix A, the canonical reference point group satisfies

™ ~o(3) G (686)
The canonical directional data satisfy
d, xd, 20 (687)
and
Dy #ree Dy (688)
by Appendix A.8.

Because the witness chooses

L= 1px,
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one has Explicit bridge-interface compatibility data. Choose the
bridge-terminal label set

rj = rj’ da = daf ((Y € {.X', y}) (689) £8 = {b_, b+} (699)

Thus the canonical and embedded displacement geometry
coincide in this particular existence witness.

Let
1
Cmol = m Z L(V)

veVg

(690)

be the molecular centroid. For the four primary attachment sites
define

I'j — Cmol

= i e(3,6,9,12).
”rj _cmol“2

t (691)

Because the witness uses the canonical embedding, uniform
carbon-framework chemical labels, and the common attachment
label on the primary set, every fully labeled symmetry relevant
to this witness is contained in the canonical reference stabilizer.

Therefore the canonical directional inequivalence above also
excludes an embedded labeled symmetry exchanging the two
ordered primary directions. Together with the covariant cen-
troidal tangent construction, this verifies the embedded clause
of Axiom As.

Hence Axioms A{—Aj3 are satisfied.

B.2 Bridge closure and the Z> network: Axioms
Ay—Ag

Let

Dol := max [lu(v) —u(w)l2 (692)
v,weVg

be the Euclidean diameter of the reference molecular embedding.
Choose

L>Dpo+1 (693)
and define
a, := Ley, (694)
a, := Le,, (695)
a; := Le,. (696)
Then

det(a, a, a;)=L>#0. (697)

For each a € {x, y}, set
N :={1}, c, :=0. (698)
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For each @ € {x,y}, define the compatibility relation of
Definition 14 to be the singleton

Comp,, := {(b_, b+;a,a;tv(+l,tv;l)} . (700)

Thus, in this existence witness, compatibility requires the
ordered bridge terminals to carry the labels (5™, b") and the
two molecular interface vertices to carry the common non-null
attachment label a, together with the already specified ordered
interface tangents.

Define
]Ba(l) =a, —d,. (701)
Let B, (1) be the two-vertex one-edge graph
Pa ==~ Pa
embedded by
t,(Pg) =0, (702)
t8,(Pg) =Ba(1), (703)
and equipped with the terminal-label map
(A8, (p) =b",  Ap,(ph) =b", (704)
By Equations (684) and (700), the tuple
(18, (Pa)s A8, (P5): A (VE), A (V)i tug. bz)  (705)
belongs to Comp,,. Therefore
’Ba(l) eBa(cs).\ (706)
Hence the bridge-generation map
By : No — By (€), 1 +— B,(1), (707)

is explicitly well typed.

Remark 60 (Chemical status of the witness bridge). The sin-
gle edge of B, (1) is an abstract connector edge introduced
solely for the explicit existence construction.

It is not assigned the carbon—carbon chemical label {cc
used for edges of the reference chrysene carbon skeleton,
and its Euclidean terminal displacement

Bo(1)

is not asserted to be a physical covalent-bond length.
Accordingly, this one-edge bridge is not a claim that a
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corresponding single-bond molecular linker is synthetically
realizable. A chemical instantiation of the bridge requires
an independently specified linker structure, bonding pattern,
geometry, and energetic model.

The closure residual is then

po(1)=a,—-dy—co —By(1) (708)
=0. (709)
Thus
Nt = N;‘ =1 (710)
is an exact-closure choice.
The translation lattice is
A¢ = LZ°. (711)
The global placement
i (k,v) =u(v) + Lk (712)

is injective. Indeed, if two vertices in distinct lattice cells
coincided, then a nonzero lattice displacement of norm at least
L would equal the difference of two molecular vertices, whose
norm is at most D, < L, a contradiction.

Assign the constant stacking registry

13
for every z-edge.
The translation action is
Ue(k,v) = (k+¢,v). (714)
Hence Axioms A4—Ag are satisfied.
B.3 Explicit local tensor data
Choose
Va=Vog=Vip=Vsg=V,- =V, =C. (715)
For the internal structural factor take
‘Kg = K ®Kee ®K, = C@C2@C? = C*. \ (716)
Therefore
T = C*. (717)
Choose
‘P(g:=1®1®1®1®1®1®|0)dc®|0)z.‘ (718)

The directional contractions are ordinary multiplication:

Ci(z®w) 1= zw, (719)
Cy(z®w) = 2w, (720)
ciMizew) =w  (nely). (721)

All three contraction maps are nonzero.
Thus the tensor-network structures required by Axiom Ag are
explicitly realized.

B.4 The quasi-local sequence algebra: Axiom A5

For every finite A € Z3, define

Ky = @ ct (722)
keA
and
QA = B(Ka) = Mya (C). (723)
The canonical embeddings
Ar— A®I
give the quasi-local UHF algebra
Qg = h_r)n Q. (724)
AeZ3
The lattice shift defines
a7 — Aut(Qg) (725)
by
@m (k(A)) = tkym(A). (726)
Define the reduced crossed product
Wg 1= Qg a0 Z°. (727)

Since Z3 is amenable, the reduced and full crossed products
agree canonically, so Equation (727) realizes the crossed product
of Axiom A7.

For finite A, let

A(A) 1= 47N Tr(A). (728)

These traces are compatible with the inductive-limit embed-
dings and therefore determine a faithful tracial state

7: Q¢ — C. (729)

Let

E:Us — Q¢ (730)

be the canonical conditional expectation, defined on algebraic
crossed-product elements by

E ZAmum = Ay. (731)
m
Define
73

Lemma 56 (Faithfulness of the explicit state). The state w
is faithful and tracial on .
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Proof. The product trace 7 is faithful on the quasi-local UHF g 51 Explicit commutant conjugation
algebra and invariant under every lattice shift ap,.
The canonical expectation E on the reduced crossed product Let
is faithful. Hence H,, = L* (U, w) (741)
w(A*A) = 7 (E(A*A) = 0 be the GNS Hilbert space of the faithful trace, and let
implies nw(A)[B] := [AB] (742)
E(A™A) =0, .
be the left regular representation.
and therefore A = 0. On the dense algebraic GNS subspace define
Shift invariance of 7 implies that 7 o E is tracial on the crossed
product. o Jac[A] = [A7]. (743)

Thus the state required by Axiom A7 is explicitly realized.

B.5 Dual tensor and commutant realization: Ax-
iom Ag

Choose

Vo=Vs=W=V; =C. (733)

The unitary interface identifications
D3, D¢, D9, D12

are chosen to be the canonical unitary maps between the corre-
sponding one-dimensional copies of C.
This defines the unitary cipher map

Die : Tg — T (734)
and the nonzero dual tensor
Y = D4 e (735)
The perimeter realization
32, 65, 98, 1211 (736)
is verified in Appendix A.7.
The native structural alphabet is
Tg = 2§ x Z3. (737)
On Kye = C2, define
Fac|0)dc = [1)des Fac|Ddc = [0)de- (738)
Then
Fy =1
Set
Ag = Lx ® Fye ® 1. (739)
Its localized copy at k is
Ak = tk(Ay). (740)
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Because w is tracial, Jq4. extends to a conjugate-linear isometric
involution on ‘H,,, and

=1 (744)
Moreover,
Jaerm o (A)Jyc (745)
acts by right multiplication by A*.
Consequently,
Jdcgﬁprinc = gﬁg)ri, (746)
where
g‘Rpri =m0 (Ug)”. (747)

Thus every structural requirement of Axiom Ag is realized.

B.6 A compact-resolvent spectral realization:
Axiom Ag

The spectral construction uses the same faithful GNS represen-
tation as the preceding subsection.
Define the algebraic crossed-product core

alg _ . FeZ,
‘II(E = {Z Amlm : A€ Qe [

meF
This is a norm-dense unital involutive subalgebra of Ug.
Forn € Zsy, let

(748)

Ap={keZ: |[K|lo < n}. (749)

Define

Fn 1= span {[Aum] A ey,

|Im|fe < n} CH,.
(750)

Each ¥, is finite dimensional, and

FoCFH S (751)



Annals of the Chrysene Formalism

Vol. 1, No. 2 | Sep 2026

Furthermore,

——— e,

U T =H,. (752)

n=0

Let P, be the orthogonal projection onto ¥,. Set

and

P_,:= 0 (753)
Qni=Py— Pyt (754)
Then
01,0m =0 (n £ m)

and

iQn =1
n=0

in the strong operator topology.

Definition 92 (Explicit Chrysene Dirac operator). Define

(o)

Dg = Z nQ0, (755)

n=0

on the domain

Dom(Dg) := {w eH, : Z n?)| 0 < oo} .| (756)
n=0

Proposition 57 (Self-adjointness and compact resolvent).
The operator Dg is densely defined and self-adjoint, and

(7+ Dé)_”2 € K(H,). (757)

Proof. The finite-dimensional subspaces

an_(a)
are pairwise orthogonal and their algebraic direct sum is dense
by Equation (752).
Thus Dy is the diagonal self-adjoint operator with eigenvalue
nonQ,H,.
Moreover,
-2 & 1
I+ Dz) - O,. (758)
( ¢ nZ:O V1 + n?
Every Q,, has finite rank and
(1+n*)~'? —o.

Hence the displayed operator is the norm limit of the finite-rank
operators

N
> =0
n=0 1+ f'lz |

and is therefore compact. m}

B.6.1 Bounded commutators

Lemma 58 (Finite filtration propagation). For every

Ae ?Iélg,
there exists an integer
c(A) =0
such that
Tw(A)Fn C Fure(a) (759)
T (A) Fu C Furc(a) (760)
for everyn > 0.
Proof. Write
A= Z Amitm (761)
meF

with F finite and each Ay, of finite tensor support.
Choose c(A) sufficiently large that:

1. every coeflicient Ay, and every coefficient occurring in
A* is supported in A, (4); and

2. every translation index occurring in A or A* has £*°-norm
at most c(A).

For B € 2,,,, the crossed-product multiplication law gives
(Amitm) (Bup) = Amam(B)umsp. (762)
The tensor support of am(B) lies in Ay4c(a), and
Im + plle <1+ c(A).

Hence
ﬂw(A)?_n c 7:n+c(A)-

The same argument applied to A* proves the second inclusion.
O

Lemma 59 (Finite band width). Let

T:=n1,(4), AcUE.
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Then

[@nTQ. =0 (763)

whenever |m —n| > c(A). ‘

Proof. If m > n + c¢(A), Equation (759) shows that TQ,H,,
is contained in %74 (4) and therefore orthogonal to Q,, H.,.
Ifn > m+c(A), apply the same argument to 7% = 7, (A*). O

Proposition 60 (Bounded Dirac commutators). For every

A€ ?I%]g,
the commutator
[Dg, mw(A)] (764)
extends to a bounded operator on H,,.
Proof. Let
T =n,(A)
and
c=c(A).
For —c < k < ¢, define the k-th operator diagonal
Ti = )" QuerTO, (765)
n>0
where terms with negative indices are omitted.
By Lemma 59,
C
T=) T (766)

k=-c

Because the domain and range blocks in each fixed diagonal
are orthogonal,

Tl < 1T (767)
On the algebraic direct sum of the spectral subspaces,
[Dg,Tk] = kTy. (768)
Therefore
C
IDe. Tl < > IKIIT] (769)
k=-c
<c(c+D|T. (770)
Thus the commutator extends boundedly to H,,. O
Corollary 9 (Spectral core). The choice
Ag = AL (771)

is a norm-dense unital involutive spectral core satisfying
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Axiom Ag.
Moreover,

o (A) Dom(Dg) € Dom(Dg) (772)

Jor every A € Ug.

Proof. Density and involutive closure of QI?gg follow from the
algebraic crossed-product construction.
Let
Ace Qlélg, T :=n,(A),
and let
Bs € B(Hy)

denote the bounded extension of [Dg, T] provided by Propo-
sition 60.
Take

Y € Dom(Dg)

and define the spectral truncations

lﬁN = PNlﬁ. (773)
Because
N
Py = :g:gzn,
n=0
the definition of Dom(Dyg) gives
UN — Y (774)
and
Dgyyn — Dgy (775)
in H,,.
By Lemma 58, there exists c¢(A) such that
TYN € FN+c(a) € Dom(Dg).
On the finite-filtration core,
DeTyn =TDgyn + Bayn. (776)
The right-hand side converges to
TDgy + Bay.
At the same time,
Tyny — Ty.
Since Dy is closed, it follows that
Ty € Dom(Dg) (777)
and
D(ngﬁ = TDqlﬁ + BAlﬁ. (778)



Annals of the Chrysene Formalism Vol. 1, No. 2 | Sep 2026
Therefore Thus
010
mw(A) Dom(Dg) € Dom(Dg),
w( ) ( (S) ( (Z) H((zl) ={1 o 1], (791)
and the bounded commutator agrees on the full Dirac domain 010
with B4.
Hence which is bounded and self-adjoint.

o ._ gralg
AL = AL

is a spectral core satisfying Axiom Ag.

Remark 61 (The explicit Dirac operator is not translation
invariant). The compact-resolvent operator Dg is filtra-
tion confining and is not required to commute with lattice
translations.
For every translation generator uy,, Proposition 60 never-
theless gives

[Dg, 7w (um)] € B(Hoy). (779)

Thus the infinite Z3 base and compact-resolvent spectral
geometry coexist without compactifying the molecular net-
work.

Consequently,

(Ag, He, D)

is a spectral triple satisfying Axiom Ag.

(780)

B.7 Explicit physical motif Hamiltonians: Axiom

Al
For
a € {x,y}, N =1,
choose the motif observable algebra
91‘301‘ :=CI c Ag. (781)
Let
Hi.a = Hy ), = Hr.a =C. (782)
Thus
HD =3, (783)
Represent C/ by scalar multiplication:
@Wa,1(A) == AL5. (784)
Choose
Hi.o =0, (785)
HY) =0, (786)
Hr.o =0, (787)
wi =1, (788)
Wy =1, (789)
<D =o0. (790)
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The choice
M _p
(e

is the explicit strictly bridge-mediated assumption for this witness
model.
For

z#0,

the bridge resolvent is

Ry (2)=z" (792)
and the effective transfer operator is
(1 1
Ta (1) = (793)

Hence Axiom A is satisfied.

B.8 Explicit linear-response realization: Axiom

An
Choose
Wresp := CI, Hiesp = C, (794)
with the scalar representation.
Let
Hiesp =0 (795)
and choose
|0) := 1. (796)
Define
’,ux =My = pz = 0. \ (797)
Then
wi(t) =0
for all 7, and therefore
o

for every

i,j€{x,y,z}, Imz > 0.

Axiom Aj; requires the existence of the causal response
construction, not a nonzero or anisotropic response.
Hence Axiom Aj; is satisfied.
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B.9 Explicit admissibility geometry: Axiom A,

Let the structural state set be

9
Define the spectral realization by
(800)
This map is injective because its domain is a singleton.
Let
& = @. (801)
The unique function
w: @ — (0,00)
is a symmetric positive edge-weight function.
Choose one constraint functional
C1 (XQ) =0 (802)
and threshold
7= 1. (803)
Then
(804)
The trivial path at xo gives
dzv (xo, XQ) =0. (805)
The spectral distance likewise satisfies
d3 (x0,x0) = dp(w,w) = 0. (806)

No additional equality between the two metric constructions
is required.
Hence Axiom Aj; is satisfied.

B.10 Explicit extension theorem

Theorem 61 (Explicit Twelve-Axiom Chrysene Model).
The structure Rex constructed in Sections B.1-B.9 is a full
model of Axioms A1—A, with molecular reduct €.
Consequently,

‘ Rex € Extin (Cenr) - ‘ (807)

Proof. Axioms A;—Aj3 hold by Section B.1 and the verified
molecular classification of Appendix A.

Axioms A4—Ag hold by the bridge and lattice construction of
Section B.2; in particular,

pe(1) = py(1)=0

and the three lattice translations are linearly independent.
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Axiom A7 is realized by the quasi-local UHF algebra Q¢, the
shift action «, the crossed product W, and the faithful tracial
state w.

Axiom Ag holds by the explicitly defined primary—dual tensor
spaces, cipher flip, four-state structural alphabet, and conjugate-
linear commutant involution Jyc.

Axiom Ag holds by Proposition 57, Proposition 60, and Corol-
lary 9.

Axiom Ajg holds by the bounded self-adjoint motif Hamilto-
nians and resolvent transfer operators of Section B.7.

Axiom Aj; holds by the causal zero-response model of Sec-
tion B.8.

Finally, Axiom A, holds by the singleton admissibility model
of Section B.9.

Thus all twelve axioms are simultaneously satisfied. O

Corollary 10 (Analytic extension condition). The analytic
extension condition is satisfied:

\Extlz (Cety) # 2. \ (808)

Hence condition (AE) need no longer be retained as a
hypothesis.

Remark 62 (Logical role of the explicit model). The model
Rex is an existence witness, not a claim that the chosen bridge
Hamiltonians, zero dipole operators, constant z-registry,
or singleton admissibility space constitute a chemically
realistic description of a physical chrysene material.

Its role is solely to prove

Extip(Cenr) # @.

More specialized chrysene realizations may replace any of
these minimal downstream choices while retaining the same
molecular reduct and twelve-axiom architecture.

C Mathematical Literature and Relation
to Established Theory

The revised Chrysene Formalism combines mathematical struc-
tures drawn from graph theory, benzenoid graph theory, multi-
linear algebra, operator algebras, crossed-product C*-algebras,
noncommutative geometry, spectral theory, finite-field theory,
linear-response theory, and metric geometry. None of these
mathematical subjects is claimed to be new in isolation. The pur-
pose of this appendix is to identify the established mathematical
literature supporting the individual constructions and to distin-
guish that established machinery from the specific organization
proposed in the Chrysene Formalism.

The mathematical architecture developed in the main text may
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be summarized schematically as

benzenoid molecular graph

U

embedded symmetry and attachment data

U

Z3-indexed tensor network

U

quasi-local C*-algebra

U

crossed-product sequence algebra

U

spectral triple and noncommutative metric geometry

U

physical Hamiltonians, response, and admissibility.

809)

C.1 Molecular Graphs, Polyhexes, and Symme-

try

The molecular foundation of Axioms A;—Aj3 belongs first to the
mathematical theory of finite graphs. Standard graph-theoretic
notions used in the present work include graph isomorphism,
automorphism groups, connectedness, cycles, paths, induced
subgraphs, and graph embeddings; see, for example, Dies-
tel [Diel7].

For benzenoid hydrocarbons, the carbon skeleton can be rep-
resented combinatorially through fused hexagonal systems. The
mathematical enumeration and structural analysis of benzenoid
systems has an established literature; a systematic treatment is
given by Gutman and Cyvin [GC89]. This literature motivates
the use of a finite four-ring polyhex comparison class 9y in the
present formalism.

The introduction of %4 does not imply that the standard theory
of benzenoid hydrocarbons contains the Chrysene Characteri-
zation Theorem proved or proposed here. Rather, established
benzenoid graph theory supplies the finite combinatorial domain
in which the required classification can be performed.

The symmetry stabilizers

¢ and TIg™

are group actions by graph-compatible Euclidean transforma-
tions. Finite group representations and their invariant structures
belong to classical representation theory; see Serre [Ser77]. In
the present work, however, the particular use of a Cyj, carbon-
framework stabilizer together with the distinguished 3, 6,9, 12
and 2,5, 8, 11 locant data is specific to the Chrysene Formalism.

It is also important that symmetry and chirality remain distinct.
The group Cy, contains improper spatial symmetry and therefore
corresponds to an achiral isolated molecular realization under
the definition used in this article. Directional inequivalence of
attachment data is a separate orbit property and need not imply
chirality.
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C.2 Tensor Products and the Z3 Tensor Network

The tensorial layer of the formalism uses ordinary finite-
dimensional complex tensor products. For a local molecular
node the structural space has the form

Te =V3@Vo@ V2@ Ve®V,- ®V,+ ® K. (810)
For a finite subset A € Z?, the corresponding regional Hilbert

space is
K = (X) K.

keA

(811)

Such tensor-product constructions and the associated local opera-

tor algebras are standard in the operator-algebraic formulation of

extended quantum systems; see Bratteli and Robinson [BR87].
The discrete base

Xg 277 (812)

is separated in the present formalism from the tensor fiber carried
over each lattice coordinate. Thus the complete Chrysene Tensor
Space is not identified literally with Z>. Instead, Z3 indexes
translated copies of the local structural tensor.

The decomposition

773 2, 72

(813)

is an elementary short exact sequence of abelian groups at the
level used here, with

kermy, = Z.

The terminology fibration refers to this discrete base—fiber or-
ganization and does not assert the existence of a smooth fiber
bundle.

C.3 Quasi-Local Operator Algebras and Induc-
tive Limits

For finite A € Z?, the local observable algebra is

QA = B(Kh). (814)
If A € A’, the canonical embedding
Ar— A® Iz (815)

defines a directed system of finite-dimensional C*-algebras.
The norm-completed inductive limit

Q¢ = Tim Qy (816)

AeZ3
is a standard quasi-local construction of the type used in operator-
algebraic statistical mechanics [BR87].

This established theory supports the mathematical existence
of the quasi-local algebra. The particular interpretation of its
local factors as structural degrees of freedom associated with
substituted chrysene is additional model structure introduced in
the present formalism.
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C.4 Crossed Products and Sequence-Dependent
Noncommutativity

Let a discrete group act on a C*-algebra through automorphisms.
The corresponding crossed-product construction is a standard
part of C*-algebra theory; a comprehensive treatment is given
by Williams [Wil07].

In the present notation the translation action is

@:7Z — Aut(Qg), (817)
and the resulting sequence algebra is
W = Qg o Z°. (818)
The covariance relation
UmAuy = am(A) (819)

is the standard crossed-product relation. For a localized observ-
able,

am(Pk) = Pism, (820)
and hence
UmPx = PiymlUm. (821)
When Pgym # Pk, this relation gives
[um, Px] # O. (822)

The general crossed-product machinery is established math-
ematics. The specific interpretation of this noncommutativity
as sequence dependence of the Chrysene Tensor Space is the
organizational use made of that mathematics in this formalism.

C.5 (C*-Algebras, GNS Representations, and
Commutants

States, representations, commutants, bicommutants, and von
Neumann closures belong to the standard theory of operator
algebras [BR87, Tak02].

Given a state

w:WUs — C, (823)

the Gelfand—Naimark—Segal construction provides a cyclic rep-
resentation

(T, Heys L) (824)
such that
w(A) = (Qeu, T (A)Q0). (825)
The represented von Neumann algebra is
My, =7m,(Ag)”. (826)
The commutant
M, ={BeB(H,):[A,B] =0forall A e M,} (827)
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and the bicommutant relation are classical operator-algebraic
constructions [Tak02].

Tomita—Takesaki theory supplies a particularly important
precedent for conjugate-linear operators implementing com-
mutant relations in suitable standard von Neumann-algebraic
representations [Tak02]. The present axiom

:wt’

Jdcgﬁpri]dc pri

(828)

should therefore be read as an imposed dual-cipher commutant
structure compatible with this operator-algebraic language. Stan-
dard operator-algebra theory does not itself identify a molecular
2,5, 8, 11 substitution pattern with a commutant; that identifica-
tion is specific to Axiom Ag.

C.6 Connes’ Noncommutative Geometry and
Spectral Triples

The principal mathematical framework for interpreting a non-
commutative algebra as a geometry is the spectral formulation
of noncommutative geometry developed by Connes [Con94].

In the form used in this article, a spectral triple consists of
a dense involutive algebra A, a faithful representation on a
Hilbert space H,,, and a densely defined self-adjoint operator
D(g:

(A, He, D) - (829)
The principal analytic conditions adopted here are
[Dg, 7 (a)] € B(Hy) (a e ‘II&) (830)

and compact resolvent, expressed equivalently in the present
formulation as

(I+D3)™'? e K(H.). (831)

These are standard spectral-triple conditions in noncommutative

geometry [Con94].
The Dirac commutator defines the seminorm
Lp(a) := |[[Dg, o (a)]ll, (832)

and the associated spectral distance between states is

|dp(¢,9) = sup{lp(a) ~y(a)| :a=a’, Lp(a) <1}.|
(833)

The interpretation of Lipschitz seminorms as metrics on state
spaces, including in noncommutative settings, was developed
further by Rieffel [Rie99]. That literature provides the broader
metric context for Equation (833).

The present formalism does not assume that the Connes
distance is automatically equal to the independently defined
admissible path metric d(.. Such equality is a separate metric-
reconstruction problem requiring a specifically calibrated Dirac
operator.
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C.7 Real Spectral Structure and the Dual Cipher

Connes subsequently introduced the notion of a real structure
on spectral geometry, represented by an antilinear isometry J,
with sign relations involving the Dirac operator and, in the even
case, the grading operator [Con95].

The right action of the opposite algebra is represented in the
standard real-spectral formalism through

bP — Jr(b*)J 7!, (834)

together with the zero-order commutation condition and the
order-one relation

[[D,7(a)],Jn(b*)J '] = 0. (835)

These structures and their relation to real spectral geometry are
treated explicitly by Connes [Con95].

Accordingly, the deferred theorem concerning Jq4. asks
whether the already-defined dual-cipher commutant involution
also satisfies the additional compatibility conditions required of
a real spectral structure.

This distinction is important. Axiom Ag already imposes

Jo=1 (836)
and
-,dcgﬁprijdc = EIR;,ri- (837)
It does not automatically establish
JacDg = £DgJqc (838)

or the order-one condition.
The use of represented one-forms and bounded inner fluctua-
tions

Dg +— Dg + A (839)

also belongs to the established noncommutative-geometric frame-
work; see Connes [Con94, Con96]. The present article uses
this construction only as spectral-geometric structure and does
not identify every algebraic one-form with a specific molecular
perturbation.

C.8 Self-Adjoint Operators, Resolvents, and Ef-
fective Transfer

The physical Hamiltonians of Axiom Ao belong to standard
functional and spectral analysis. Self-adjoint operators, spectra,
resolvent sets, and resolvent identities are treated systematically
in Reed and Simon [RS80].

For a bridge Hamiltonian Hz(al,vfz’ the resolvent is

-1
RY(@) = (1= H) (840)

The elimination of an internal block of a block operator or
matrix is naturally expressed through the Schur complement.
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The mathematical theory and broad applications of Schur com-
plements are reviewed by Zhang [Zha05].
Accordingly, the effective transfer operator
N N N)i (N N
TN (@) = Ja + W R (W)

,

(841)

is an instance of standard resolvent—Schur-complement reduc-
tion.

What is specific to the Chrysene Formalism is the assignment
of such operator data to the directional node—bridge motifs
generated from the molecular attachment structure. Standard
Schur-complement theory does not imply that the x- and y-
directional transfer operators are inequivalent.

C.9 Linear Response and Polarizability

The causal response tensor introduced in Axiom A1 belongs to
standard linear-response theory. Kubo’s formulation expresses
susceptibilities and response functions through time-dependent
correlation and commutator functions [Kub57].

In the notation of the present article,

. 0
as@ =5 [ OO0 dr mz>0, 342
is a standard Kubo-type causal response expression.

Insertion of a spectral resolution gives the associated sum-
over-states representation in finite-dimensional realizations. The
established linear-response theory therefore provides the mathe-
matical basis for Axiom Aj;.

It does not imply

Uxx (W) # ayy(w) (843)

merely because the molecular geometry is directionally
anisotropic. Such anisotropy depends on the actual excitation
spectrum and transition-dipole matrix elements.

C.10 Finite Fields and the Four-State Alphabet

Finite-field theory is classical; a standard comprehensive refer-
ence is Lidl and Niederreiter [LN97].

Up to isomorphism, the field with four elements can be
represented as

GF(4) =2 F[w]/(* +w + 1). (844)
Its additive group is isomorphic to
ZQ X Zz. (845)

Axiom Ag independently produces the structural alphabet

T¢ = Z5° X ZE. (846)
Consequently,

(Z¢,B) = (GF(4),+) (847)
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as additive groups.

The deferred theorem program will exploit the fact that the
four states of ¢ are not introduced as four unrelated symbols.
They arise from two distinguished binary structural coordinates:
the primary—dual coordinate supplied by the dual cipher and the
independent z-registry coordinate. Thus a state

Sens (e,m) € ch X Z%,

has an intrinsic two-coordinate origin. This provides a natural
four-state, or quaternary, structural encoding without first impos-
ing an external base-four labeling. The role of the dual cipher in
the subsequent theorem program is therefore stronger than a mere
counting argument: it supplies one of the two binary operations
from which the native four-state alphabet is assembled.

The remaining question is whether composition of the cipher
and registry operations also determines a distinguished multipli-
cation on these four states. A future construction will seek such
an operation directly from the structural sequence rules and then
test the field axioms, rather than transporting the multiplication
table of GF(4) through an arbitrary bijection. In particular,
one may ask whether the nontrivial structural states admit a
naturally selected generator whose induced composition satisfies
the analogue of w? + w + 1 = 0 over F,. If such a law is derived
from the dual-cipher and registry architecture and is shown to
satisfy distributivity and the required inverse properties, then the
resulting four-state system would realize G F'(4) for structural
reasons. Establishing that derivation, rather than the abstract
existence of a four-element field, is the substantive content of
the deferred G F (4) theorem.

C.11 Path Metrics and Admissible Connectivity

The admissible distance of Axiom Aj; is a weighted path-
length construction. Length metrics and path-metric methods
belong to standard metric geometry; see Burago, Burago, and
Ivanov [BBIO1]. The corresponding finite-path language on
graphs is standard graph theory [Diel7].

For an admissible path

Y = (X0, X)),
the length is .
Lu(y) = ) wxk-t, x0), (848)
and the distance o
di(x,y) = inf L, (y) (849)

Y€ Padm (x,)

is assigned the extended value +oco when no admissible path
exists.

This construction distinguishes a local violation of a constraint
from global disconnection of the surviving state graph. It also
explains why an algebraic projection onto a rejected Hilbert-
space sector is mathematically distinct from a dynamical physical
excision mechanism.

557

C.12 Role of the Established Mathematics

The revised formalism relies on the following established mathe-
matical correspondences:

finite and benzenoid graph theory
— molecular comparison class

group actions .
— symmetry stabilizers

tensor products and inductive limits
— local and quasi-local tensor structure

crossed-product C*-algebras
— sequence algebra

GNS and von Neumann theory
— represented observable
and commutant structure (850)
Connes’ spectral geometry

— noncommutative metric structure

resolvent and Schur-complement theory
— effective transfer

Kubo linear response
— polarization response

finite-field theory
— conditional G F (4) realization

metric and graph geometry
— admissible connectivity

The novelty asserted for the revised Chrysene Formalism
therefore does not lie in the invention of graph automorphisms,
tensor products, crossed products, C*-algebras, spectral triples,
Schur complements, Kubo response, finite fields, or path metrics.

Rather, the proposed contribution is their specific axiomatic
organization around a molecularly characterized chrysene node:

(Schr

U
Ye

U

73-fibrated tensor network

U
Qg »q 23
U
(%, Ho, e
U

physical transfer, response, and admissibility.

(851)

Likewise, the standard references cited in this appendix do
not prove the chrysene-specific results deferred in the main text,
including

Ny =Ny +2, Y¢ = GF(4) as a field,
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directional transfer anisotropy, optical anisotropy, spectral—path
metric equality, emergent assembly chirality, higher-algebraic
braiding, or dynamical scission.

Those statements remain separate theorem-level questions
over the established mathematical framework reviewed above.
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Table 2: Concordance between major elements of the earlier Chrysene Formalism and the present twelve-axiom reconstruction.

Earlier element

Present status

Revised formulation

Chrysene as distinguished molecu-
lar architecture

Geometric basis tensor W¢

Chrysene Tensor Space I¢

Ic=7?

3,6,9, 12 primary cipher

2,5, 8, 11 dual cipher

Noncommutative observable space

Connes spectral triple and Dirac ge-
ometry

C»j, molecular symmetry

Geometric orthogonality implies
quantum isolation

Four-state G F (4) sequence

Ny =N, +2

Directional electronic anisotropy

Optical anisotropy

Spectral distance equals path dis-
tance

Noncocommutative coproduct / R-
matrix

Restored as molecular characterization

Restored and made literal

Restored and refined

Restored in precise base-space form

Retained

Restored

Restored with explicit source

Restored

Retained with chirality correction

Not retained as an axiom

Partly restored, field law deferred

Deferred

Deferred

Deferred

Deferred

Optional higher theorem program

A1-A3 restrict the molecular reduct to a four-
ring polyhex class with C,j, core symmetry
and directional inequivalence; Theorem 36 is
proved.

W is an element of an explicitly defined local
tensor product rather than a synonym for the
molecular graph.

The tensorial geometric skeleton is a tensor-
space fibration over Xg = 73, with local
tensor fibers and network contractions.

73 is the discrete lattice base, with Z <>
7Z? — 77; the complete tensor space is not
identified literally with its base.

Primary locants and directional attachment
data occur in A1-A3.

A8 defines the one-step dual-cipher map, dual
tensor ‘P&, four-state alphabet, and commu-
tant representation.

A7 constructs As = Qg >, Z°; noncom-
mutativity follows from ordered transla-
tion/localization.

A9 introduces (A, H,,, Dg), bounded com-
mutators, compact resolvent, and spectral
distance.

The carbon framework is C»j; because Cyy,
contains improper symmetry, the isolated core
is achiral.

Euclidean directions, Hilbert-space orthogo-
nality, commuting observables, and dynami-
cal reducing subspaces remain distinct.

A8 structurally produces four states Z; X Zy;
a natural multiplication giving GF(4) is a
theorem target.

Exact closure is axiomatic; the two-unit reg-
istry offset must be independently proved.
A10 defines the transfer operators; inequiv-
alence requires distinct Hamiltonian/contact
data.

A1l defines causal response; anisotropy re-
quires unequal spectral response data.

A9 and A12 define the two metrics indepen-
dently; exact or bi-Lipschitz compatibility is
a theorem target.

Global operator noncommutativity does not
itself supply a coproduct, Hopf algebra, or
braid structure.

559

Continued on next page
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(Continued from previous page)

Earlier element

Present status

Revised formulation

Automatic scission after threshold
violation

Balanced bipartite molecular struc-
ture

Bay- and K-region perimeter geom-
etry

Closed conjugated perimeter /
perimeter conductivity

Not retained

Retained as molecular/combinatorial fact

Restored with corrected PAH nomencla-
ture

Retained as realization hypothesis

A12 distinguishes constraint violation, met-
ric disconnection, projection, and dynamical
removal.

The four-ring polyhex class is bipartite by
Lemma 1; the reference chrysene carbon
skeleton has a balanced bipartition. No sepa-
rate bipartiteness axiom is required.
Appendix A.9 distinguishes the symmetry-
equivalent 4-5 and 1011 bay clefts from the
5-6 and 11-12 K-region bonds. No rotational
operator, folding law, or stacking offset is
inferred from either motif.

The Conjugated m-Framework Hypothesis
Hy, (R) records delocalized perimeter 7 con-
jugation without making conductivity an ax-
iom or deriving it from Cyj, symmetry.

560



	Introduction
	Mathematical Setting, Logical Levels, and Conventions
	Logical Levels of the Formalism

	Embedded Molecular Geometry and Local Tensor Structure
	The Four-Ring Benzenoid Comparison Class
	Embedded Labeled Benzenoid Molecular Node
	Symmetry Stabilizer and Chirality
	Directional Attachment Geometry
	Planar Interface Tensor Space

	Directional Closure and the Z3-Fibrated Tensor Network
	Directional Bridge Families
	Exact Directional Closure
	The Discrete Three-Dimensional Fibration
	Base–Fiber Decomposition
	The Local Chrysene Structural Tensor
	Tensor-Space Fibration
	Network Contractions
	Planar Translation and Commensurate Registry
	Geometric Hierarchy After Axioms A1–A6

	Tensor Sequence Algebra and Noncommutative Action
	Local Tensor State Spaces
	Finite-Region Tensor Algebras
	Localized Operators
	Translation Automorphisms
	The Noncommutative Sequence Algebra
	Sequence Dependence
	Noncommutativity from Translation of Local Structure
	Local Commutativity and Global Noncommutativity
	GNS Representation of the Sequence Algebra
	Distinction from Noncocommutativity
	Status of the Tensor-Space Construction

	Dual Tensor, Cipher Encoding, and Commutant Duality
	The Primary–Dual Locant Transformation
	Combinatorial Complementarity
	The Dual Structural Tensor
	Primary and Dual Tensor Sections
	The Native Four-State Encoding
	Local Cipher Flip in the Sequence Algebra
	Operator-Algebraic Commutant Duality
	The Opposite-Algebra Representation
	Primary–Dual Commutativity
	Compatibility with Global Noncommutativity
	The Four-State Cipher as Structural Data
	What Axiom A8 Does Not Yet Assert
	Axiomatic Hierarchy Through A8

	Spectral Noncommutative Geometry of the Chrysene Tensor Space
	The Spectral Core of the Sequence Algebra
	Faithful Spectral Representation
	The Discrete Spectral Triple
	Compact Resolvent on the Infinite Lattice
	The Dirac Lipschitz Seminorm
	Spectral Cost of Discrete Translation
	Connes Spectral Distance
	Structural States and Spectral Distance
	Algebraic One-Forms
	Inner Metric Fluctuations
	Cipher Conjugation and Real Spectral Structure
	The Dirac Operator Is Not the Electronic Hamiltonian
	Spectral Dimension
	What Axiom A9 Establishes

	Physical Operators, Transfer, Response, and Admissibility
	Directional Physical Realizations
	Directional Hamiltonian and Effective Transfer
	Schur-Complement Interpretation
	Bridge-Mediated and Translation-Covariant Models
	Analyticity and Resolvent Control
	Directional Transfer Comparison
	Transfer Moments
	Dirac Geometry and Physical Hamiltonians
	Polarization and Causal Linear Response
	Finite-Dimensional Spectral Representation
	Static Response and Inversion Symmetry
	Finite Response versus Bulk Dielectric Response
	Admissible Structural States
	Constraint Boundary
	Path-Metric Properties
	Spectral–Path Compatibility
	Operator Realization of Admissibility
	Completion of the Twelve-Axiom Architecture

	Model Existence and Molecular Characterization
	Full Models and Molecular Reducts
	The Reference Chrysene Node
	Perimeter Compatibility of the Dual Cipher
	The Chrysene Characterization Signature
	Finite Molecular Classification
	Extension of the Chrysene Reduct
	The Chrysene Characterization Theorem
	Why the Previous Abstract Countermodel Is Excluded
	What Molecular Uniqueness Does Not Prove
	The Revised Meaning of ``Chrysene Isomorphism''
	Characterization Hierarchy

	Logical Architecture and Chrysene Characterization
	Deferred Theorem Program
	Directional Registry and the N+2 Closure Law
	Dual Cipher and the GF(4) Field Law
	Directional Electronic Transfer
	Polarization and Optical Anisotropy
	Connes Distance and the Admissible Path Metric
	Dual Cipher and Real Spectral Structure
	Spectral Dimension of the Z3-Fibrated Space
	Stacking Registry and Emergent Chirality
	Higher Algebraic Extensions and Braided Sequence Structure
	Admissibility, Projection, and Dynamical Scission
	Dependency Structure of the Theorem Program
	Status of the Principal Chrysene Claims
	Role of the Deferred Program

	Relation to the Earlier Chrysene Formalism
	Discussion
	What the Reconstruction Restores
	What the Reconstruction Does Not Restore
	Molecular Specificity and Model Plurality
	Anisotropy as a Layered Property
	The Role of Falsifiability

	Conclusion
	Reference Chrysene Graph and Complete Four-Ring Classification
	Canonical coordinates for the hexagonal tiling
	Dihedral action

	Exhaustive enumeration of four-cell polyhexes
	Exact carbon-skeleton construction
	Symmetry classification of the seven polyhexes
	External identification of the surviving polyhex
	Distinguished carbon coordinates
	Explicit adjacency certificate
	Reference perimeter cycle

	Balanced bipartition of the reference graph
	Primary–dual perimeter-cipher certificate
	Canonical directional independence and orbit inequivalence
	Action of the canonical C2 generator

	Named bay- and K-region perimeter geometry
	Unconditional finite-classification theorem
	Reproducibility of the finite enumeration

	Explicit Twelve-Axiom Chrysene Model
	Molecular reduct: Axioms A1–A3
	Bridge closure and the Z3 network: Axioms A4–A6
	Explicit local tensor data
	The quasi-local sequence algebra: Axiom A7
	Dual tensor and commutant realization: Axiom A8
	Explicit commutant conjugation

	A compact-resolvent spectral realization: Axiom A9
	Bounded commutators

	Explicit physical motif Hamiltonians: Axiom A10
	Explicit linear-response realization: Axiom A11
	Explicit admissibility geometry: Axiom A12
	Explicit extension theorem

	Mathematical Literature and Relation to Established Theory
	Molecular Graphs, Polyhexes, and Symmetry
	Tensor Products and the Z3 Tensor Network
	Quasi-Local Operator Algebras and Inductive Limits
	Crossed Products and Sequence-Dependent Noncommutativity
	C-star-Algebras, GNS Representations, and Commutants
	Connes' Noncommutative Geometry and Spectral Triples
	Real Spectral Structure and the Dual Cipher
	Self-Adjoint Operators, Resolvents, and Effective Transfer
	Linear Response and Polarizability
	Finite Fields and the Four-State Alphabet
	Path Metrics and Admissible Connectivity
	Role of the Established Mathematics


