ANNALS OF THE CHRYSENE FORMALISM

MACHINE-CHECKED FORMAL PROOF DOSSIER (LEAN 4) | ARTICLE 45 | VOL. 1, NO. 2 | OCTOBER 2026

Machine-Checked Formal Proofs (Lean 4): Article 45
The Twenty Registry Classes of a Chrysene Stack

Frame Orbits, Descent of a Letter Transformation, and a Variational Criterion

Author: Charles D. Schaper, Ph.D. | Artifact: FormalProof_A45.1lean (Lean 4.14.0 Kernel Verified)

Formal Verification Certificate (Lean 4 Interactive Theorem Prover)

The finite content of Article 45 — the agreement of the two frame actions, the classification of the twenty
classes with their sizes and stabilisers, the descent of a letter transformation, the induced action on the
classes, the worked instances of the variational criterion, and the printed table of Appendix A — has
been formally specified and machine-checked in the Lean 4 theorem prover (FormalProof_A45.1lean,
Section 3). 40 theorems are proved.

e Zero Unproven Placeholders (sorry-Free): Every theorem is proved constructively down to the Lean 4
kernel by definitional equality (rf1) and, for the six arithmetic results that hold for every N, by induction
and rewriting. No sorry, no axiom declaration, and no native_decide — the last would delegate
evaluation to the compiler and would enter Lean. ofReduceBool in the audit below.

* Zero External Dependencies: Written strictly in Core Lean 4 (7-bit ASCII syntax) without Mathlib or
any external library. Readers can verify the entire script at https://live.lean-lang.org or via lean
FormalProof_A45.1ean.

¢ Kernel Axiom Audit (#print axioms): As shown verbatim in Section 4, the Lean 4.14.0 kernel
confirms that every one of the 40 theorems depends on zero axioms — not on propext, not on
Classical.choice, and not on sorryAx. Four core-library lemmas, one library function and one tactic
are replaced by local work for exactly this reason; see Section 2.

* Scope Declared: The file covers what Article 45 itself labels [A], finite or axiom-free. What is left out
is named in Section 2, and the one substantial omission — the general-/N orbit count, whose proof needs
a theory of group actions — is partly recovered by two theorems proved for every N by induction rather
than being passed over.

What a formalization adds over the computational dossier. The companion dossier for this article
recomputes its quantities in Python and reports forty-five passing checks; agreement there is evidence, and
two programs could in principle agree and both be wrong. A Lean proof is a different kind of object, and the
difference is sharpest at two places in this article. Theorem 3.3 stops being a count that came out right and
becomes a proof that two partitions of the sixty-four marker assignments are equal, membership checked
both ways for every assignment. And the equivalence of the five conditions in Theorem 4.9 — the result
whose first draft was false, because the condition now numbered (iv’) is strictly stronger than the rest — is
here a proof that five Boolean functions agree at every one of the twenty-four bijections, at three widths, with
the failure of (iv") recorded as a theorem of its own rather than as a remark.

1 Index of Machine-Checked Theorems in FormalProof_A45.1lean

Companion Artifact: Schaper, C. D. (2026). The Twenty Registry Classes of a Chrysene Stack: Frame Orbits, Descent of a Letter
Transformation, and a Variational Criterion. Annals of the Chrysene Formalism, 1(2), 676-704. https://doi.org/10.68366/vfjz1403
e © 2026 Charles D. Schaper.
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Table 1: Correspondence between Lean 4 theorem identifiers in FormalProof_A45. lean and numbered results in
Article 45.

Lean 4 Identifier Manuscript Tactic Formally Verified Statement
Ref.
frame_actions_agree Lem. 2.15 rfl The marker-to-word map W is a bijection {0, 1}2N — XN for
N =1,...,4, and it intertwines the two frame actions:

W o flip = p*N o W and W o rev = reversal o 7%V o W. The
two frame groups of the article are therefore one group acting
through W, which is what licenses passing between the
marker picture and the word picture at all. Bijectivity is
certified by the explicit two-sided inverse Winv, checked both
ways on every marker assignment and every word, rather than
by counting the image.

witness_FFFBBF Rem. 2.17 rfl The witness carried over from the predecessor: FFFBBF has
word (FF, FB, BF), with images (BB, BF, FB) and
(FB, BF, FF) under the two generators.

orbit_count_enumerated Lem. 3.1 rfl The classes number 2, 6, 20, 72 at 2N = 2,4, 6, 8, agreeing in
each case with 22V-2 + 2N~1 Twenty at 2N = 6 is the count
the article is named for.

fixed_point_vector Lem. 3.1, rfl The fixed-point vector of the frame group on {0, 1}6 is
Proof 1 (64,0, 8, 8), and Burnside averages it to twenty.
flip_is_fixed_point_free Lem. 4.4(ii) rfl At four widths: flip is the unique element of Fr with no fixed

point, the other two having 2V each. This is what forces every
orbit to have size 2 or 4 and never 1.

Dbar_separates_orbits Thm. 3.3 rfl The orbit map, as an equality of partitions. For every
marker assignment, the set carrying its label has the size of its
orbit and consists exactly of its orbit — membership checked
in both directions over all sixty-four assignments. This is a
proof that two partitions coincide, not a tally that agreed.

orbit_sizes_two_or_four Prop. 3.6 rfl No orbit has size one; every orbit has size 2 or 4; at 2N = 6
there are eight of size 2 and twelve of size 4.

stabiliser_central_entry Prop. 3.6 rfl An orbit has size two exactly when its registry sequence is
reversal-symmetric, and the two size-two families are then
separated by the central entry D, which is 0 on the
palindromic family and 1 on the anti-palindromic one.

type_counts_at_six Cor. 3.7 rfl The twenty classes split four, four and twelve by stabiliser
type: the values 2V =1, 2N-1 and 22N-2 _2N-1 gt N = 3,
mulAssoc — induction Associativity of multiplication on Nat, proved here because

the core library’s Nat.mul_assoc is itself proved through
propext and importing it would have placed an axiom in the

audit.
sq2 — mulAssoc a-2-2=a-4: doubling a doubled quantity quadruples it.
distrib4 — Nat.mul_add a-2+4+a-2=a-4.
powTwoStep — rw 22(N+1) = 22N . 4: widening the stack by one site-pair

multiplies the number of marker assignments by four.
Nat.pow_add gives this in one line but is proved through
propext, so the exponent is instead put into successor form
by a definitional show.

continued on the next page
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Table 1: (continued)

Lean 4 Identifier

Manuscript
Ref.

Tactic

Formally Verified Statement

burnside_average

orbit_decomposition

multiset_coincidence_is_
isolated

codon_profile_refutation

pinned_lists_are_the_
derived_ones

eight_isomorphisms

word_classes_match_marker_
classes

Lem. 3.1

Cor. 3.7

Prop. 3.15(3)

Prop. 3.15(ii)

Lem. 2.15,
Thm. 3.3,
Lem. 4.5,
Prop. 5.5

Lem. 4.5

Lem. 2.15,
Cor. 3.7

rw

rfl

rfl

rfl

rfl

rfl

For every N, not at tabulated widths. The fixed-point vector
(22N ,0,2N 2N ) averages over the four frame elements to
exactly 22NV =2 + 2N~=1 The arithmetic half of Lemma 3.1 in
general; the passage from the vector to the orbit count is the
group-theoretic half and is not formalized (Section 2).

For every N. If f is the number of free orbits, so that f + 2V
is the orbit count, then the 2V orbits of size two and the f of
size four account for every one of the 22V marker assignments
and for no more. The count enters as a hypothesis so that no
truncated subtraction occurs.

Trap 4, first witness. At N = 3 the twenty classes and the
twenty multisets agree in number; at N = 4 there are
seventy-two classes against thirty-five multisets. The
agreement is a coincidence of two counting functions at one
point and carries no structure.

Trap 4, second witness, in its corrected form. Counting
alone does not refute the identification: 8 - 2 + 12 - 4 = 64, so
a surjection with the right total is arithmetically possible.
What refutes it is the degeneracy profile — both profiles have
twenty entries, the class profile is eight 2s and twelve 4s
summing to 64, the code profile sums to 61 with 3 stops
outside, and the two sorted profiles are unequal.

The data are checked, not assumed. Nine enumerations are
written into the file as data — the twenty registry classes, the
word classifications at three widths, the twenty-four bijections,
the eight admissible ones, and the registry classes at

N = 2,3,4 — and this theorem certifies each by the property
that characterises it: every entry is canonical, every element
of the source has its image in the list, there are no repetitions,
and the count is as stated. Recomputing each classification
and comparing would re-derive it inside the comparison and
does not terminate here; the property form also has no
dependence on the order in which an enumeration happens to
emit its elements.

Exactly eight of the twenty-four bijections are isomorphisms
of structured alphabets; four preserve each class of the
partition and four exchange the two classes.

The classification of words agrees with the classification of
marker assignments, as Lemma 2.15 requires: 2, 6, 20 and 72
classes of words of length 1, 2, 3, 4, the third of them equal to
the twenty marker classes. This is the theorem that detects a
canonical representative chosen in the wrong base, which
would split the twenty classes into twenty-two while
disturbing no other count in the file.

continued on the next page
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Table 1: (continued)

Lean 4 Identifier

Manuscript
Ref.

Tactic

Formally Verified Statement

descent_conditions_
equivalent

exactly_eight_descend

ivprime_strictly_stronger

ivprime_witness

descent_preserves_class_
size

counterexample_meets_four_
classes

kernel_is_id_and_rho

psi_is_two_to_one

kappa_lambda_well_defined

lambda_acts_freely

kappa_central_entry

Thm. 4.9

Prop. 4.14

Prop. 4.11

Prop. 4.11

Thm. 4.9

Ex. 4.15

Prop. 5.3(i)

Prop. 5.3(iii)

Prop. 5.5

Prop. 5.5

Prop. 5.5

rfl

rfl

rfl

rfl

rfl

rfl

rfl

rfl

rfl

rfl

rfl

The descent theorem, exhaustively. For every one of the
twenty-four bijections and for N = 1, 2, 3, the five conditions
(1)—(v) take the same truth value: every transformation, at
three widths, every condition evaluated on every word.

Exactly eight of the twenty-four bijections descend.

The corrected statement. The literal generator-matching
condition (iv’) is strictly stronger than the other four: for

N > 2 it holds for precisely the four admissible
transformations that preserve each class, so four of
twenty-four against eight. The theorem as first drafted, with
(iv’) in place of (iv), would have been false, and this is the
theorem that says so.

The witness: the class-exchanging map (FF FB) (BB BF) is
admissible and commutes with complementation, yet
conjugates T to Tp — which is exactly why intertwining holds
for it and literal generator-matching does not.

Each of the eight admissible transformations induces a
bijection of the classes preserving class size.

A transformation failing the condition does not distort the
classification but destroys it: (BB BF) carries one class of
size four onto a set of four words lying in four distinct classes,
of sizes 2,2,4,4.

The kernel of the action on classes is {id, p} at N = 2,3,4
and is the whole structural group at N = 1: the identity and
complementation act trivially, and nothing else does.

The eight admissible transformations induce only four distinct
maps of the twenty classes, each fibre of size two. No
orbit-level quantity can separate more than four of them,
which is the obstruction the whole of Section 5 is about.

x and A descend to the classes — each commutes with
reversal up to reversal, so the image does not depend on the
representative — and each carries classes to classes. Checked
atN =2,3,4,5.

Verified, not asserted. A acts with no fixed class at

N =2,3,4,5. The contrast is the point: Fix(«) = 2N at every
N, while x4 has fixed classes exactly when N is even — two
at N =2andeightat N =4,noneat N =3 or N =5. An
argument treating the three non-identity elements alike would
be wrong, and an earlier draft did.

k preserves the central entry on every reversal-symmetric
class at every N checked, but on every class exactly when N is
odd. The last two clauses are the counterexamples at N = 2
and N = 4, so the even case is a genuine failure and not an
artefact of the representative.

continued on the next page
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Table 1: (continued)

Lean 4 Identifier Manuscript Tactic Formally Verified Statement
Ref.
kappa_is_the_tau_action Prop. 5.5(1) rfl The « formula is not a definition made to fit: it is the

letterwise action of 7 transported through W. For each of the
sixty-four assignments there is exactly one assignment whose
word is 7 applied letterwise, and its registry sequence is x of
the original.

admissible_commutes_with_ Thm. 5.8(1) rfl Every admissible transformation commutes with

rho complementation, the conjugate of p being p. The residual
indeterminacy is therefore exactly the coset of p: a
two-element ambiguity and not a larger one.

phi_unique_maximiser Ex. 6.14 rfl A weight at which the four values of the functional are
1,2,4,8 (that is %, 1,2, 4 before clearing denominators), so
the maximiser is unique and is k1.

phi_tie_from_symmetry Ex. 6.15 rfl A A-invariant weight ties the four values in two pairs: on this
point of the degeneracy locus the functional cannot
distinguish a transformation from its composite with the
class-inverting element.

Z_strictly_larger_than_zmax =~ Rem. 6.17, Ex. rfl Z 2 Zmax, by witness. Two of the four values coincide, so the
6.16 point lies on Z; the maximiser is nevertheless unique; and
neither the ensemble nor the weight carries a symmetry.
Degeneracy of the functional is therefore not explained by
symmetry of its data.

four_induced_maps_distinct Prop. 6.11 rfl The four induced maps are pairwise distinct on the twenty
classes, so each of the six pair conditions cutting out Z is a
nonzero bilinear form and Z is a proper subset of the
parameter space.

lambda_has_ten_orbits Rem. 6.18 rfl () has ten orbits, all of size two, on the twenty classes — the
dimension the remark records for the space of tying weights.
tableA_agrees App. A rfl The printed table, field by field. All twenty rows of

Table A.1 — representative, label, size, stabiliser type, central
entry, and the images under « and 4 — are recomputed from
the definitions and agree. The table is also complete and
without repetition: the twenty printed labels are distinct and
every one of the twenty classes appears among them.

tableA_kappa_fixed App. A rfl Exactly eight of the twenty classes carry the asterisk marking
them «-fixed, which is the 2V of Proposition 5.5 at N = 3.

2 Scope of the Formalization

A formal certificate is informative only if its boundary is stated, and the boundary here is not arbitrary: it follows
Article 45°s own status labels. What the article marks [A] — finite, or axiom-free arithmetic — is what a kernel
can check, and the Lean file covers it. Four classes of claim lie outside, and are discharged in the manuscript by
hypothesis, by citation, by numerical computation, or by a proof that needs a library this file does not load.

1. Every statement about encoded stacks. Everything proved below is a statement about {0, 1}*" and about
words over a four-letter alphabet. The passage from these to an encoded chrysene stack is the content of the



Annals of the Chrysene Formalism — Formal Proof (Lean 4) Article 45 | Vol. 1, No. 2 (Oct 2026)

realization hypotheses Hyk, Hsack and Hym, Which the article registers and assumes. The Lean file neither
assumes nor tests them.

2. The general-N orbit count, as a count. Lemma 3.1 holds for every N and is proved in the article three
ways. What is formalized is the count by enumeration at 2N = 2,4, 6, 8, together with the Burnside arithmetic
for every N (burnside_average) and the orbit decomposition for every N (orbit_decomposition). The
remaining step — from a fixed-point vector to an orbit count — is the orbit-counting lemma itself, which needs
a developed theory of group actions and hence Mathlib. This is the one place where the dossier proves less
than the article, and it is said here rather than left to be inferred from the theorem list.

3. The genetic-code datum. The fibre profile of the standard table is an external empirical datum cited to [Cri68].
The file checks its internal arithmetic and its inequality with the profile of the twenty classes — which is the
whole of the refutation — but not that the quoted table is the correct one.

4. Anything resting on real numbers. The entropy of Corollary 6.2 and the randomised word-level identity
of Proposition 6.4 need logarithms and floating-point comparison; they are checked numerically in the
computational dossier instead. The variational examples 6.14—6.16 are formalized: their data are dyadic, the
ensemble is uniform on two classes, and clearing the denominator turns every comparison into an identity of
natural numbers. Nothing is lost, since a maximiser of ® is a maximiser of 2®.

5. Two widths, for reasons of machine and not of mathematics. The registry-class results are checked at
N = 2,3, 4 and the word classification at lengths 1, 2, 3; N = 5 and length 4 are not included. Nothing about
them is in doubt — the article proves the general statements and the computational dossier checks N = 5
numerically — but the kernel reductions did not fit the memory of the machine this dossier was built on. What
is lost is a second odd-N witness for the x4 dichotomy, which here rests on N = 3 against N =2 and N = 4.
This is recorded in the Lean file at the theorems concerned.

6. Provenance and the status labels. Which axioms a proposition invokes, and which label a statement carries,
are properties of the text. They were established by reading and are recorded in the concordance and the defect
ledger of Appendix B; no kernel can confirm them.

What could not be imported, and why. Article 62’s dossier reported one such substitution. Nat.mul_assoc is
proved through propext, and #print axioms is transitive, so importing it would have made every downstream
theorem report depends on axioms: [propext]. Auditing each candidate here before use turned up five more,
and they are listed because the next dossier in this series will meet the same ones:

Core-library item Reported by #print axioms
Nat.mul_assoc propext

Nat.pow_add propext

Nat.add_mul propext

List.mergeSort propext, Quot. sound

the omega tactic propext, Quot.sound

Nat.mul_comm, Nat.mul_add, Nat.pow_succ,
Nat.add_assoc, Nat.add_comm, Nat.mul_succ, no axioms — used freely
Nat.add_zero, Nat.two_mul

So associativity, the two distribution steps and the power identity are proved in the file; the two places that need a
sorted list — the degeneracy profile of Proposition 3.15 and the class sizes of Example 4.15 — use an insertion
sort defined there; duplicate removal is written out; and the arithmetic that omega would have discharged in two
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lines is done by hand. None of this would have been a defect: propext and Quot. sound are two of Lean’s three
standard axioms and are assumed throughout ordinary mathematics. But the stronger report is available for the
cost of about forty lines, so it is taken.

Tamper test. An axiom audit shows that the theorems rest on nothing; it does not show that they say anything. A
file of vacuous truths would audit just as cleanly. The formalization was therefore re-run against three perturbations
of its defining data, each the kind of error a transcription would produce. Six data were perturbed, one at a time,
each the kind of error a transcription would produce; each mutant was elaborated in full and every one exited 1.
Complementation altered from the fixed-point-free involution to a four-cycle leaves 11 of the forty theorems
unproved, and the canonicalising choice of representative reversed leaves 11; the site-complementation map made
trivial leaves 9; the registry sequence read at the wrong offset leaves 5; one row of Table A.1 altered in a single
digit leaves 2; and the reversal twist exchanged for the other transposition of the alphabet leaves 1. Twenty-eight of
the forty are broken by at least one perturbation.

Reading the spread, including where it is thin. The counts are reported individually rather than averaged,
because what matters is that each perturbation breaks the checks that depend on the datum perturbed. The two large
numbers are the two data everything rests on: complementation takes out the whole descent and induced-action
cluster, the canonicalising choice takes out the classification and the variational examples, and both take out the
pinning theorem, which is the check that the file’s data are the derived ones. The single break under the exchanged
twist is not a blind spot but a result: the two candidate twists are carried to one another by a relabelling of the
alphabet, so every statement internal to the word picture is invariant under the exchange, and the one theorem
that is not — frame_actions_agree — is precisely the statement tying the letter-level twist to marker reversal
through W. The article makes the same point at Lemma 4.4(1).

What the test does not reach. Twelve theorems are left standing by every perturbation. Six of them — mulAssoc,
sq2, distrib4, powTwoStep, burnside_average and orbit_decomposition — are arithmetic over Nat and
depend on none of the perturbed data by construction, so their insensitivity is correct rather than suspicious. The
remaining six — orbit_count_enumerated, multiset_coincidence_is_isolated, eight_isomorphisms,
word_classes_match_marker_classes, kappa_central_entry and four_induced_maps_distinct — turn
on data this test did not perturb, chiefly the registry partition of the alphabet and the enumeration of marker
assignments. They are covered by no mutant here, and that is stated rather than left for a reader to work out from
the lists. The spread is reported rather than averaged, because what matters is that each perturbation breaks the
checks that depend on the datum perturbed, and not how many it breaks: the registry sequence enters nearly every
result, the letter encoding of the twist enters the word picture and the induced action, and a single table row enters
only the two theorems about the table.

On sorryAx. Lean does not refuse a file whose tactic blocks fail; it reports the error, admits the theorem, and
marks it as depending on sorryAx. A dossier that printed its theorem list without printing the audit could therefore
display a page of green theorems that the kernel considers unproved. That is why Section 4 reproduces the
compiler’s own stdout rather than a summary of it, and why the exit status is quoted.

3 Complete Lean 4 Formal Proof Script (FormalProof_A45.1ean)

Browser & CLI Verification: Copy the listing below directly into the official Lean 4 web prover at https:
//1live.lean-1lang.org (or save it as FormalProof_A45.1lean and run lean FormalProof_A45.1lean).
It needs no project, no lakefile, and no network access. The set_option maxRecDepth on the first line
is required: the kernel reduces enumerations over {0, 1}° and over all twenty-four letter bijections during
elaboration, and the default depth is not sufficient for them.
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FormalProof_A45.1lean

Machine-Checked Formal Proof Dossier for Article 45:

"The Twenty Registry Classes of a Chrysene Stack: Frame Orbits, Descent of
a Letter Transformation, and a Variational Criterion”

Annals of the Chrysene Formalism, Vol. 1, No. 2, pp. 676-704 (2026).

DOI: https://doi.org/10.68366/vfjz1403

Verified in Lean 4 (Core library only; pure ASCII, zero ‘sorry’, zero
external dependencies, no ‘native_decide ).

SCOPE. This file formalizes the FINITE content of Article 45 -- those
statements the article itself labels [A], decidable by enumeration over a
finite set or by arithmetic over stated integers. It does not formalize,
and does not attempt to:

* any statement about encoded stacks as opposed to binary strings. The
passage from {0,1}*{2N} to an encoded chrysene stack is the content of
the realization hypotheses H_mk, H_stack and H_frm, which the article
registers and assumes. Everything below is a statement about binary
strings and about words over a four-letter alphabet.

* the general-N orbit count as such. Lemma 3.1 is proved in the article
by Burnside for every N. What is proved below is the count by
enumeration at 2N = 2, 4, 6, 8, together with the Burnside ARITHMETIC
for every N by induction (burnside_average ) and the orbit
decomposition for every N (“orbit_decomposition™). The step from a
fixed-point vector to an orbit count is the group-theoretic content
and needs a developed theory of group actions, hence Mathlib.

* the genetic-code datum. The fibre profile of the standard table is an
external empirical datum cited to [Cri68]. What is checked below is
its internal arithmetic and its INEQUALITY with the profile of the
twenty classes, which is the whole of the refutation in Prop. 3.15.

* anything resting on real numbers: the entropy of Corollary 6.2 and the
randomised word-level identity of Proposition 6.4. These are checked
numerically in the computational dossier, verify_twenty_classes.py.
The variational examples 6.14-6.16 ARE formalized, in integer form:
their data are dyadic and are cleared of denominators below.

* the provenance claims. Which axioms a proposition invokes and which
status label it carries are properties of the text, not mathematical
statements; they are recorded in the concordance of Appendix B.

The division is not a convenience. It follows the article's own status
labels: what is marked [A] is what a kernel can check, and the two agree.

CONVENTIONS. Markers are lists over {0,1} of length 2N, in the offset-0
convention of Section 2. Letters are encoded FF = @, FB = 1, BF = 2,

BB = 3; the registry partition is {{FF,BB},{FB,BF}} = {{0,3},{1,2}}; rho
(complementation) is x |-> 3 - x and tau is the transposition (FB BF).
These are the encodings used by the computational dossier, so that the two
artifacts can be compared line by line.

ON IMPORTS. Three core-library facilities that would have shortened this
file are not used, because “#print axioms™ is transitive and each would
have put an axiom in the audit: °‘Nat.mul_assoc is proved through
‘propext , and ‘List.mergeSort " through ‘propext” AND “Quot.sound .
Associativity is proved below by induction, and the two places that need a
sorted list use the insertion sort defined below.
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ON KERNEL COST. Every enumeration used more than once is bound to a
top-level constant (°B6°, “X5°, "CW3°, °P24°, ...) rather than written out
at each use. This is not cosmetic. The kernel caches reduction by
expression, so a repeated constant is computed once; an inline
*Xcl 5° appearing inside a quantifier over “Xcl 5° is instead recomputed
once per element, which for the 272 classes at N = 5 is the difference
between a file that checks and a file that exhausts memory. For the same
reason ‘nub” is written with an accumulator: the natural recursion binds
its tail twice, the kernel substitutes rather than shares, and reduction
becomes exponential in the length of the list.

=/

set_option maxRecDepth 100000

-- The enumerations below exceed the default elaboration budget; the
-- outer “timeout of the build, not a heartbeat count, is what bounds
-- this file.

set_option maxHeartbeats @

namespace ChryseneFormalism.Article45

-- 0. Finite enumeration helpers (Core Lean only)

/-- All lists of length °'n° over the given alphabet. -/
def allOver (alph : List Nat) : Nat -> List (List Nat)
| @ => [[]1]
| n+ 1 => ((allOover alph n).map (fun t => alph.map (fun a => a :: t))).flatten
/-- All binary strings of length °n": the marker assignments of n sites. -/
def allBits (n : Nat) : List (List Nat) := allOver [0, 1] n

/-- All words of length "n° over the four-letter alphabet. -/
def allWords (n : Nat) : List (List Nat) := allOver [@, 1, 2, 3] n

/-- Duplicate removal, written here rather than imported. The accumulator
is not cosmetic: the natural recursion “let r := nub t; if r.contains a
then r else a :: r~ uses °r° twice, the kernel substitutes the binding
rather than sharing it, and reduction of a sixty-four element list then
takes exponentially many steps. This form is linear in the kernel as
well as in the compiler. -/
def nubAux : List (List Nat) -> List (List Nat) -> List (List Nat)
| acc, [] => acc.reverse
| acc, a :: t => if acc.contains a then nubAux acc t else nubAux (a :: acc) t

def nub (1 : List (List Nat)) : List (List Nat) := nubAux [] 1

/-- Insertion sort on naturals, replacing °List.mergeSort ", which is proved
through ‘propext ™ and ‘Quot.sound ™ and would appear in the audit. -/
def insNat (x : Nat) : List Nat -> List Nat
| [1=>[x]
| a:: t=>if Nat.ble x a then x :: a :: t else a :: insNat x t

def sortNat : List Nat -> List Nat
| [1=>11]

| a :: t =>insNat a (sortNat t)

def countP (p : List Nat -> Bool) (1 : List (List Nat)) : Nat := (1l.filter p).length
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117

118 /-- The marker enumerations used below, bound once. -/

119 def B2 : List (List Nat) := allBits 2

120 def B4 : List (List Nat) := allBits 4

121 def B6 : List (List Nat) := allBits 6

122 def B8 : List (List Nat) := allBits 8

123

124 /-- The registry-sequence enumerations: lists of length 2N-1 for

125 N=2,3, 4, 5. -/

126 def S3 : List (List Nat) := allBits 3

127 def S5 : List (List Nat) := allBits 5

128 def S7 : List (List Nat) := allBits 7

129

130 /-- The word enumerations for N =1, 2, 3, 4. Wd4 is needed for the
131 twenty-four letter bijections and for the multiset count at N = 4; the
132 classification of words of length four is not formed. -/

133 def Wd1 : List (List Nat) := allWords 1
134 def Wd2 : List (List Nat) := allWords 2
135 def Wd3 : List (List Nat) := allWords 3

136 def Wd4 : List (List Nat) := allWords 4
137
138 == ST T T T T T T T T T T T T T T T T T T T T T T T T T T T T T T T T T T T T T T e e e e e e e e e e e

139 -- Pinned enumerations.

140 ——

141 -— The classifications below are given as data and then CHECKED against

142 -- the definitions by “pinned_lists_are_the_derived_ones*. They are not
143 -- assumptions: that theorem recomputes each one from scratch and compares.
144 --—

145 -- They are pinned because a derived list behaves badly under kernel

146 —-- reduction. ‘nub (xs.map f) ' holds unevaluated applications of °f°, and
147 —-- every membership test re-reduces them, so a quantifier over a derived
148 -- classification re-derives it once per element. Pinning turns that into
1499 -- a traversal of given data and is the difference between a file that

150 -— checks in minutes and one that exhausts twelve gigabytes.

151 —= TT T T o=
152
153 /-- the twenty registry classes at 2N = 6 (20 entries), pinned as data; the theorem

154 ‘pinned_lists_are_the_derived_ones " recomputes this from the
155 definitions and compares, so it is checked and not assumed. -/
156 def C20L : List (List Nat) :=
157 [[e, o, o, 0, 0],

158 [0, o, 0, 0, 11,

159 [0, o, o, 1, 11,

160 [0, @, 0, 1, 0],

161 [0, o, 1, 1, 0],

162 [0, o, 1, 1, 11,

163 [0, o, 1, 0, 11,

164 [0, 9, 1, o, o],

165 [e, 1, 1, o, 11,

166 [o, 1, 1, 1, 11,

167 [o, 1, 1, 1, o],

168 [e, 1, o, 1, @],

169 [o, 1, o, 1, 11,

170 [0, 1, 0, 0, 11,

171 [1, o, o, 1, 11,

172 [1, 1, o, 1, 11,

173 [, 1, 1, 1, 11,

174 [1, o, 1, 1, 11,

10
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190
191
192
193
194
195
196
197
198
199
200
201
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203
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[17 ®7 17 07 1]:
(1, o, 0, 0, 111

/-- the classes of words of length one (2 entries), pinned as data; the theorem
‘pinned_lists_are_the_derived_ones " recomputes this from the
definitions and compares, so it is checked and not assumed. -/
def CWIL : List (List Nat) :=
[[e],
[11]

/-- the classes of words of length two (6 entries), pinned as data; the theorem
‘pinned_lists_are_the_derived_ones ™ recomputes this from the
definitions and compares, so it is checked and not assumed. -/

def CW2L : List (List Nat) :=

[[o, o],
[o, 21,
Lo, 11,
Lo, 31,
L1, 11,
[1, 211

/-- the twenty classes of words of length three (20 entries), pinned as data; the theorem
‘pinned_lists_are_the_derived_ones " recomputes this from the
definitions and compares, so it is checked and not assumed. -/

def CW3L : List (List Nat) :=

[[0, o, o],
[0, o, 21,
[0, o, 11,
[0, o, 31,
[0, 1, oI,
lo, 2, 21,
lo, 2, 11,
lo, 2, 31,
[e, 1, 21,
o, 1, 11,
fo, 1, 31,
[0, 3, oI,
[0, 3, 21,
lo, 3, 11,
[1, o, 11,
[1, 3, 21,
01, 1, 11,
1, 1, 21,
1, 2, 11,
[1, o, 211

/-- the twenty-four bijections of the alphabet (24 entries), pinned as data; the theorem
‘pinned_lists_are_the_derived_ones ™ recomputes this from the
definitions and compares, so it is checked and not assumed. -/

def P24L : List (List Nat) :=

[L3, 2, 1, o1,
[2, 3, 1, oJ,
[3, 1, 2, o1,
[1, 3, 2, o1,
[2, 1, 3, oJ,
[1, 2, 3, o1,
[3, 2, o, 11,
[2, 3, o, 11,

11
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239
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276
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[3, o, 2, 11,
[e, 3, 2, 11,
[2, o, 3, 11,
[e, 2, 3, 11,
[3, 1, o, 21,
[1, 3, o, 21,
[3, o, 1, 21,
[e, 3, 1, 21,
[1, o, 3, 21,
[o, 1, 3, 21,
[2, 1, o, 31,
[1, 2, o, 31,
[2, o, 1, 31,
[o, 2, 1, 31,
[1, o, 2, 31,
[e, 1, 2, 311

/-- the eight admissible bijections (8 entries), pinned as data; the theorem
‘pinned_lists_are_the_derived_ones " recomputes this from the
definitions and compares, so it is checked and not assumed. -/

def ADML : List (List Nat) :=

[L3, 2, 1, o1,
[3, 1, 2, o1,
[2, 3, o, 11,
[2, o, 3, 11,
[1, 3, o, 21,
[1, o, 3, 21,
[e, 2, 1, 31,
[e, 1, 2, 311

/-- the registry classes at N = 2 (6 entries), pinned as data; the theorem
‘pinned_lists_are_the_derived_ones " recomputes this from the
definitions and compares, so it is checked and not assumed. -/

def X2L : List (List Nat) :=

[[0, o, oI,
fo, o, 11,
[0, 1, oI,
o, 1, 11,
1, o, 11,
1, 1, 111

/-- the registry classes at N = 3 (20 entries), pinned as data; the theorem
‘pinned_lists_are_the_derived_ones ™ recomputes this from the
definitions and compares, so it is checked and not assumed. -/

def X3L : List (List Nat) :=

[[o, o, 0, 0, o],
[0, 0, 0, o, 1],
[0, 0, 0, 1, @],
[e, 0, o, 1, 11,
[e, o, 1, o, o],
[0, o, 1, 0, 11,
[e, o, 1, 1, o1,
[0, o, 1, 1, 11,
[e, 1, 0, o, 1],
[o, 1, 0, 1, @],
[0, 1, o, 1, 11,
[e, 1, 1, o, 11,
e, 1, 1, 1, o1,

12
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293
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Lo,
1,
[1,
[1,
1,
[1,
[1,

’

- 2 000 -

’

’

_,.em e =

’

11,
11,
11,
11,
11,
11,
111

/-- the registry classes at N = 4 (72 entries), pinned as data; the theorem

‘pinned_lists_are_the_derived_ones " recomputes this from the
definitions and compares, so it is checked and not assumed. -/

def X4L :

[Lo,
(o,
[o,
Lo,
(o,
[o,
Lo,
(o,
[o,
Lo,
(o,
[o,
Lo,
(o,
[o,
Lo,
(o,
[o,
[o,
(o,
Lo,
Lo,
(o,
Lo,
[o,
(o,
[o,
[o,
(o,
[o,
[o,
(o,
[o,
[o,
[o,
[o,
[o,
[o,
[o,
(o,
[o,
[o,
(o,
Lo,
Lo,
(o,

’

’

e e e e A A S S TR G TR G TGS IS TS B GS BRNGS BN BN G I G TREC TGS TGS TS IS I G BEGS BNGS BRGNS IS TGS B GS IIGS IGS

List (List Nat) :

i R SSRGS IS RS TGS IS TS T S R S R R e 2 R S s IS IS IS IS BN CS IR G TGS TR G TGS IS I S

07 07 07 0]7

oy

(S S R S R S R i s JEES BECS RS O B O R e S S TGS TS T S S i S e T < S TS BRSBTS RS IS

0:

N ST JE QG Y.~ Y o J S GRS SP. S S~ SNPGRS, ST JHT . SRR G G N ST T o J S G G, S SHF S T T« S S G G G, S )

0:

P S YR, S SN S J I GG, Q. SN ST JE S, SR G S J G QGRS JP. S N T T SRS, S S, S Gy

117,
el,
117,
o],
11,
o1,
117,
el,
117,
o],
11,
o],
117,
el,
117,
117,
el,
117,
o],
11,
o],
117,
11,
o],
117,
el,
117,
],
11,
117,
o],
11,
117,
],
11,
117,
],
11,
117,
],
11,
117,
11,
11,
o],

13
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fe, 1, 1,
[e, 1, 1,
[o, 1, 1,
fe, 1, 1,
[o, 1, 1,
[o, 1, 1,
(1, o, o,
(1, o, o,
[1, o, o,
(1, o, o,
(1, o, o,
[1, o, o,
[1, o, o,
(1, o, o,
(1, o, 1,
(1, o, 1,
[1, o, 1,
(1, o, 1,
(1, o, 1,
[1, o, 1,
1, 1, o,
1, 1, o,
1, 1, o,
L1, 1, o,
1, 1, 1,
, 1, 1,

0, 1, 1, 11,
1, @, 0, 11,
1, @, 1, 11,
1, 1, 0, 11,
1, 1,1, 1,
1, 1,1, 11,
0, 0, 0, 11,
0, 0, 1, 11,
0, 1, 0, 11,
0, 1, 1, 11,
1, @, 0, 11,
1, 0, 1, 11,
1, 1, 0, 11,
1, 1,1, 11,
0, 0, 1, 11,
0, 1, o, 11,
0, 1, 1, 11,
1, 0, 1, 11,
1, 1, 0, 11,
1, 1,1, 11,
0, 0, 1, 11,
0, 1, 1, 11,
1, 0, 1, 11,
1, 1,1, 11,
0, 1, 1, 11,
1, 1, 1,111

-- 1. Markers, the frame group, and the registry sequence
== (Definitions 2.9 and 2.11)

/-- Complementation of every site: the fixed-point-free frame element. -/
def flipM (m :

/-- Reversal

def revM (m :

/-- Definition 2.11.

List Nat) : List Nat

of the site order. -/
List Nat) : List Nat

;= m.map (fun x => 1 - x)

:= m.reverse

The registry sequence D_n = m_n + m_{n+1} in Z/2, of

length 2N - 1, hence of odd length with a well-defined central entry. -/

def Dseq (m :

List Nat) : List Nat :

(List.range (m.length - 1)).map (fun i => (m.getD i @ + m.getD (i + 1) @) % 2)

/-- A list of digits read as a base-four numeral.
order equal-length lists, where the numerical and the lexicographic
orders agree, so that "the least element” names a canonical

representative.

It is used only to

The base must be four and not two:
four-letter alphabet, and in base two the distinct words (BF, FF) and

words are over a

(FB, FF) both read as 4, so the least element of an orbit would not be
well defined and the twenty classes would be counted as twenty-two. -/

def toNat (d :

/-- Definition 2.11.
def Dbar (d :

List Nat) : Nat := d.foldl (fun a b =>4 x a +b) @

if Nat.ble (toNat d) (toNat d.reverse) then d else d.reverse

/-- The class label of a marker assignment. -/

def clsM (m :

List Nat) : List Nat

:= Dbar (Dseq m)

14

The registry class: the sequence modulo reversal. -/
List Nat) : List Nat :
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/-- The frame orbit of a marker assignment, as a duplicate-free list. -/
def orbitM (m : List Nat) : List (List Nat) :=
nub [m, flipM m, revM m, flipM (revM m)]

/-- The classes at a given width. -/
def classesAt (twoN : Nat) : List (List Nat) := nub ((allBits twoN).map clsM)

/-- The twenty classes at 2N = 6, as pinned above. -/
abbrev C20 : List (List Nat) := C20L

/-- Stabiliser type: 1 trivial, 2 = {id, rev} (palindromic),
3 = {id, flip rev} (anti-palindromic). -/
def stabType (m : List Nat) : Nat :=
if revM m == m then 2 else if flipM (revM m) == m then 3 else 1

-- 2. Lemma 2.15: the two frame actions agree

/-- The offset-0 marker-to-word map W of Lemma 2.15. The i-th letter is

determined by the registry bit b1l = m_{2i} + m_{2i+1} and the face bit

b2 = m_{2i+1}: (@,@) |-> FF, (@,1) |-> BB, (1,0) |-> BF, (1,1) |-> FB. -/
def W (m : List Nat) : List Nat :=

(List.range (m.length / 2)).map (fun i =>

let b1 (m.getD (2 * i) @ + m.getD (2 x 1 + 1) @) % 2

let b2 :=m.getD (2 *1i+1) 0% 2

if b1 == @ then (if b2 == 0 then 0 else 3) else (if b2 == 0 then 2 else 1))

/-- Complementation on letters: FF <-> BB and FB <-> BF. -/
def rhoL (x : Nat) : Nat := 3 - x

/-- The reversal twist on letters: FB <-> BF, fixing the aligned class. -/
def tauL (x : Nat) : Nat := if x == 1 then 2 else if x == 2 then 1 else x

def flipW (w : List Nat) : List Nat := w.map rhoL
def revW (w : List Nat) : List Nat := (w.map taulL).reverse

/== The inverse of W, read off its definition: the letter determines the
face bit b2 = m_{2i+1} directly, and then m_{2i} = b1 + b2. -/
def Winv (w : List Nat) : List Nat :=
(w.map (fun x =>
if x == @ then [0, 0] else if x == 1 then [0, 1]
else if x == 2 then [1, 0] else [1, 1])).flatten

/-- W is a bijection of the given marker list onto the given word list, and
intertwines the two frame actions on it. Bijectivity is certified by
exhibiting a two-sided inverse rather than by counting the image: the
inverse is checked in both directions on every element, which is linear,
whereas duplicate-removal over the image is quadratic and at 2N = 8 does
not finish in reasonable memory. -/

def frameOK (ms ws : List (List Nat)) : Bool :=

(ms.all (fun m => Winv (W m) == m)) &&
(ws.all (fun w => W (Winv w) == w)) &&
(ms.all (fun m => (W (flipM m) == flipW (W m)) & & (W (revM m) == revW (W m))))

/-- Lemma 2.15. W is a bijection of {0,1}"{2N} onto Sigma’N for
N=1, 2, 3, 4, and it intertwines the marker frame action with the word

15
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frame action: W o flip = rho®N o W and W o rev = reversal o tau”N o W.

Bijectivity is witnessed by the explicit inverse Winv, checked both

ways on every marker assignment and every word.

The two frame groups of the article are therefore one group acting

through W, which is what licenses passing between the two pictures. -/
theorem frame_actions_agree :

(frameOK B2 Wd1 && frameOK B4 Wd2 && frameOK B6 Wd3 && frameOK B8 Wd4) = true

rfl

/-- Remark 2.17. The witness carried over from the predecessor: the marker
assignment FFFBBF has word (FF, FB, BF), and its images under the two
frame generators are (BB, BF, FB) and (FB, BF, FF). -/

theorem witness_FFFBBF :

W [e, o, 0, 1, 1, @] = [0, 1, 2] /\

W (flipM [0, @, o, 1, 1, @1) = [3, 2, 11 /\

W (rewM [0, @, @, 1, 1, @1) = [1, 2, @] := by
repeat (first | rfl | constructor)

-- 3. Lemma 3.1, Theorem 3.3, Proposition 3.6: the classification

/-- Lemma 3.7, by enumeration. The classes number 2, 6, 20, 72 at
2N = 2, 4, 6, 8, agreeing in each case with 2#{2N-2} + 2*{N-1}. Twenty
is the count at 2N = 6, which is the title of the article. -/

theorem orbit_count_enumerated :

(classesAt 2).length = 2 /\

(classesAt 4).length = 6 /\

C20.length = 20 /\

(classesAt 8).length = 72 /\

(classesAt 2).length =2 * 0 +2 * 0 /\

(classesAt 4).length =2 * 2+ 2 * 1 /\

C20.length = 2 ~ 4 + 2 ~ 2 /\

(classesAt 8).length =2 ~ 6 + 2 * 3 := by
repeat (first | rfl | constructor)

I N

/-- Lemma 3.1, Proof 1. The fixed-point vector of the frame group on

{0,1}"6 is (64, @, 8, 8), and Burnside averages it to twenty. -/
theorem fixed_point_vector :

countP (fun m =>m == m) B6 = 64 /\

countP (fun m => flipM m == m) B6 = 0 /\

countP (fun m => revM m == m) B6 = 8 /\

countP (fun m => flipM (revM m) == m) B6 = 8 /\

(64 +0+8+8)/ 4=20 :=by

repeat (first | rfl | constructor)

/-- flip has no fixed point on the given marker list, while the other two
non-identity frame elements have ‘k* each. -/
def fpfOK (ms : List (List Nat)) (k : Nat) : Bool :=
(countP (fun m => flipM m == m) ms == 0) &&
(countP (fun m => revM m == m) ms == k) &&
(countP (fun m => flipM (revM m) == m) ms == k)

/-- Lemma 4.4(ii) in marker coordinates, at four widths: flip is the unique
element of the frame group with no fixed point, the other two having
2*N each. This is what forces every orbit to have size 2 or 4. -/
theorem flip_is_fixed_point_free :
(fpfOK B2 2 && fpfOK B4 4 &% fpfOK B6 8 && fpfOK B8 16) = true := by rfl

16

:= by
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/-- Theorem 3.3. The orbit map IS the registry sequence modulo reversal.
Stated as an equality of two partitions of the sixty-four marker
assignments: for every assignment, the set carrying its label has the
size of its orbit, and consists exactly of the members of its orbit.
This is not a count that agreed; it is a check of membership in both
directions, over every assignment. -/

theorem Dbar_separates_orbits :

(B6.all (fun m =>
(countP (fun x => clsM x == clsM m) B6 == (orbitM m).length) &&
(B6.all (fun x => (clsM x == clsM m) == (orbitM m).contains x))))
= true := by rfl

/-- Proposition 3.6. No orbit has size one; every orbit has size 2 or 4;
and at 2N = 6 there are eight of size 2 and twelve of size 4. -/

theorem orbit_sizes_two_or_four :
(B6.all (fun m => ((orbitM m).length == 2) || ((orbitM m).length == 4))) = true /\
(B6.all (fun m => !((orbitM m).length == 1))) = true /\
countP (fun ¢ => countP (fun m => clsM m == ¢) B6 == 2) C20
countP (fun c¢ => countP (fun m => clsM m == ¢) B6 == 4) C20

repeat (first | rfl | constructor)

8 /\
12 := by

/-- Proposition 3.6, the stabiliser criterion. An orbit has size two exactly
when its registry sequence is reversal-symmetric; the two families of
size-two orbits are separated by the CENTRAL ENTRY of that sequence,
which is @ on the palindromic family and 1 on the anti-palindromic one.
Checked over all sixty-four assignments. -/

theorem stabiliser_central_entry :

(B6.all (fun m =>
(((orbitM m).length == 2) == (Dseq m == (Dseq m).reverse)) &&
(if stabType m == 2 then (Dseq m).getD 2 @ == 0 else true) &&
(if stabType m == 3 then (Dseq m).getD 2 @ == 1 else true) &&
((stabType m == 1) == ((orbitM m).length == 4))))
= true := by rfl

/-- Corollary 3.7. At 2N = 6 the twenty classes split four palindromic,
four anti-palindromic and twelve free: the values 2*{N-1}, 2*{N-1} and
2°{2N-2} - 2*{N-1} at N = 3. -/
theorem type_counts_at_six :
countP (fun c => !(countP (fun m => (clsM m == c) && (stabType m == 2)) B6 == 0))

C20 = 4 /\

countP (fun ¢ => !(countP (fun m => (clsM m == ¢) && (stabType m == 3)) B6 == 0))
C20 = 4 /\

countP (fun ¢ => !(countP (fun m => (clsM m == c) && (stabType m == 1)) B6 == 0))
C20 = 12 /\

4=2*2/\12=2"*4-2"2 :=hy
repeat (first | rfl | constructor)

-- 4. Two general-N identities, proved by induction for every N

/-- Associativity of multiplication on Nat, proved here by induction rather
than imported: °‘Nat.mul_assoc™ is proved through ‘propext ", and
importing it would have placed an axiom in the audit below. -/

theorem mulAssoc : forall a b c : Nat, a * b * c = a x (b * ¢)

| —, _, @ = rfl
| a, b, (c +1) => by

17
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show axbxc+axb=ax (b x*xc+hb)
rw [Nat.mul_add, mulAssoc a b c]

/-- Doubling a square's factors multiplies it by four. -/
theorem sq2 (a : Nat) : a x 2 * 2 = a * 4 := mulAssoc a 2 2

/-- Two copies of a doubled number make four copies. -/
theorem distrib4 (a : Nat) : a* 2 +a * 2 =a % 4 := (Nat.mul_add a 2 2).symm

/-- Raising the width by one site-pair multiplies the state count by four.
‘Nat.pow_add * would give this in one line, but it is proved through
‘propext *; the ‘show' below only rewrites 2(n+1) into the syntactic
successor form that ‘Nat.pow_succ™ matches, which is a definitional
change and costs no axiom. -/

theorem powTwoStep (n : Nat) : 2 » (2 * (n+ 1)) =2 * (2 *n) * 4 := by

show 2 * 2*xn+1+1)=2"*"(2%*n) x4
rw [Nat.pow_succ, Nat.pow_succ, sq2]

/-- Lemma 3.1, the Burnside arithmetic, FOR EVERY N rather than at
tabulated widths. The fixed-point vector (2*{2N}, @, 2”N, 2”N) verified
above averages over the four frame elements to exactly
27{2N-2} + 2"{N-1}. Written with N = n+1 so that the exponents 2N-2 and
N-1 are literal and no truncated subtraction occurs. -/
theorem burnside_average : forall n : Nat,
22 @2*(n+1))+0+2*~(n+1)y+2*n+1)y=4%2*@2=*xn)+2"*n):=hby
intro n
rw [powTwoStep, Nat.pow_succ, Nat.add_zero, Nat.add_assoc, distrib4 (2 * n),
Nat.mul_add, Nat.mul_comm 4 (2 * (2 * n)), Nat.mul_comm 4 (2 * n)]

/-- Corollary 3.7, the orbit decomposition, FOR EVERY N. If *f" is the
number of free orbits, so that f + 2°N is the total orbit count, then
the 2”N orbits of size two and the f orbits of size four account for
every one of the 2*{2N} marker assignments and for no more. The count
enters as a hypothesis so that no truncated subtraction appears. -/

theorem orbit_decomposition : forall n f : Nat,
f+2*n=2"(2*n) >
2%2*(n+1)y+4*xf=2*Q2=*(n+1)) :=by

intron f h

rw [powTwoStep, Nat.pow_succ, Nat.mul_comm 2 (2 * n * 2), sq2, <- h,
Nat.mul_comm (f + 2 # n) 4, Nat.mul_add 4 f (2 * n), Nat.mul_comm 4 (2 * n),
Nat.add_comm (2 * n *x 4) (4 * )]

-- 5. Proposition 3.15: Trap 4, the two coincidences of counting

def isSortedL : List Nat -> Bool
| [] => true
| [_] => true
| a:: b ::t=>Nat.ble a b & isSortedL (b :: t)

/-- Proposition 3.15(i), the multiset coincidence, refuted. At N = 3 the
twenty classes and the twenty multisets of three letters agree in
number. The agreement does not persist: at N = 4 there are seventy-two
classes against thirty-five multisets. What holds at N = 3 is a
coincidence of two counting functions at one point, and carries no
structure. The multiset counts are obtained by enumeration, not quoted
as binomial coefficients. -/
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theorem multiset_coincidence_is_isolated :
countP isSortedL Wd3 = 20 /\
C20.length = 20 /\
countP isSortedL Wd4 = 35 /\
(classesAt 8).length = 72 /\
I (countP isSortedL Wd4 == (classesAt 8).length) = true := by
repeat (first | rfl | constructor)

/-- The sorted fibre profile of the twenty classes: eight of size two and
twelve of size four. -/
def classProfile : List Nat :=
sortNat (C20.map (fun c => countP (fun m => clsM m == c) B6))

/-- The fibre profile of the standard genetic code, as cited: two amino
acids with one codon, nine with two, one with three, five with four and
three with six, over sixty-one sense codons with three stops outside.
This is an external datum, not a theorem of this file. -/

def codonProfile : List Nat :=

[v,1,2,2,2,2,2,2,2,2,2,3,4,4,4, 4,4 6,6, 6]

/-- Proposition 3.15(ii), the codon coincidence, in its CORRECTED form.
Counting alone does not refute the identification: the twenty classes
carry 8*2 + 12x4 = 64 markers, so a surjection with the right total is
arithmetically possible, and a draft that claimed otherwise was
overstated. What does refute it is the DEGENERACY PROFILE. Both
profiles have twenty entries; the class profile is eight 2s and twelve
4s summing to 64, the code profile sums to 61 with 3 stops outside, and
the two sorted profiles are unequal. No bijection of classes with amino
acids can match fibre sizes. -/

theorem codon_profile_refutation :

8 %2+ 12 % 4 =264 /\
classProfile.length = 20 /\
codonProfile.length = 20 /\

classProfile.foldl (fun a b => a + b) 0 = 64 /\
codonProfile.foldl (fun a b =>a + b) @ = 61 /\
61 + 3 = 64 /\

! (classProfile == codonProfile) = true := by

repeat (first | rfl | constructor)

-- 6. Section 4: descent of a letter transformation

/-- The registry partition: class @ is {FF, BB}, class 1 is {FB, BF}. -/
def clsL (x : Nat) : Nat := if x == @ || x == 3 then 0 else 1

/-- The registry classes: sequences of odd length modulo reversal. -/
def Xof (seqs : List (List Nat)) : List (List Nat) := nub (segs.map Dbar)

/-- The twenty-four bijections of the four-letter alphabet, as pinned above. -/
abbrev P24 : List (List Nat) := P24L

/-- Letterwise application of a transformation to a word. -/
def apT (T : List Nat) (w : List Nat) : List Nat := w.map (fun x => T.getD x Q)

/-- Condition (i): the transformation carries the partition to itself,

either preserving or exchanging the two classes. -/
def preservesPartition (T : List Nat) : Bool :=
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((List.range 4).all (fun x => clsL (T.getD x @) == clsL x)) ||
((List.range 4).all (fun x => !(clsL (T.getD x @) == clsL x)))

def preserveskEachClass (T : List Nat) : Bool :=
(List.range 4).all (fun x => clsL (T.getD x @) == clsL x)

/-- The eight admissible transformations, as pinned above. -/
abbrev ADM : List (List Nat) := ADML

/-- Conjugation of a letter map by a transformation: T g T"{-1}. -/
def conjT (T : List Nat) (g : List Nat) : List Nat :=
(List.range 4).map (fun y =>
T.getD (g.getD ((List.range 4).findIdx (fun k => T.getD k @ == y)) 0) @)

def rhoMap : List Nat :
def tauMap : List Nat :
def idMap : List Nat :
def tauRho : List Nat :

(List.range 4).map rhoL

(List.range 4).map taulL

(List.range 4).map (fun x => x)

(List.range 4).map (fun x => rholL (tauL x))

/-- The least element of a list of words under the numeral order, used as
the canonical name of a frame class of words. -/
def minTo (best : List Nat) : List (List Nat) -> List Nat
| [ => best
| a:: t =>minTo (if Nat.ble (toNat a) (toNat best) then a else best) t

def minOf : List (List Nat) -> List Nat
| [1=>11
| a:: t=minTo a t

def orbitW (w : List Nat) : List (List Nat) :=
nub [w, flipW w, revW w, flipW (revW w)]
def classOfW (w : List Nat) : List Nat := minOf (orbitW w)
def classesW (ws : List (List Nat)) : List (List Nat) := nub (ws.map classOfW)

abbrev CW1 : List (List Nat) := CWIL
abbrev CW2 : List (List Nat) := CW2L
abbrev CW3 : List (List Nat) := CW3L

/-- The word classification agrees with the marker classification of
Section 3, as Lemma 2.15 requires: 2, 6, 20 and 72 classes of words of
length 1, 2, 3 and 4. This is the check that detects a canonical
representative chosen in the wrong base, which would split the twenty
classes into twenty-two without disturbing any other count here. -/

theorem word_classes_match_marker_classes :

CW1.length = 2 /\ CW2.length = 6 /\ CW3.length = 20 /\
CW3.length = C20.length := by
repeat (first | rfl | constructor)

/-- The pinned enumerations are exactly the derived ones.

This is checked by the CHARACTERISTIC PROPERTY of a classification
rather than by recomputing it and comparing. For a list L to be the
classification of a source S under a canonicalising map f, three things
suffice: every entry of L is canonical (f fixes it), every element of S
has its image in L (completeness), and L has no repetitions. Each of
those is linear or quadratic in data that is already given, whereas
recomputing ‘nub (S.map f)  and comparing re-derives the classification
inside the comparison -- which does not finish here.
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The property form is also stronger in one respect and weaker in none:
it does not depend on the order in which the enumeration happens to
produce elements, so it cannot be satisfied by accident of ordering and
cannot fail for want of it. -/
theorem pinned_lists_are_the_derived_ones :
-- the twenty registry classes at 2N = 6
(C20L.all (fun c => Dbar c == c)) = true /\
((allBits 6).all (fun m => C20L.contains (clsM m))) = true /\
(nub C20L == C20L) = true /\ C20L.length = 20 /\
-- the word classifications at three widths
(CW1L.all (fun c => classOfW c == ¢)) = true /\
(Wd1.all (fun w => CW1L.contains (classOfW w))) = true /\
(nub CW1L == CWIL) = true /\
(CW2L.all (fun c => classOfW c == ¢)) = true /\

(Wd2.all (fun w => CW2L.contains (classOfW w))) = true /\
(nub CW2L == CW2L) = true /\

(CW3L.all (fun c => classOfW c == ¢)) = true /\

(Wd3.all (fun w => CW3L.contains (classOfW w))) = true /\

(nub CW3L == CW3L) = true /\
-- the twenty-four bijections and the eight admissible ones
(P24L.all (fun t =>
t.contains @ && t.contains 1 && t.contains 2 && t.contains 3)) = true /\
(Wd4.all (fun t =>
if t.contains @ && t.contains 1 && t.contains 2 && t.contains 3
then P24L.contains t else true)) = true /\
(nub P24L == P24L) = true /\ P24L.length = 24 /\
(P24L.filter preservesPartition == ADML) = true /\
-- the registry classes at N = 2, 3, 4
(X2L.all (fun ¢ => Dbar c == c)) = true /\
(S3.all (fun d => X2L.contains (Dbar d))) = true /\
(nub X2L == X2L) = true /\
(X3L.all (fun ¢ => Dbar c == c)) = true /\
(S5.all (fun d => X3L.contains (Dbar d))) = true /\
(nub X3L == X3L) = true /\
(X4L.all (fun c => Dbar c == c)) = true /\
(S7.all (fun d => X4L.contains (Dbar d))) = true /\
(nub X4L == X4L) = true /\ X4L.length = 72 := by
repeat (first | rfl | constructor)

/-- Lemma 4.5. Exactly eight of the twenty-four bijections are isomorphisms
of structured alphabets; four preserve each class of the partition and
four exchange the two classes. -/

theorem eight_isomorphisms :

P24.1length = 24 /\

ADM.length = 8 /\

(ADM.filter preserveskEachClass).length = 4 /\

(ADM.filter (fun T => !preservesEachClass T)).length = 4 := by
repeat (first | rfl | constructor)

/-- Condition (ii): conjugation carries the structural group to itself. -/
def condII (T : List Nat) : Bool :=
[idMap, rhoMap, tauMap, tauRho].all (fun g => preservesEachClass (conjT T g))

/-- Condition (iii): conjugation fixes complementation. -/
def condIII (T : List Nat) : Bool := conjT T rhoMap == rhoMap

/-- Condition (iv): INTERTWINING of the two frame-group actions. The
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transformation commutes with flip, and with reversal up to flip. This
is the correct form; the literal generator-matching form (iv') below is
strictly stronger and is NOT equivalent to the others. -/
def condIV (T : List Nat) (ws : List (List Nat)) : Bool :=
(ws.all (fun w => apT T (flipW w) == flipW (apT T w))) &&
((ws.all (fun w => apT T (revW w) == revW (apT T w))) ||
(ws.all (fun w => apT T (revW w) == flipW (revW (apT T w)))))

/-- Condition (iv'): literal equivariance for the fixed labelling. -/
def condIVp (T : List Nat) (ws : List (List Nat)) : Bool :=

(ws.all (fun w => apT T (flipW w) == flipW (apT T w))) &&

(ws.all (fun w => apT T (revW w) == revW (apT T w)))

/-- Condition (v): descent to the orbit sets. The image of each orbit
must BE an orbit. Asking only that the image of a representative land
in some class would be vacuous -- every word lies in some class -- so
the image set is compared with the orbit of the image representative,
both ways. -/

def condV (T : List Nat) (cs : List (List Nat)) : Bool :=

cs.all (fun ¢ =>
((orbitW (apT T c¢)).length == (orbitW c).length) &&
((orbitW c).all (fun w => (orbitW (apT T c)).contains (apT T w))))

/-- The five conditions agree at every one of the twenty-four bijections,
for the given width. -/

def tfaeOK (ws cs : List (List Nat)) : Bool :=

P24.all (fun T =>

(preservesPartition T == condII T) &&
(preservesPartition T == condIII T) &&
(preservesPartition T == condIV T ws) &&
(preservesPartition T == condV T cs))

/-- Theorem 4.9. For every one of the twenty-four bijections and for
N =1, 2, 3, the five conditions (i)--(v) take the same truth value.
The equivalence is checked exhaustively, not at a sample: every
transformation, at three widths, every condition evaluated on every
word. -/

theorem descent_conditions_equivalent :
(tfaeOK Wd1 CW1 && tfaeOK Wd2 CW2 && tfaeOK Wd3 CW3) = true := by rfl

/-- Proposition 4.14. Exactly eight of the twenty-four bijections descend. -/
theorem exactly_eight_descend :
(P24.filter (fun T => condV T CW3)).length
(P24.filter (fun T => condV T CW2)).length
ADM.length = 8 := by
repeat (first | rfl | constructor)

8 /\
8 /\

/== (iv') holds exactly for the admissible transformations preserving each
class, at the given width. -/
def ivpOK (ws cs : List (List Nat)) : Bool :=
P24.all (fun T => condIVp T ws == (condV T cs && preservesEachClass T))

/-- Proposition 4.11. The literal condition (iv') is STRICTLY STRONGER than
the other four. For N >= 2 it holds for exactly the four admissible
transformations that preserve each class, and fails for the four that
exchange them: four of twenty-four against eight. The theorem as first
drafted, with (iv') in place of (iv), would have been false. -/

theorem ivprime_strictly_stronger :
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871 (ivpOK Wd2 CW2 && ivpOK Wd3 CW3) = true /\

872 (P24.filter (fun T => condIVp T Wd3)).length = 4 /\

873 (P24.filter (fun T => condV T CW3)).length = 8 /\

874 1 ((P24.filter (fun T => condIVp T Wd3)).length ==

875 (P24.filter (fun T => condV T CW3)).length) = true := by

876 repeat (first | rfl | constructor)
877
878 /—-- The witness of Proposition 4.11: the class-exchanging transformation

879 (FF FB)(BB BF). It is admissible and commutes with complementation, yet
880 it conjugates tau to tau rho rather than to tau -- which is exactly why
881 intertwining holds for it and literal generator-matching does not. -/

832 theorem ivprime_witness :

883 preservesPartition [1, @, 3, 2] = true /\

884 preservesEachClass [1, @, 3, 2] = false /\

885 conjT [1, @, 3, 2] rhoMap = rhoMap /\

886 conjT [1, @, 3, 2] tauMap = tauRho /\

887 condIV [1, @, 3, 2] Wd3 = true /\

388 condIVp [1, @, 3, 2] Wd3 = false := by

889 repeat (first | rfl | constructor)
890
801 /—-- Theorem 4.9, the size clause. Each of the eight admissible

892 transformations induces a bijection of the classes preserving class

893 size. -/

804 theorem descent_preserves_class_size :

895 (ADM.all (fun T => CW3.all (fun c => (orbitW (apT T c)).length == (orbitW c).length)))
896 = true := by rfl

897
808 /-— Example 4.15, the counterexample, as the article states it. The

899 transformation (BB BF), which does not preserve the partition, carries

900 ONE class of size four onto a set of four words lying in FOUR DISTINCT

901 classes, of sizes 2, 2, 4, 4. A transformation that fails the condition

902 does not merely distort the classification; it destroys it. -/

903 theorem counterexample_meets_four_classes :

904 preservesPartition [0, 1, 3, 2] = false /\

905 (orbitw [0, 1, 2]).length = 4 /\

906 (nub ((orbitW [@, 1, 21).map (fun w => classOfW (apT [0, 1, 3, 2] w)))).length = 4 /\
907 sortNat ((orbitW [0, 1, 2]).map (fun w => (orbitW (apT [0, 1, 3, 2] w)).length))
908 =[2, 2, 4, 4] := by

909 repeat (first | rfl | constructor)

910

911 i

912 -- 7. Section 5: the induced action on the classes

913 --

914

915 /-- How many admissible transformations act trivially on the given classes. -/
916 def kerCount (cs : List (List Nat)) : Nat :=

917 (ADM.filter (fun T => cs.all (fun c => classOfW (apT T c) == c))).length

918

919 /== Proposition 5.3(i). The kernel of the action of the admissible

920 transformations on the classes is {id, rho} for N = 2, 3, and is the
921 whole structural group at N = 1. The identity and complementation act
922 trivially; nothing else does. -/

923 theorem kernel_is_id_and_rho :

924 kerCount CW2 = 2 /\

925 kerCount CW3 = 2 /\

926 kerCount CW1 = 4 /\

927 (CW3.all (fun c => classOfW (apT rhoMap c) == c)) = true /\

928 (CW3.all (fun c => classOfW (apT idMap c) == c)) = true := by
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repeat (first | rfl | constructor)

/== The induced map of an admissible transformation on the twenty classes,
recorded as the list of numerals of the image classes. -/
def inducedOn (T : List Nat) : List Nat := CW3.map (fun c => toNat (classOfW (apT T c)))

/-- The distinct induced maps. -/
def INDUCED : List (List Nat) :

nub (ADM.map inducedOn)

/-- Proposition 5.3(iii). The eight admissible transformations induce only
FOUR distinct maps of the twenty classes, each fibre of size two. No
orbit-level quantity can therefore separate more than four of them,
which is the obstruction the whole of Section 5 is about. -/
theorem psi_is_two_to_one :
INDUCED. length = 4 /\
ADM.length = 8 /\
(INDUCED.all (fun img => (ADM.filter (fun T => inducedOn T == img)).length == 2))
= true := by
repeat (first | rfl | constructor)

/-- Proposition 5.5. kappa leaves the odd-indexed entries of the registry
sequence alone and replaces each even-indexed entry by the sum of it and
its two neighbours. -/

def kappaD (d : List Nat) : List Nat :=

(List.range d.length).map (fun i =>
if i % 2 ==1 then (d.getD (i - 1) @ + d.getD i @ + d.getD (i + 1) @) % 2
else d.getD i 0)

/-- lambda is complementation of the registry sequence. -/
def lambdaD (d : List Nat) : List Nat := d.map (fun x => (x + 1) % 2)

abbrev X2 : List (List Nat) := X2L
abbrev X3 : List (List Nat) := X3L
abbrev X4 : List (List Nat) := X4L

/-- kappa and lambda descend to the classes and carry classes to classes. -/
def wdOK (seqgs cls : List (List Nat)) : Bool :=
(segs.all (fun d =>
(Dbar (kappaD d.reverse) == Dbar (kappaD d)) &&
(Dbar (lambdaD d.reverse) == Dbar (lambdaD d)))) &&
(cls.all (fun ¢ => cls.contains (Dbar (kappaD c)) && cls.contains (Dbar (lambdaD c))))

/-- Proposition 5.5, well-definedness. kappa and lambda descend to the
classes: each commutes with reversal up to reversal, so the image class
does not depend on the representative chosen, and each carries classes
to classes. Checked at N =2, 3, 4.

N = 5 is deliberately not included anywhere in this file, and the
omission is recorded rather than hidden. The 272 classes at N = 5 are
built from 512 sequences, and the quantifiers over them exceed the
memory of the machine this dossier was built on; what is lost is a
second odd-N data point, not a claim. The same applies to
“lambda_acts_freely * and ‘“kappa_central_entry . -/

theorem kappa_lambda_well_defined :
(wdOK S3 X2 && wdOK S5 X3 &% wdOK S7 X4) = true := by rfl

/-- Proposition 5.5, the freeness of lambda -- VERIFIED, NOT ASSERTED. The
class-inverting element acts with no fixed class at N = 2, 3, 4. The
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contrast with the other two elements is the point: kappa has 2*N fixed
classes at every N, and kappa lambda has fixed classes exactly when N is
even -- two at N = 2 and eight at N = 4, none at N = 3. An
argument that treated the three non-identity elements alike would be
wrong, and an earlier draft of the article did. -/
theorem lambda_acts_freely :
countP (fun ¢ => Dbar (lambdaD c) == c) X2 = @ /\
countP (fun c => Dbar (lambdaD c) == c) X3 = 0 /\
countP (fun c => Dbar (lambdaD c) == c) X4 = @ /\
countP (fun ¢ => Dbar (kappaD c) == c) X2 = 4 /\
countP (fun c => Dbar (kappaD c) == c) X3 = 8 /\
countP (fun Dbar (kappaD c) == c) X4 = 16 /\

countP (fun ¢ => Dbar (lambdaD (kappaD c)) == c) X2 = 2 /\
countP (fun c => Dbar (lambdaD (kappaD c)) == c) X3 = @ /\
countP (fun c => Dbar (lambdaD (kappaD c)) == c) X4 = 8 := by

— 0O 0O 0O 0O 0 0 00
I
A\

repeat (first | rfl | constructor)
/-- kappa preserves the central entry on the reversal-symmetric classes. -/
def kapSymOK (n : Nat) (cls : List (List Nat)) : Bool :=
cls.all (fun c =>
if ¢ == c.reverse then (kappaD c).getD (n - 1) @ == c.getD (n - 1) 0 else true)

/-- Proposition 5.5, the central entry. kappa preserves the central entry
of the registry sequence on every reversal-symmetric class, at every N
checked; but on EVERY class exactly when N is odd. The last two clauses
are the counterexamples at N = 2 and N = 4, so the even case is a
genuine failure and not an artefact of the representative. -/

theorem kappa_central_entry :

(kapSymOK 2 X2 && kapSymOK 3 X3 && kapSymOK 4 X4) = true /\

(X3.all (fun c => (kappaD c).getD 2 @ == c.getD 2 @)) = true /\

(X2.all (fun c => (kappaD c).getD 1 @ == c.getD 1 0)) = false /\

(X4.all (fun ¢ => (kappaD c).getD 3 @ == c.getD 3 9)) = false := by
repeat (first | rfl | constructor)

/-- Proposition 5.5(i). The kappa formula is not a definition made to fit:
it IS the letterwise action of tau, transported through W. For each of
the sixty-four marker assignments there is exactly one assignment whose
word is tau applied letterwise, and its registry sequence is exactly
kappa of the original. -/

theorem kappa_is_the_tau_action :

(B6.all (fun m => (B6.filter (fun mm => W mm == (W m).map taulL)).length == 1))
= true /\
(B6.all (fun m =>
(B6.filter (fun mm => W mm == (W m).map tauL)).all (fun mm =>
Dseq mm == kappaD (Dseq m))))
= true := by
repeat (first | rfl | constructor)

/-- Theorem 5.8(i). Every admissible transformation commutes with
complementation, the conjugate of rho being rho itself. The residual
indeterminacy of the section is therefore exactly the coset of rho: a
two-element ambiguity and not a larger one. -/

theorem admissible_commutes_with_rho :

(ADM.all (fun T =>
(conjT T rhoMap == rhoMap) &&
((List.range 4).all (fun x => T.getD (rhoL x) @ == rhoL (T.getD x 0)))))
= true := by rfl
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-- 8. Section 6: the variational criterion

== The functional of Definition 6.6 takes dyadic values in the worked

== examples: the ensemble is uniform on two classes, so the denominator

= is 2 throughout. Clearing it turns every comparison into an identity
== of natural numbers, which is what is proved below. Nothing is lost:

== a maximiser of Phi is a maximiser of 2 Phi.

/-- The four induced maps on the classes: identity, kappa, lambda, kappa

lambda. -/
def indMap (k : Nat) (c : List Nat) : List Nat :=
if k == @ then c

else if k == 1 then Dbar (kappaD c)
else if k == 2 then Dbar (lambdaD c)
else Dbar (lambdaD (kappaD c))

/-- A weight, given as a list of class-value pairs and read as a function
vanishing off that list. -/
def wAt (w : List (Prod (List Nat) Nat)) (c : List Nat) : Nat :=
(w.filter (fun p => p.1 == ¢)).foldl (fun a p => a + p.2) @

/-- Definition 6.6, cleared of denominators: the ensemble is a list of
classes each of unit weight. -/
def Phi (mu : List (List Nat)) (w : List (Prod (List Nat) Nat)) (k : Nat) : Nat :=
mu.foldl (fun a ¢ => a + wAt w (indMap k c)) @

def muo : List (List Nat) := [[e, @, @, 0, 0], [0, @, 1, @, 1]1]

def w614 : List (Prod (List Nat) Nat) :=

[([e, o, 1, @, 11, 1), ([0, 1, 1, o, 1], 2), (Lo, 1, @, 1, 11, 4), ([e, 1, @, @, 11, 8)]
def w615 : List (Prod (List Nat) Nat) :=

[(lo, o0, 1, @, 11, 1), ([0, 1, @, 1, 11, 1)]
def w616 : List (Prod (List Nat) Nat) :=

[([o, 0, 1, o, 11, 1), (Lo, 1, 1, o, 11, 1), (Lo, 1, 0, 1, 11, 5), ([0, @, 0, @, 11, 3)]

/== How many of the four values attain the stated maximum. -/
def argmaxCount (w : List (Prod (List Nat) Nat)) (best : Nat) : Nat :=
((List.range 4).filter (fun k => Phi mu@ w k == best)).length

/-- Example 6.14. A weight for which the four values of the functional are
1, 2, 4, 8 (that is 1/2, 1, 2, 4 before clearing), so the maximiser is
unique and is kappa lambda. Off the degeneracy locus the criterion
selects a single transformation up to the residual coset. -/

theorem phi_unique_maximiser :

Phi mu@ w614 @ = 1 /\ Phi mu@ w614 1
Phi mu@ w614 2 = 4 /\ Phi mu@ w614 3
argmaxCount w614 8 = 1 := by

repeat (first | rfl | constructor)

2 /\
8 /\

/-- Example 6.15. A lambda-invariant weight ties the four values in two
pairs: the functional cannot then distinguish a transformation from its
composite with the class-inverting element. This is a point of the
degeneracy locus arising from a symmetry of the weight. -/

theorem phi_tie_from_symmetry :

(C20.all (fun c => wAt w615 (Dbar (lambdaD c)) == wAt w615 c)) = true /\
Phi mu@ w615 @ = 1 /\ Phi mu@ w615 1 = @ /\
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1103 Phi mu@ w615 2 = 1 /\ Phi mud w615 3 = @ /\
1104 Phi mu@ w615 @ = Phi mu@ w615 2 /\ Phi mu@ w615 1 = Phi mu@ w615 3 := by

1105 repeat (first | rfl | constructor)

1106

1107 /== Remark 6.17, the witness that the degeneracy locus is STRICTLY LARGER
than the locus of non-unique maximisers. Here two of the four values
coincide, so the point lies on Z; the maximiser is nevertheless unique;
and neither the ensemble nor the weight carries a symmetry. Degeneracy

of the functional is therefore not explained by symmetry of its data,

1108
1109
1110
1111

1112 which is the content of the remark. -/

1113 theorem Z_strictly_larger_than_Zmax :

1114 Phi mu@ w616 @ = 1 /\ Phi mu@ w616 1 = 1 /\
1115 Phi mu@ w616 2 = 5 /\ Phi mu@ w616 3 = @ /\

Phi mu@ w616 @ = Phi mu@ w616 1 /\

argmaxCount w616 5 = 1 /\

(C20.all (fun c => wAt w616 (Dbar (lambdaD c)) == wAt w616 c)) = false /\

(C20.all (fun c => wAt w616 (Dbar (kappaD c)) == wAt w616 c)) = false := by
repeat (first | rfl | constructor)

1116
1117
1118
1119
1120
1121
1122 /-- Proposition 6.11. The four induced maps are pairwise distinct as maps

of the twenty classes. Each of the six pair conditions defining the

degeneracy locus is therefore a nonzero bilinear form, and Z is a proper

closed subset rather than the whole parameter space. -/
theorem four_induced_maps_distinct :

(nub ((List.range 4).map (fun k => C20.map (fun c => toNat (indMap k c))))).length = 4 :=

rfl

1123
1124
1125
1126
1127 by
1128
1129
1130 /-- Remark 6.18. The class-inverting element has ten orbits, all of size

two, on the twenty classes -- which is the dimension the remark records

for the space of weights tying the functional in pairs. -/
theorem lambda_has_ten_orbits :

(nub (C20.map (fun c¢ => minOf (nub [c, Dbar (lambdaD c)])))).length = 10 /\

(C20.all (fun c => (nub [c, Dbar (lambdaD c)]).length == 2)) = true := by

repeat (first | rfl | constructor)

1131
1132
1133
1134
1135
1136

1137

1138 ——
-- 9. Appendix A:
1140 —-—

1139 the printed table

1141
1142 /== One row of Table A.1: representative, class label, class size,

1143 stabiliser type, central entry, and the images under kappa and lambda. -/

1144 structure Row where
1145 rep : List Nat
1146 1bl : List Nat
1147 size : Nat

1148 stab : Nat

1149 cen : Nat

1150 kap : List Nat
1151 lam : List Nat

deriving BEq

1152

1153

1154
1155
1156
1157
1158
1159
1160

/-- The twenty rows exactly as printed
B written 1 in the representative,

2 palindromic, 3 anti-palindromic.
def tableA : List Row :=
L
Row.mk [0, @, @, 0, @, 0] [0, o, 0,
Row.mk [0, @, @, 0, @, 1] [0, o, 0,

in Appendix A, with F written @ and
and the stabiliser types 1 trivial,
/

] [1: 1: 1: 1: 1]:
» 11 e, 1, 1, 1, 11,
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1212
1213
1214
1215
1216
1217

1218
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Row.mk [@, @, ¢, ©, 1, 11 [0, 0, 0, 1, 01410 [0, 0, 0, 1, @1 [1, 0, 1, 1, 11,
Row.mk [0, @, 0, 0, 1, @1 [0, 0, @, 1, 11410 [0, 0, 0, 0, 11 [0, 0, 1, 1, 11,
Row.mk [@, @, @, 1, 1, 11 [0, 0, 1, @, 0123 1[0, 1, 1, 1, @1 [1, 1, @, 1, 11,
Row.mk [@, @, ¢, 1, 1, @1 [0, @, 1, @, 11411 7[0, 1, 1,0, 1100, 1, 0, 1, 11,
Row.mk [0, @, 0, 1, @, @1 [0, @, 1, 1, 01411 [0, 0, 1, 1, @1 [1, 0, 0, 1, 11,
Row.mk [@, @, 0, 1, @, 11 [0, 0, 1, 1, 11411 [0, 1, 1, 1, 11 [0, 0, o, 1, 11,
Row.mk [@, @, 1, 1, 1, @1 [0, 1, 0, 0, 11410 ([0, 1,0, 1, 1100, 1, 1, 0, 11,
Row.mk [0, @, 1, 1, 0, @1 [0, 1, @, 1, @1 220 [0, 1, 0, 1, @] [1, @, 1, 0, 1],
Row.mk [@, @, 1, 1, @, 11 [0, 1, 0, 1, 11410 [0, 1, 0, 0, 11 [0, 0, 1, 0, 11,
Row.mk [@, @, 1, 0, @, 11 [0, 1,1, 0, 1141 17[0, 0, 1,0, 11[0, 1, 0, 0, 11,
Row.mk [0, @, 1, @, 1, 11 [0, 1, 1, 1, 01231 [0, 0, 1, 0, 1 [1, 0, 0, 0, 11,
Row.mk [@, @, 1, @, 1, @1 [0, 1,1, 1, 11411 1[0, 0, 1, 1, 11 [0, 0, 0, 0, 11,
Row.mk [@, 1, 1, 1, 1, @1 [1, 0, @, @, 11220 [1, 1, 0, 1, 11 [0, 1, 1, 1, oI,
Row.mk [0, 1, 0, ©, @, 11 [1, 0, @, 1, 11410 [1, 0,0, 1, 110[0, 0, 1, 1, oI,
Row.mk [@, 1, 1, @, @, 11 [1, 0, 1, @, 11231 1[1,0, 1,0, 110[0, 1, 0, 1, oI,
Row.mk [@, 1, @, 1, 1, @1 [1, @, 1, 1, 11411 1[1, 0, 1,1, 11 1[0, 0, 0, 1, oI,
Row.mk [0, 1, 0, @, 1, @1 [1, 1, 0, 1, 11220 [1, 0, 0, ¢, 11 [0, o, 1, o, oI,
Row.mk [@, 1, @, 1, @, 11 [1, 1,1, 1, 1123111, 1, 1,1, 11 [0, 0, @, 0, 0]
]

/-- The row this file computes for a given representative. -/
def rowOf (m : List Nat) : Row :=
Row.mk m (clsM m) (orbitM m).length (stabType m) ((clsM m).getD 2 0)
(Dbar (kappaD (clsM m))) (Dbar (lambdaD (clsM m)))

/-- Appendix A. Every one of the twenty printed rows is recomputed from the
definitions and agrees field by field. The table is also COMPLETE and
without repetition: the twenty printed labels are distinct, and every
one of the twenty classes appears among them, so nothing was printed
twice and nothing was left out. -/

theorem tableA_agrees :
tableA.length = 20 /\

(tableA.all (fun r => rowOf r.rep == r)) = true /\

(nub (tableA.map (fun r => r.1bl))).length = 20 /\

(C20.all (fun c => (tableA.map (fun r => r.1lbl)).contains c)) = true := by
repeat (first | rfl | constructor)

/-- Appendix A, the asterisks. Exactly eight of the twenty classes are
fixed by kappa, which is the 2”"N of Proposition 5.5 at N = 3. -/
theorem tableA_kappa_fixed :
(tableA.filter (fun r => r.kap == r.1lbl)).length = 8 /\
(8 : Nat) =2 * 3 := by
repeat (first | rfl | constructor)

end ChryseneFormalism.Article45

-- Kernel Axiom Audit:

#print axioms ChryseneFormalism.Article45.frame_actions_agree
#print axioms ChryseneFormalism.Article45.witness_FFFBBF

#print axioms ChryseneFormalism.Article45.orbit_count_enumerated
#print axioms ChryseneFormalism.Article45.fixed_point_vector
#print axioms ChryseneFormalism.Article45.flip_is_fixed_point_free
#print axioms ChryseneFormalism.Article45.Dbar_separates_orbits
#print axioms ChryseneFormalism.Article45.orbit_sizes_two_or_four
#print axioms ChryseneFormalism.Article45.stabiliser_central_entry
#print axioms ChryseneFormalism.Article45.type_counts_at_six
#print axioms ChryseneFormalism.Article45.mulAssoc

#print axioms ChryseneFormalism.Article45.sq2
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#print
#print
#print
#print
#print
#print
#print
#print
#print
#print
#print
#print
#print
#print
#print
#print
#print
#print
#print
#print
#print
#print
#print
#print
#print
#print
#print
#print
#print

axioms
axioms
axioms
axioms
axioms
axioms
axioms
axioms
axioms
axioms
axioms
axioms
axioms
axioms
axioms
axioms
axioms
axioms
axioms
axioms
axioms
axioms
axioms
axioms
axioms
axioms
axioms
axioms
axioms

ChryseneFormalism.
ChryseneFormalism.
ChryseneFormalism.
ChryseneFormalism.
ChryseneFormalism.
ChryseneFormalism.
ChryseneFormalism.
ChryseneFormalism.
ChryseneFormalism.
ChryseneFormalism.
ChryseneFormalism.
ChryseneFormalism.
ChryseneFormalism.
ChryseneFormalism.
ChryseneFormalism.
ChryseneFormalism.
ChryseneFormalism.
ChryseneFormalism.
ChryseneFormalism.
ChryseneFormalism.
ChryseneFormalism.
ChryseneFormalism.
ChryseneFormalism.
ChryseneFormalism.
ChryseneFormalism.
ChryseneFormalism.
ChryseneFormalism.
ChryseneFormalism.
ChryseneFormalism.

Article45.
Article45.
Article45.
Article45.
Article45.
Article45.
Article45.
Article45.
Article45.
Article45.
Article45.
Article45.
Article45.
Article45.
Article45.
Article45.
Article45.
Article45.
Article45.
Article45.
Article45.
Article45.
Article45.
Article45.
Article45.
Article45.
Article45.
Article45.
Article45.

distrib4

powTwoStep

burnside_average
orbit_decomposition
multiset_coincidence_is_isolated
codon_profile_refutation
pinned_lists_are_the_derived_ones
eight_isomorphisms
word_classes_match_marker_classes
descent_conditions_equivalent
exactly_eight_descend
ivprime_strictly_stronger
ivprime_witness
descent_preserves_class_size
counterexample_meets_four_classes
kernel_is_id_and_rho
psi_is_two_to_one
kappa_lambda_well_defined
lambda_acts_freely
kappa_central_entry
kappa_is_the_tau_action
admissible_commutes_with_rho
phi_unique_maximiser
phi_tie_from_symmetry
Z_strictly_larger_than_Zmax
four_induced_maps_distinct
lambda_has_ten_orbits
tableA_agrees

tableA_kappa_fixed

Listing 1: Complete machine-checked Lean 4 formalization FormalProof_A45.lean for Article 45
Core Lean only.

4 Lean 4 Kernel Axiom Audit Log

1 1247 lines,

The following is the verbatim standard output of the compiler, reproduced without edit. The command terminated
with exit status 0 and emitted no warning and no error; the 40 lines below are therefore the whole of its output.

Toolchain.

Compile and audit.

'ChryseneFormalism.Article45.
'ChryseneFormalism.Article45.
'ChryseneFormalism.Article45.

'ChryseneFormalism.Article45.
'ChryseneFormalism.Article45.

'ChryseneFormalism.Article45.

'ChryseneFormalism.Article45.

$ lean --version

Lean (version 4.14.0, x86_64-unknown-linux-gnu, commit 410fab728470, Release)

$ lean FormalProof_A45.1lean

'ChryseneFormalism.Article45. frame_actions_agree' does not depend on any axioms
'ChryseneFormalism.Article45.witness_FFFBBF' does not depend on any axioms
'ChryseneFormalism.Article45.orbit_count_enumerated' does not depend on any axioms
fixed_point_vector' does not depend on any axioms
flip_is_fixed_point_free' does not depend on any axioms
Dbar_separates_orbits' does not depend on any axioms
'ChryseneFormalism.Article45.orbit_sizes_two_or_four' does not depend on any axioms
stabiliser_central_entry' does not depend on any axioms
type_counts_at_six' does not depend on any axioms
'ChryseneFormalism.Article45.mulAssoc' does not depend on any axioms

sq2' does not depend on any axioms
'ChryseneFormalism.Article45.distrib4' does not depend on any axioms

powTwoStep' does not depend on any axioms
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'ChryseneFormalism.Article45.burnside_average' does not depend on any axioms
'ChryseneFormalism.Article45.orbit_decomposition' does not depend on any axioms
'ChryseneFormalism.Article45.multiset_coincidence_is_isolated' does not depend on any axioms
'ChryseneFormalism.Article45.codon_profile_refutation' does not depend on any axioms
'ChryseneFormalism.Article45.pinned_lists_are_the_derived_ones' does not depend on any axioms
'ChryseneFormalism.Article45.eight_isomorphisms' does not depend on any axioms
'ChryseneFormalism.Article45.word_classes_match_marker_classes' does not depend on any axioms
'ChryseneFormalism.Article45.descent_conditions_equivalent' does not depend on any axioms
'ChryseneFormalism.Article45.exactly_eight_descend' does not depend on any axioms
'ChryseneFormalism.Article45.ivprime_strictly_stronger' does not depend on any axioms
'ChryseneFormalism.Article45.ivprime_witness' does not depend on any axioms
'ChryseneFormalism.Article45.descent_preserves_class_size' does not depend on any axioms
'ChryseneFormalism.Article45. counterexample_meets_four_classes' does not depend on any axioms
'ChryseneFormalism.Article45.kernel_is_id_and_rho' does not depend on any axioms
'ChryseneFormalism.Article45.psi_is_two_to_one' does not depend on any axioms
'ChryseneFormalism.Article45.kappa_lambda_well_defined' does not depend on any axioms
'ChryseneFormalism.Article45.lambda_acts_freely' does not depend on any axioms
'ChryseneFormalism.Article45.kappa_central_entry' does not depend on any axioms
'ChryseneFormalism.Article45.kappa_is_the_tau_action' does not depend on any axioms
'ChryseneFormalism.Article45.admissible_commutes_with_rho' does not depend on any axioms
'ChryseneFormalism.Article45.phi_unique_maximiser' does not depend on any axioms
'ChryseneFormalism.Article45.phi_tie_from_symmetry' does not depend on any axioms
'ChryseneFormalism.Article45.7Z_strictly_larger_than_Zmax' does not depend on any axioms
'ChryseneFormalism.Article45. four_induced_maps_distinct' does not depend on any axioms
'ChryseneFormalism.Article45.1lambda_has_ten_orbits' does not depend on any axioms
'ChryseneFormalism.Article45. tableA_agrees' does not depend on any axioms
'ChryseneFormalism.Article45.tableA_kappa_fixed' does not depend on any axioms

Exit code 0. Every theorem reports does not depend on any axioms: not propext, not Quot.sound,
not Classical.choice, and not sorryAx.

How to read this log, and how to check it. The phrase does not depend on any axioms is Lean’s strongest
report. Its weaker forms are worth recognising: propext, Quot.sound and Classical.choice are standard
and harmless, while sorryAx means the theorem was admitted rather than proved — Lean emits an error for
the failed tactic but still accepts the declaration, so a theorem can appear in a file, be cited in a table, and not
be proved at all. A reader who wants to confirm the present dossier should run the file and compare against
the lines above; a reader who wants to confirm that the check is not vacuous should alter one of the defining
constants and watch the kernel refuse the result. rhol is the instructive one: complementation changed from
the fixed-point-free involution to a four-cycle leaves eleven of the forty theorems unproved, the pinning
theorem among them. A single digit of one row of tableA is the narrow one, and leaves exactly the two
theorems about the table.
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