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Axiom-Free Invariants of the Cut-Set Lattice in the Chrysene Formalism

Admissible Maximal Chains, Obstruction Functionals, and Disjoint Optima on Hamiltonian Paths

Charles D. Schaper, Ph.D., Schaper Systems Press
Annals of the Chrysene Formalism, Vol. 1, Issue 4

Verification script: verify_A87.py Lean proof: acf-87-proof.lean

Certification Summary

Item Value
Script verify_A87.py
Total checks 208
Passed 208
Failed 0
Exit code 0
Blocks 18 (U1–U18)
Float literals in the source 0
Code shared with the article’s generator none
Macros cross-checked 74 of 108
Dependencies Python standard library only

Lean proof file acf-87-proof.lean
Lean theorems 68
Goals re-evaluated independently 68
sorry / native_decide / import 0 / 0 / 0
Kernel run not yet performed

This harness re-derives; it does not re-read

Article 87 is formal, and that changes what a harness can do for it. Article 83’s
data were measured by other people, so its harness could only check the arithmetic performed
on them. Everything Article 87 asserts follows from the skeleton, so this harness computes it
again from scratch. It shares no code with the article’s own generator and uses a different
algorithm wherever one exists:

Quantity The generator This harness
edge sets sorted tuples 21-bit masks
ring perception greedy SSSR over a every six-cycle of the

cycle basis current edge set
cut sets itertools over tuples bitmask subsets
spanning trees Kirchhoff determinant direct enumeration
the isomers hexagonal-lattice walk explicit ring lists

The last is deliberate. The lattice construction was written wrong twice during the drafting
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of Article 87, both times producing output that was internally consistent and about the
wrong molecules. This harness builds the five isomers from hand-written ring lists and checks
each against an invariant the construction does not control — the order of its automorphism
group, predicted by the molecular point group — and checks the hand-built chrysene for
isomorphism with the skeleton of block U1.

Block U18 cross-checks 74 of the generator’s 108 macros. All 74 agree exactly.
Because the two enumerations share no code, agreement is evidence that the figures are right
and not merely that they are self-consistent.

What this harness cannot do, which is not what you would expect

Article 83’s limit was its data. Article 87 has none, so a reader might take its harness to be
unlimited. It is not, and the limit is of a different kind: it is the article’s method.

Article 87’s central result, the activation bound of Theorem 7.1, is established by exhaustion.
This harness re-performs the exhaustion with different machinery, which raises confidence
in the integer and explains nothing whatever about it. Target 14.1 asks for a proof, and no
amount of verification — here, or in the Lean file, or in both together — moves a step toward
one. Checks marked enumerative say so at the three places where the distinction bites
hardest.

A reader who takes “208 checks passed” as settling Article 87 has mistaken a confirmation
for an explanation. The confirmation is worth having; the article says in its own conclusion
that an enumeration is not an explanation, and this dossier does not say otherwise.

The Lean file has not been through a kernel

acf-87-proof.lean was written in an environment with no Lean toolchain. Its content has
been checked — all 68 goals were re-evaluated by lean_certificates_87.py, using mirrors
of the Lean definitions including its list operations, and all 68 hold. Its syntax has not,
because checking it requires Lean.
So the propositions are true and whether the file elaborates is unknown. The companion
proof dossier marks the kernel run, the axiom audit and the elaboration time as pending
rather than estimating them, and says why.
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Block Index

Block Topic Checks
U1 The skeleton, built independently from the ring list 8
U2 Bond classes, and chords as a proper subset 8
U3 The automorphism group, by independent search 11
U4 Spanning trees and the skeletons they reach 3
U5 Chain-forming cut sets, by bitmask enumeration 8
U6 Ring perception, by every six-cycle of the current

state
6

U7 Clean orderings under the weak and strict criteria 7
U8 Linearizability: no clean ordering iff all four bonds

are ff
6

U9 The activation index and its lower bound (enu-
merative)

9

U10 The parent count bounds the index from above 4
U11 The substituent pattern, and the unique terminal

one
7

U12 The incompatibility of the minimum with the prod-
uct

13

U13 The orbit quotient, and σ-invariance as a check 8
U14 The five isomers, built from explicit ring lists 10
U15 The oxidation number as a state function 10
U16 The ring-count series and the fusion-content iden-

tity
6

U17 The devices reject a figure moved by one unit 7
U18 Cross-check against the article’s own generator 77

Total 208

Scope of Verification
What is verified, by re-derivation.

• The skeleton itself: eighteen vertices, twenty-one edges, cyclomatic number four, and the six
ring-fusion carbons derived as the vertices of degree three rather than supplied by hand, so
that no list of fusion locants can be wrong.

• The three bond classes and the proper inclusion of the three chords in the five fusion–fusion
bonds — the distinction the article’s Remark 3.3 exists to make, and on which every bound in
sections 6 to 8 depends.

• The automorphism group by independent search: order two, an involution, fixing no vertex,
preserving the fusion and substituted sets, carrying one K-region bond to the other, and
inducing eleven edge orbits that sum to twenty-one.

• 1,189 spanning trees by direct enumeration — where the generator uses a Kirchhoff determinant
— and 252 alkane skeletons by a canonical form computed from leaf peeling.
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• 27 chain-forming cut sets by bitmask enumeration, each leaving a genuine path and not merely
a tree, and all 27 reaching one and the same alkane skeleton.

• Ring perception by a second algorithm: every six-cycle of the current state. Agreement with
the generator’s greedy smallest-set-of-smallest-rings is a check on both, and U6 additionally
verifies the property that makes the second algorithm correct here — that deleting a chord
destroys two rings and deleting any other edge destroys one.

• 24 cut sets admitting a clean ordering, 54 strictly clean orderings and 110 weakly clean, with
every strictly clean ordering checked to be weakly clean.

• The linearizability characterisation as an equality of sets, with the proved direction’s reason
also checked: in the parent every fusion carbon lies in two rings, so an all-fusion cut set offers
no admissible first step.

• The activation bound, its distribution {2:12, 3:12}, and that the minimum is attained; that
the parent count bounds the index from above and falls strictly below it in twelve cases; and
that 42 of the 54 clean orderings have an unobstructed first step, which is why a first-step
argument yields nothing on this domain.

• The seven substituent patterns, the uniqueness of the terminal one, that all six cut sets
realising it carry index three, and that no activation-minimal cut set realises it — the article’s
main result.

• The recorded cut set and the recorded ordering: clean under both criteria, attaining the
minimum index for its cut set, and realising the target pattern.

• The orbit quotient 27 = 3 + 12 × 2, and that every tabulated invariant is constant on each
orbit — zero mismatches, which is the free consistency check the article takes and an earlier
draft did not.

Three defects this harness found in itself, recorded because the second is a recurrence
and the third is the same recurrence again.

• The fusion offsets were wrong. The first draft of block U14 used offset 2 for linear fusion
where the correct value is 3, and produced a “chrysene” with |Aut| = 1 and a “tetracene” with
|Aut| = 2. The point-group check caught it immediately. Two of the four offsets then turned
out to be the opposite of what the isomer names suggest, and were settled not by intuition
but by isomorphism against the skeleton of block U1.

• The series was built one ring short — the same off-by-one, in different machinery, that
the article’s own lattice construction made twice. Block U16’s ring-count check caught it.
That the error recurred in an independent reimplementation is itself worth recording: it is
a property of the problem, not of one programmer, and the defence is a check from outside
rather than more care.

• The cross-check count was stated as 75 and is 74 — a third off-by-one, this time not in
the mathematics but in the dossier’s own description of itself. Block U18 holds seventy-seven
checks: one that the generator’s output is present, 74 macro comparisons, one that they all
agree, and one recording the independence of the two derivations. The figure 74 is now read
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from the comparison list rather than written down beside it. Caught by a clean-room build,
which also exposed the related omission below.

Required inputs. This harness is independent of the article’s generator in its algorithms, not
in its inputs: block U18 exists in order to cross-check the generator, so the generator’s output —
verification_values_a87.tex — must sit beside verify_A87.py for a complete run. With it,
the run is 208 checks. Without it, U18’s 74 comparisons are not performed, the harness says so in
one line and exits nonzero; it does not report them as passing. The first clean-room build of this
dossier shipped without that file and produced seventy-five failures, which is how the omission was
found.

What is not verified.

• Theorem 7.1 is not proved, here or anywhere. It is confirmed twice by exhaustion.
Checks U9-06, U8-03 and U16-06 carry the label enumerative to mark the three places
where a reader might otherwise take confirmation for proof.

• Conjecture 10.2 is not established. U16 checks the relation k − 2 at the ring counts
available and records the agreement of the two minima as an observation, not a result.

• The harness is a regression test on the conclusions. U12 fails if the incompatibility does
not hold. That is intended, and it means the file is not an independent test of the conclusions
it encodes — only of the computation behind them.
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Script Listing: verify_A87.py

verify_A87.py — complete source
1 #!/ usr/bin/env python3

# =====================================================================
# verify_A87 .py
# Independent verification harness for
# Annals of the Chrysene Formalism , Article 87,

6 # "The Cleavage Poset of the Chrysene Skeleton : Clean Orderings , an
# Activation Obstruction , and a Product - Constrained Lower Bound"
#
# Companion to the Lean 4 proof file acf -87- proof.lean
# and to the article ’s own generator verify_a87 .py.

11 #
# Run: python3 verify_A87 .py summary only
# python3 verify_A87 .py -v every check , with its value
#
# Exit code 0 if and only if every check passes .

16 #
# ------------------------------------------------------------------
# WHAT MAKES THIS HARNESS DIFFERENT FROM THE ARTICLE 83 ONE
#
# Article 83 is a concordance paper: its data were measured by other

21 # people , so a harness can only check the arithmetic performed on them.
# Article 87 is formal . Everything it asserts follows from the
# skeleton , so a harness can RE - DERIVE it rather than re -read it , and
# that is what this file does. It shares no code with the article ’s
# own generator and uses different algorithms at every point where a

26 # different algorithm exists :
#
# quantity generator this harness
# ------------------ ------------------------ -------------------
# edge sets sorted tuples 21- bit masks

31 # ring perception greedy SSSR over an every 6-cycle of the
# enumerated cycle basis current edge set
# cut sets itertools over tuples bitmask subsets
# spanning trees Kirchhoff determinant direct enumeration
# the isomers hexagonal - lattice walk explicit ring lists

36 #
# The last is deliberate . The lattice construction was written wrong
# twice during the drafting of Article 87, both times producing output
# that was internally consistent and about the wrong molecules . This
# harness builds the five isomers from hand - written ring lists instead

41 # and checks that each is isomorphic to the lattice -built graph , so a
# third recurrence of that error would be caught here rather than
# propagating .
#
# Agreement between two independent enumerations is evidence . Block

46 # U18 makes it explicit , macro by macro.
#
# ------------------------------------------------------------------
# WHAT A HARNESS CANNOT DO FOR THIS ARTICLE
#

51 # Article 87’s limit is not its data -- it has none -- but its method .
# Its central result , the activation bound , is established by
# EXHAUSTION and not by argument . This harness re - performs the
# exhaustion with different machinery , which raises confidence in the
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# integer and explains nothing about it. No amount of verification
56 # reaches Target 14.1 , which asks for a proof. Checks marked

# ENUMERATIVE say so where it matters .
# =====================================================================

import os
61 import re

import sys
import itertools
from fractions import Fraction as F

66 HERE = os.path. dirname (os.path. abspath ( __file__ ))
VERBOSE = "-v" in sys.argv or "--verbose " in sys.argv

CHECKS = []
_BLOCK = [None]

71

def block(tag , title):
_BLOCK [0] = (tag , title)
if VERBOSE :

76 print ()
print("=" * 74)
print(" %-5s %s" % (tag , title))
print("=" * 74)

81

def ck(num , desc , ok , shown="", kind=""):
tag = "%s -%02d" % ( _BLOCK [0][0] , num)
CHECKS . append ((tag , desc , bool(ok), str(shown), kind))
if VERBOSE :

86 suffix = (" [%s]" % kind) if kind else ""
print(" %-8s %s %-44s %s%s"

% (tag , "PASS" if ok else "FAIL", desc [:44] , shown , suffix ))
return bool(ok)

91

# ---------------------------------------------------------------------
# DEVICES
# ---------------------------------------------------------------------
def rounds_to (n, d, r, s):

96 """n/d rounds to r/s, by 2|ns - rd| < d. Strict , so an exact half
is declined rather than taking a convention silently ."""
assert d > 0 and s > 0
return 2 * abs(n * s - r * d) < d

101

def popcount (x):
return bin(x).count("1")

106 # =====================================================================
# U1 THE SKELETON , BUILT FROM THE RING LIST
# =====================================================================
block("U1", "The skeleton , built independently from the ring list")

111 RINGS = [["1", "2", "3", "4", "4a", "12a"],
["4a", "4b", "10b", "11", "12", "12a"],
["4b", "5", "6", "6a", "10a", "10b"],
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["6a", "7", "8", "9", "10", "10a"]]

116 # Edges as a canonical sorted list; the INDEX of an edge in this list
# is its bit position for the rest of the file.
_E = set ()
for _c in RINGS:

for _i in range (6):
121 _E.add(tuple( sorted ((_c[_i], _c[(_i + 1) % 6]))))

EDGES = sorted (_E)
EIDX = {e: i for i, e in enumerate (EDGES)}
NE = len(EDGES)
FULL = (1 << NE) - 1

126 VERTS = sorted ({v for e in EDGES for v in e})
NV = len(VERTS)

# Incidence as a bitmask per vertex : which edges touch it.
INC = {v: 0 for v in VERTS}

131 for e, i in EIDX. items ():
INC[e[0]] |= 1 << i
INC[e[1]] |= 1 << i

FUSION = {v for v in VERTS if popcount (INC[v]) == 3}
136 SUBST = {"6", "12"}

ck(1, "order of the skeleton ", NV == 18, NV)
ck(2, "size of the skeleton ", NE == 21, NE)
ck(3, " cyclomatic number ", NE - NV + 1 == 4, NE - NV + 1)

141 ck(4, "every ring is a hexagon ", all(len(c) == 6 for c in RINGS), 4)
ck(5, "ring - fusion carbons , DERIVED from degree three",

len( FUSION ) == 6, len( FUSION ))
ck(6, "and they are the expected locants ",

FUSION == {"4a", "4b", "6a", "10a", "10b", "12a"},
146 ",".join( sorted ( FUSION )))

ck(7, "every vertex has degree two or three",
all( popcount (INC[v]) in (2, 3) for v in VERTS), "2 or 3")

ck(8, "the substituted locants are not fusion carbons ",
not (SUBST & FUSION ), "6, 12")

151

# =====================================================================
# U2 BOND CLASSES AND THE CHORDS
# =====================================================================

156 block("U2", "Bond classes , and chords as a proper subset ")

FF = [e for e in EDGES if e[0] in FUSION and e[1] in FUSION ]
FH = [e for e in EDGES if (e[0] in FUSION ) != (e[1] in FUSION )]
HH = [e for e in EDGES if e[0] not in FUSION and e[1] not in FUSION ]

161 FFMASK = 0
for e in FF:

FFMASK |= 1 << EIDX[e]

# A chord is an edge lying in two of the four rings. Counted here by
166 # membership in the ring lists , not by any ring - perception algorithm .

RINGEDGES = []
for c in RINGS:

m = 0
for i in range (6):

171 m |= 1 << EIDX[tuple( sorted ((c[i], c[(i + 1) % 6])))]
RINGEDGES . append (m)
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CHORDS = [e for e in EDGES
if sum (1 for m in RINGEDGES if m >> EIDX[e] & 1) >= 2]

176 ck(1, "fusion - fusion bonds", len(FF) == 5, len(FF))
ck(2, "mixed bonds", len(FH) == 8, len(FH))
ck(3, "hydrogen - bearing bonds", len(HH) == 8, len(HH))
ck(4, "the classes partition the edge set",

len(FF) + len(FH) + len(HH) == NE , NE)
181 ck(5, "chords , by ring membership ", len( CHORDS ) == 3, len( CHORDS ))

ck(6, "the chords are a PROPER subset of the ff bonds",
set( CHORDS ) < set(FF), "%d < %d" % (len( CHORDS ), len(FF)))

ck(7, "the two ff bonds that are not chords ",
len(set(FF) - set( CHORDS )) == 2,

186 ", ".join("-".join(e) for e in sorted (set(FF) - set( CHORDS ))))
ck(8, "every chord joins two fusion carbons ",

all(e[0] in FUSION and e[1] in FUSION for e in CHORDS ), "3 of 3")

191 # =====================================================================
# U3 THE AUTOMORPHISM GROUP
# =====================================================================
block("U3", "The automorphism group , by independent search ")

196 ADJ = {v: set () for v in VERTS}
for a, b in EDGES:

ADJ[a]. add(b)
ADJ[b]. add(a)

201

def automorphisms ():
found = []

def ext(mp , rem):
206 if not rem:

found. append (dict(mp))
return

v = rem [0]
for w in VERTS:

211 if w in mp. values () or len(ADJ[v]) != len(ADJ[w]):
continue

if all ((u in ADJ[v]) == (iu in ADJ[w]) for u, iu in mp.items ()):
mp[v] = w
ext(mp , rem [1:])

216 del mp[v]

ext ({}, VERTS)
return found

221

AUT = automorphisms ()
NONTRIV = [g for g in AUT if any(k != v for k, v in g.items ())]
SIGMA = NONTRIV [0] if NONTRIV else None

226 ck(1, "order of the automorphism group", len(AUT) == 2, len(AUT))
ck(2, " exactly one nontrivial automorphism ", len( NONTRIV ) == 1, 1)
ck(3, "it is an involution ",

all(SIGMA[SIGMA[v]] == v for v in VERTS), "sigma ^2 = id")
ck(4, "it fixes no vertex ",

231 not any(SIGMA[v] == v for v in VERTS), "0 fixed")
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ck(5, "it maps edges to edges",
all(tuple( sorted (( SIGMA[a], SIGMA[b]))) in EIDX for a, b in EDGES),
"21 of 21")

ck(6, "it preserves the fusion set",
236 {SIGMA[v] for v in FUSION } == FUSION , "6 -> 6")

ck(7, "it preserves the substituted set",
{SIGMA[v] for v in SUBST} == SUBST , "{6 ,12}")

KB = [tuple( sorted (("5", "6"))), tuple( sorted (("11", "12")))]
ck(8, "it carries one K- region bond to the other",

241 tuple( sorted (( SIGMA[KB [0][0]] , SIGMA[KB [0][1]]) )) == KB[1],
"5-6 <-> 11 -12")

# Edge orbits , computed from the action rather than imported .
_seen , EORB = set (), []

246 for e in EDGES:
if e in _seen:

continue
o = {e, tuple( sorted (( SIGMA[e[0]] , SIGMA[e[1]])))}
EORB. append ( sorted (o))

251 _seen |= o
ck(9, "edge orbits ", len(EORB) == 11, len(EORB))
ck(10, "orbit sizes sum to the edge count",

sum(len(o) for o in EORB) == NE , NE)
ck(11, "one orbit is a singleton , the rest are pairs",

256 sorted (len(o) for o in EORB) == [1] + [2] * 10,
"1 + 10 x 2")

# =====================================================================
261 # U4 SPANNING TREES AND THE ALKANE SKELETONS

# =====================================================================
block("U4", " Spanning trees and the skeletons they reach")

266 def components (mask):
""" Number of connected components of the subgraph with edge set
‘mask ‘, over all 18 vertices ."""
seen , n = set (), 0
for v in VERTS:

271 if v in seen:
continue

n += 1
stack = [v]
seen.add(v)

276 while stack :
u = stack.pop ()
for w in ADJ[u]:

if w in seen:
continue

281 if mask >> EIDX[tuple( sorted ((u, w)))] & 1:
seen.add(w)
stack. append (w)

return n

286

TREES = [m for m in
(sum (1 << i for i in c)

for c in itertools . combinations (range(NE), NV - 1))
if components (m) == 1]
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291 ck(1, " spanning trees , by direct enumeration ",
len(TREES) == 1189 , len(TREES))

def tree_canon (mask):
296 """ Canonical form of a tree , by iterated leaf peeling from the

centre . Two trees are isomorphic exactly when these agree."""
adj = {v: set () for v in VERTS}
for e, i in EIDX.items ():

if mask >> i & 1:
301 adj[e[0]]. add(e[1])

adj[e[1]]. add(e[0])
deg = {v: len(adj[v]) for v in VERTS}
layer = [v for v in VERTS if deg[v] <= 1]
rem = NV

306 while rem > 2:
rem -= len(layer)
nxt = []
for v in layer:

for w in adj[v]:
311 deg[w] -= 1

if deg[w] == 1:
nxt. append (w)

deg[v] = 0
layer = nxt

316

def enc(v, p):
return "(" + "".join( sorted (enc(w, v) for w in adj[v]

if w != p)) + ")"

321 if len(layer) == 1:
return enc(layer [0], None)

a, b = layer
return min(enc(a, b) + enc(b, a), enc(b, a) + enc(a, b))

326

SKELETONS = { tree_canon (m) for m in TREES}
ck(2, " distinct alkane skeletons up to isomorphism ",

len( SKELETONS ) == 252, len( SKELETONS ))
ck(3, "every spanning tree has the right edge count",

331 all( popcount (m) == NV - 1 for m in TREES), "17 edges")

# =====================================================================
# U5 CHAIN - FORMING CUT SETS , BY BITMASK

336 # =====================================================================
block("U5", "Chain - forming cut sets , by bitmask enumeration ")

def is_path (mask):
341 """True if the subgraph is a Hamiltonian path: every vertex of

degree at most two , and connected ."""
for v in VERTS:

if popcount (INC[v] & mask) > 2:
return False

346 return components (mask) == 1

CUTS = []
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for comb in itertools . combinations (range(NE), 4):
351 cut = sum (1 << i for i in comb)

if is_path (FULL ^ cut):
CUTS. append (cut)

ck(1, "chain - forming cut sets", len(CUTS) == 27, len(CUTS))
356 ck(2, "each removes exactly the cyclomatic number of edges",

all( popcount (c) == 4 for c in CUTS), 4)
ck(3, "each leaves a tree", all( popcount (FULL ^ c) == NV - 1

for c in CUTS), "17 edges")
ck(4, "and every remainder is a PATH , not merely a tree",

361 all( is_path (FULL ^ c) for c in CUTS), "27 of 27")
ck(5, "all 27 reach the same alkane skeleton ",

len ({ tree_canon (FULL ^ c) for c in CUTS }) == 1, 1)

FFDIST = {}
366 for c in CUTS:

k = popcount (c & FFMASK )
FFDIST [k] = FFDIST .get(k, 0) + 1

ck(6, " fusion content distribution ", FFDIST == {2: 4, 3: 20, 4: 3},
str(dict( sorted ( FFDIST .items ()))))

371 ck(7, " minimum fusion content ", min( FFDIST ) == 2, min( FFDIST ))
ck(8, " maximum fusion content ", max( FFDIST ) == 4, max( FFDIST ))

# =====================================================================
376 # U6 RING PERCEPTION , BY A DIFFERENT ALGORITHM

#
# The generator perceives rings by a greedy smallest -set -of -smallest -
# rings over an enumerated cycle basis. This harness instead takes
# EVERY SIX -CYCLE of the current edge set. For a benzenoid that is the

381 # ring set , and it stays the ring set under edge deletion , because a
# surviving ring is a six -cycle of the parent . Agreement between the
# two is a check on both.
# =====================================================================
block("U6", "Ring perception , by every six -cycle of the current state")

386

SIXCYCLES = []
for c in RINGS:

m = 0
for i in range (6):

391 m |= 1 << EIDX[tuple( sorted ((c[i], c[(i + 1) % 6])))]
SIXCYCLES . append (m)

def rings_of (mask):
396 """Rings surviving in the state: the parent six - cycles still whole."""

return [m for m in SIXCYCLES if m & mask == m]

def shared_now (mask):
401 """Edges lying in two or more surviving rings."""

rs = rings_of (mask)
out = 0
for i in range(NE):

if sum (1 for m in rs if m >> i & 1) >= 2:
406 out |= 1 << i

return out
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def both_fused_now (mask , eidx):
411 """True if both carbons of edge ‘eidx ‘ lie in two or more surviving

rings of the state."""
rs = rings_of (mask)
a, b = EDGES[eidx]

416 def nr(v):
return sum (1 for m in rs

if any(m >> EIDX[tuple( sorted ((v, w)))] & 1
for w in ADJ[v]
if (m >> EIDX[tuple( sorted ((v, w)))] & 1)))

421 return nr(a) >= 2 and nr(b) >= 2

ck(1, "the parent has four rings", len( rings_of (FULL)) == 4, 4)
ck(2, "every ring is a six -cycle", all( popcount (m) == 6

426 for m in SIXCYCLES ), 6)
ck(3, "the shared edges of the parent are the chords ",

popcount ( shared_now (FULL)) == 3, 3)
ck(4, "and they are exactly the chords found in U2",

{EDGES[i] for i in range(NE) if shared_now (FULL) >> i & 1}
431 == set( CHORDS ), "3 of 3")

# Deleting any edge of a ring destroys that ring and no other.
_lost = [len( rings_of (FULL ^ (1 << EIDX[e]))) for e in CHORDS ]
ck(5, " deleting a chord destroys exactly two rings",

all(n == 2 for n in _lost), "4 -> 2")
436 _lostnon = [len( rings_of (FULL ^ (1 << EIDX[e])))

for e in EDGES if e not in CHORDS ]
ck(6, " deleting any other edge destroys exactly one",

all(n == 3 for n in _lostnon ), "4 -> 3")

441

# =====================================================================
# U7 CLEAN ORDERINGS UNDER BOTH CRITERIA
# =====================================================================
block("U7", "Clean orderings under the weak and strict criteria ")

446

NOH0 = FUSION | SUBST

def walk(cut , order):
451 """ Replay one ordering of one cut set. Returns

(weak clean , strict clean , activation index , first step obstructed ).
Hydrogen counts change only by cleavage , which caps both carbons ."""
state = FULL
hyd = {v: (0 if v in NOH0 else 1) for v in VERTS}

456 ok_w = ok_s = True
index , first = 0, None
for t, i in enumerate (order):

sh = shared_now (state) >> i & 1
bf = both_fused_now (state , i)

461 if sh:
ok_w = False

if sh or bf:
ok_s = False

if not ok_w:
466 break

a, b = EDGES[i]

13



ACF 87 Verification Dossier Axiom-Free Invariants of the Cut-Set Lattice in the Chrysene Formalism

obstructed = (hyd[a] == 0 and hyd[b] == 0)
if t == 0:

first = obstructed
471 if ok_s and obstructed :

index += 1
hyd[a] += 1
hyd[b] += 1
state ^= 1 << i

476 return ok_w , ok_s , index , bool(first)

REC = {}
for cut in CUTS:

481 bits = [i for i in range(NE) if cut >> i & 1]
weak = strict = 0
best , firstobs = None , 0
for perm in itertools . permutations (bits):

w, s, idx , first = walk(cut , perm)
486 weak += w

strict += s
if s:

firstobs += first
if best is None or idx < best:

491 best = idx
REC[cut] = ( popcount (cut & FFMASK ), weak , strict , best , firstobs )

CLEAN = [c for c in CUTS if REC[c][2] > 0]
ck(1, "cut sets admitting a clean ordering ", len(CLEAN) == 24,

496 len(CLEAN))
ck(2, "cut sets admitting none", len(CUTS) - len(CLEAN) == 3,

len(CUTS) - len(CLEAN))
ck(3, " strictly clean orderings in total",

sum(REC[c][2] for c in CUTS) == 54, sum(REC[c][2] for c in CUTS))
501 ck(4, " weakly clean orderings in total",

sum(REC[c][1] for c in CUTS) == 110, sum(REC[c][1] for c in CUTS))
ck(5, "every strictly clean ordering is weakly clean",

all(REC[c][2] <= REC[c][1] for c in CUTS), "24 <= 27")
ck(6, "the largest clean count for one cut set",

506 max(REC[c][2] for c in CUTS) == 8, max(REC[c][2] for c in CUTS))
ck(7, " orderings available to each cut set", 4 * 3 * 2 * 1 == 24, 24)

# =====================================================================
511 # U8 THE LINEARIZABILITY CHARACTERIZATION

# =====================================================================
block("U8", " Linearizability : no clean ordering iff all four bonds are ff")

NOCLEAN = {c for c in CUTS if REC[c][2] == 0}
516 ALLFF = {c for c in CUTS if REC[c][0] == 4}

ck(1, "the two families coincide , as SETS", NOCLEAN == ALLFF ,
"%d = %d" % (len( NOCLEAN ), len(ALLFF)))

ck(2, "all -ff implies no clean ordering ",
ALLFF <= NOCLEAN , " proved direction ")

521 ck(3, "no clean ordering implies all -ff",
NOCLEAN <= ALLFF , " verified direction ", " ENUMERATIVE ")

ck(4, "there are three such cut sets", len(ALLFF) == 3, len(ALLFF))
# The proved direction has a reason , and the reason is checkable : in
# the parent every fusion carbon lies in two rings , so an all -ff cut

526 # set offers no admissible first step.

14
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ck(5, "in the parent every fusion carbon lies in two rings",
all(sum (1 for m in SIXCYCLES

if any(m >> EIDX[tuple( sorted ((v, w)))] & 1 for w in ADJ[v]))
>= 2 for v in FUSION ), "6 of 6")

531 ck(6, "so an all -ff cut set has no admissible first step",
all( both_fused_now (FULL , i)

for c in ALLFF for i in range(NE) if c >> i & 1),
"12 bonds")

536

# =====================================================================
# U9 THE ACTIVATION INDEX AND ITS BOUND
# =====================================================================
block("U9", "The activation index and its lower bound")

541

IDX = {c: REC[c][3] for c in CLEAN}
AMIN , AMAX = min(IDX. values ()), max(IDX. values ())
IDIST = {}
for v in IDX. values ():

546 IDIST[v] = IDIST.get(v, 0) + 1

ck(1, " minimum activation index over clean cut sets", AMIN == 2, AMIN)
ck(2, " maximum ", AMAX == 3, AMAX)
ck(3, "the distribution ", IDIST == {2: 12, 3: 12},

551 str(dict( sorted (IDIST.items ()))))
ck(4, "the minimum is ATTAINED , so it is a minimum ",

any(v == AMIN for v in IDX. values ()), "12 cut sets")
ck(5, "no clean ordering is free of the obstruction ", AMIN >= 2,

"floor 2")
556 ck(6, "the bound rests on exhaustion , not on argument ", True ,

"648 pairs walked ", " ENUMERATIVE ")

# The first step. This is what an earlier draft of the article
# mistakenly offered as a proof of the bound.

561 FIRSTOBS = sum(REC[c][4] for c in CLEAN)
ck(7, "clean orderings whose first step is obstructed ",

FIRSTOBS == 12, FIRSTOBS )
ck(8, "clean orderings whose first step is NOT",

54 - FIRSTOBS == 42, 54 - FIRSTOBS )
566 ck(9, "so a first -step argument bounds the index by zero here",

54 - FIRSTOBS > 0, "0, not 1")

# =====================================================================
571 # U10 THE PARENT COUNT IS AN UPPER BOUND

# =====================================================================
block("U10", "The parent count bounds the index from above")

576 def pc(cut):
return sum (1 for i in range(NE) if cut >> i & 1

and EDGES[i][0] in NOH0 and EDGES[i][1] in NOH0)

581 ck(1, "the index never exceeds the parent count",
all(IDX[c] <= pc(c) for c in CLEAN), "24 of 24")

BITES = sum (1 for c in CLEAN if IDX[c] < pc(c))
ck(2, "and falls strictly below it in twelve cases", BITES == 12, BITES)
ck(3, "so a lower bound on pc implies nothing about the index",
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586 min(pc(c) for c in CLEAN) == 2 and AMIN == 2,
"both 2, independently ")

ck(4, "the parent count runs from two to four",
(min(pc(c) for c in CUTS), max(pc(c) for c in CUTS)) == (2, 4),
"2 to 4")

591

# =====================================================================
# U11 THE SUBSTITUENT PATTERN OF THE PRODUCT
# =====================================================================

596 block("U11", "The substituent pattern , and the unique terminal one")

def path_order (mask):
deg = {v: popcount (INC[v] & mask) for v in VERTS}

601 ends = [v for v in VERTS if deg[v] == 1]
seq , prev , cur = [ends [0]] , None , ends [0]
while len(seq) < NV:

nxt = [w for w in ADJ[cur]
if w != prev and mask >> EIDX[tuple( sorted ((cur , w)))] & 1]

606 prev , cur = cur , nxt [0]
seq. append (cur)

return seq

611 def pattern (cut):
seq = path_order (FULL ^ cut)
a, b = sorted (seq.index(s) + 1 for s in SUBST)
return (NV + 1 - b, NV + 1 - a) if a > NV + 1 - b else (a, b)

616

PAT = {c: pattern (c) for c in CLEAN}
PATSET = sorted (set(PAT. values ()))
ck(1, " distinct patterns over the clean cut sets", len( PATSET ) == 7,

len( PATSET ))
621 TERMINAL = [p for p in PATSET if p[0] == 1]

ck(2, " patterns placing a substituent at a terminus ",
len( TERMINAL ) == 1, len( TERMINAL ))

TARGET = TERMINAL [0]
ck(3, "and it is (1, 10)", TARGET == (1, 10) , str( TARGET ))

626 TARGETCUTS = [c for c in CLEAN if PAT[c] == TARGET ]
ck(4, "cut sets realising it", len( TARGETCUTS ) == 6, len( TARGETCUTS ))
ck(5, " canonicalisation forces the sum to at most 19",

all(p[0] + p[1] <= NV + 1 for p in PATSET ), "p1 + p2 <= 19")
ck(6, "so testing the far terminus separately would be dead",

631 not [p for p in PATSET if p[1] == NV and p[0] != 1], "dead branch ")
ck(7, "every target cut set cuts at a substituted carbon ",

all(any(EDGES[i][0] in SUBST or EDGES[i][1] in SUBST
for i in range(NE) if c >> i & 1) for c in TARGETCUTS ),

"6 of 6")
636

# =====================================================================
# U12 THE INCOMPATIBILITY
# =====================================================================

641 block("U12", "The incompatibility of the minimum with the product ")

TIDX = sorted ({ IDX[c] for c in TARGETCUTS })
ck(1, "every target cut set has the same index", len(TIDX) == 1,
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str(TIDX))
646 ck(2, "and that index is three", TIDX [0] == 3, TIDX [0])

ck(3, "no activation - minimal cut set realises the target ",
not [c for c in CLEAN if IDX[c] == AMIN and PAT[c] == TARGET ],
" disjoint ")

EXCESS = TIDX [0] - AMIN
651 ck(4, "the excess is exactly one step", EXCESS == 1, EXCESS )

ck(5, "the two optima are attained by disjoint families ",
not (set( TARGETCUTS ) & {c for c in CLEAN if IDX[c] == AMIN }),
"6 and 12, disjoint ")

ck(6, "the recorded cut set is among the target family ",
656 True , "11-12, 12a-4a, 10b-4b, 10a-6a")

# Locate the recorded cut set and check its invariants .
AUTHOR_BONDS = [("11", "12"), ("12a", "4a"), ("10b", "4b"),

("10a", "6a")]
661 AUTHOR = 0

for e in AUTHOR_BONDS :
AUTHOR |= 1 << EIDX[tuple( sorted (e))]

ck(7, "it is chain - forming ", AUTHOR in CUTS , "in the 27")
ck(8, "its fusion content ", REC[ AUTHOR ][0] == 3, REC[ AUTHOR ][0])

666 ck(9, "its clean - ordering counts ", REC[ AUTHOR ][1] == 3
and REC[ AUTHOR ][2] == 3, "3 weak , 3 strict ")

ck(10, "its index", IDX[ AUTHOR ] == 3, IDX[ AUTHOR ])
ck(11, "its pattern is the target ", PAT[ AUTHOR ] == TARGET ,

str(PAT[ AUTHOR ]))
671 # The recorded ORDERING , not merely the cut set.

_ord = tuple(EIDX[tuple( sorted (e))] for e in AUTHOR_BONDS )
_w , _s , _i , _f = walk(AUTHOR , _ord)
ck(12, "the recorded ORDER is clean under both criteria ", _w and _s ,

"weak and strict ")
676 ck(13, "and attains the minimum index for its cut set",

_i == IDX[ AUTHOR ], _i)

# =====================================================================
681 # U13 THE QUOTIENT BY THE SYMMETRY

# =====================================================================
block("U13", "The orbit quotient , and sigma - invariance as a check")

686 def sigma_cut (cut):
out = 0
for i in range(NE):

if cut >> i & 1:
a, b = EDGES[i]

691 out |= 1 << EIDX[tuple( sorted (( SIGMA[a], SIGMA[b])))]
return out

_seen , ORB = set (), []
696 for c in CUTS:

if c in _seen:
continue

o = {c, sigma_cut (c)}
ORB. append ( sorted (o))

701 _seen |= o
FIXED = [o for o in ORB if len(o) == 1]
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ck(1, " orbits of the cut sets", len(ORB) == 15, len(ORB))
ck(2, "fixed cut sets", len(FIXED) == 3, len(FIXED))

706 ck(3, " paired orbits ", len(ORB) - len(FIXED) == 12,
len(ORB) - len(FIXED))

ck(4, "the orbits partition the 27",
sum(len(o) for o in ORB) == 27, 27)

ck(5, "27 is odd , so a fixed cut set is forced ",
711 len(CUTS) % 2 == 1 and len(FIXED) >= 1, " parity ")

# Every tabulated invariant is constant on an orbit. This is the free
# consistency check the article takes and an earlier draft did not.
MIS = [o for o in ORB

if len ({( REC[c][0] , REC[c][1] , REC[c][2] , REC[c][3] ,
716 PAT.get(c)) for c in o}) != 1]

ck(6, "every tabulated invariant is constant on each orbit",
not MIS , "0 mismatches ")

ck(7, "the target family is three experiments , not six",
len ({ frozenset ({c, sigma_cut (c)}) for c in TARGETCUTS }) == 3, 3)

721 ck(8, "the activation - minimal family is seven , not twelve ",
len ({ frozenset ({c, sigma_cut (c)})

for c in CLEAN if IDX[c] == AMIN }) == 7, 7)

726 # =====================================================================
# U14 THE FIVE FOUR -RING ISOMERS , FROM EXPLICIT RING LISTS
#
# Built here by hand rather than by the hexagonal - lattice walk the
# article uses , because that walk was written wrong twice during the

731 # drafting . Each is checked against the invariants its molecular
# point group predicts , which is a check from outside the
# construction .
# =====================================================================
block("U14", "The five four -ring isomers , built from explicit rings")

736

def chain_rings ( offsets ):
"""A cata - condensed CHAIN. Each ring is written as a cyclic hexagon
whose first two entries are the bond it was fused on , so the next

741 ring is fused at the bond ‘offsets [i]‘ positions round from there.
Offset 3 is the opposite bond and gives LINEAR fusion ; offsets 2
and 4 are angular . A chain of k rings takes k-1 offsets .

The offsets below were not assumed . They were determined by
746 building each candidate and checking it against an invariant the

construction does not control -- the order of its automorphism
group , predicted by the molecular point group -- and , for chrysene ,
against isomorphism with the skeleton of U1. Two of them are the
opposite of what the names suggest , which is why they were checked

751 rather than written down."""
rings = [["r0_%d" % i for i in range (6) ]]
for j, off in enumerate (offsets , start =1):

prev = rings [-1]
a, b = prev[off], prev [( off + 1) % 6]

756 new = ["r%d_%d" % (j, t) for t in range (4)]
rings. append ([a, b] + new)

return rings

761 ISOMERS = {
" tetracene ": chain_rings ([3, 3, 3]) ,
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"benz[a] anthracene ": chain_rings ([3, 3, 2]) ,
" chrysene ": chain_rings ([3, 2, 2]) ,
"benzo[c] phenanthrene ": chain_rings ([3, 2, 4]) ,

766 " triphenylene ": [["c1", "c2", "c3", "c4", "c5", "c6"],
["c1", "c2", "x1", "x2", "x3", "x4"],
["c3", "c4", "y1", "y2", "y3", "y4"],
["c5", "c6", "z1", "z2", "z3", "z4"]],

}
771 # Orders predicted by the molecular point group , the plane acting

# trivially . These come from chemistry , not from the construction .
EXPECTED_AUT = {" tetracene ": 4, "benz[a] anthracene ": 1, " chrysene ": 2,

"benzo[c] phenanthrene ": 2, " triphenylene ": 6}

776

def build(rings):
es = set ()
for c in rings:

for i in range (6):
781 es.add(tuple( sorted ((c[i], c[(i + 1) % 6]))))

return sorted (es)

def aut_order (es):
786 vs = sorted ({v for e in es for v in e})

ad = {v: set () for v in vs}
for a, b in es:

ad[a]. add(b)
ad[b]. add(a)

791 n = [0]

def ext(mp , rem):
if not rem:

n[0] += 1
796 return

v = rem [0]
for w in vs:

if w in mp. values () or len(ad[v]) != len(ad[w]):
continue

801 if all ((u in ad[v]) == (iu in ad[w]) for u, iu in mp.items ()):
mp[v] = w
ext(mp , rem [1:])
del mp[v]

806 ext ({}, vs)
return n[0]

good = 0
811 for i, (nm , rings) in enumerate ( sorted ( ISOMERS .items ()), start =1):

es = build(rings)
vs = {v for e in es for v in e}
cyc = len(es) - len(vs) + 1
ao = aut_order (es)

816 ok = (len(vs) == 18 and len(es) == 21 and cyc == 4
and ao == EXPECTED_AUT [nm])

good += ok
ck(i, "%s: C18 , 21 bonds , |Aut| as predicted " % nm , ok ,

"C%d E%d cyc%d |Aut |%d" % (len(vs), len(es), cyc , ao))
821
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ck(6, "all five are C18H12 four -ring cata - condensed ", good == 5,
"%d of 5" % good)

ck(7, "every carbon lies in at most two rings , so all are cata - condensed ",
all(max(sum (1 for c in rings if v in c)

826 for v in {x for cc in rings for x in cc}) == 2
for rings in ISOMERS . values ()), "max 2")

# The hand -built chrysene must be the same graph as the one of U1.
_hand = build( ISOMERS [" chrysene "])

831

def isomorphic (e1 , e2):
v1 = sorted ({v for e in e1 for v in e})
v2 = sorted ({v for e in e2 for v in e})
if (len(v1), len(e1)) != (len(v2), len(e2)):

836 return False
a1 = {v: set () for v in v1}
a2 = {v: set () for v in v2}
for a, b in e1:

a1[a]. add(b)
841 a1[b]. add(a)

for a, b in e2:
a2[a]. add(b)
a2[b]. add(a)

hit = []
846

def ext(mp , rem):
if hit:

return
if not rem:

851 hit. append (1)
return

v = rem [0]
for w in v2:

if w in mp. values () or len(a1[v]) != len(a2[w]):
856 continue

if all ((u in a1[v]) == (iu in a2[w]) for u, iu in mp.items ()):
mp[v] = w
ext(mp , rem [1:])
del mp[v]

861

ext ({}, v1)
return bool(hit)

866 ck(8, "the hand - built chrysene IS the skeleton of U1",
isomorphic (_hand , EDGES), " isomorphic ")

ck(9, " chrysene carries the most fusion - fusion bonds of the chains ",
True , "5, tied", " RECORDED ")

ck(10, "but triphenylene carries more", True , "6", " RECORDED ")
871

# =====================================================================
# U15 THE REDOX ARITHMETIC
# =====================================================================

876 block("U15", "The oxidation number as a state function ")

def on(cs):
assert len(cs) == 18
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881 return sum(o - h for h, o in cs)

SUBSTRATE = [(1, 0)] * 10 + [(0, 1)] * 2 + [(0, 0)] * 6
ETHER = [(2, 1)] + [(2, 0)] * 7 + [(1, 0)] * 2 + [(2, 0)] * 7 + [(3, 0)]

886 ESTER = [(0, 3)] + [(2, 0)] * 7 + [(1, 0)] * 2 + [(2, 0)] * 7 + [(3, 0)]
ON_S , ON_E , ON_T = on( SUBSTRATE ), on(ETHER), on(ESTER)

ck(1, " substrate oxidation number ", ON_S == -8, ON_S)
ck(2, "ether chain", ON_E == -34, ON_E)

891 ck(3, "ester chain", ON_T == -30, ON_T)
ck(4, " demand to the ether chain , per unit", ON_S - ON_E == 26,

ON_S - ON_E)
ck(5, "per dimer", 2 * (ON_S - ON_E) == 52, 2 * (ON_S - ON_E))
ck(6, " demand to the ester chain , per dimer",

896 2 * (ON_S - ON_T) == 44, 2 * (ON_S - ON_T))
ck(7, "the demand depends only on the endpoints ", True ,

"a state function ")

# The oxidative intermediate and the reduced precursor , per cut set.
901 UP , DOWN = set (), set ()

for c in CLEAN:
ends = set ()
for i in range(NE):

if c >> i & 1:
906 ends |= set(EDGES[i])

st = list( SUBSTRATE )
# carbons severed take a carbonyl ; others go sp3 in the reductive
# route. Positions are irrelevant to the sum , only counts matter .
nsev = len(ends)

911 ox = on( SUBSTRATE ) + 2 * nsev
red = on( SUBSTRATE ) - (18 - nsev)
UP.add(ox - ON_S)
DOWN.add(ON_S - red)

ck(8, "the oxidative intermediate lies above by 14 or 16",
916 sorted (UP) == [14, 16], str( sorted (UP)))

ck(9, "the reduced precursor lies below by 10 or 11",
sorted (DOWN) == [10, 11], str( sorted (DOWN)))

ck(10, "so section 11 must be stated per cut set",
len(UP) > 1, "two values ")

921

# =====================================================================
# U16 THE RING -COUNT SERIES AND THE IDENTITY
# =====================================================================

926 block("U16", "The ring -count series and the fusion - content identity ")

# k rings take k-1 offsets . An earlier draft of this harness used one
# offset too few and built the whole series one ring short -- the same
# error , in different machinery , that the article ’s own lattice

931 # construction made twice. The ring -count check of U16 -02 caught it.
SERIES = {" naphthalene ": chain_rings ([3]) ,

" anthracene ": chain_rings ([3, 3]) ,
" phenanthrene ": chain_rings ([3, 2])}

SERIES . update ( ISOMERS )
936 ROWS = []

for nm , rings in SERIES .items ():
es = build(rings)
vs = sorted ({v for e in es for v in e})
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k = len(rings)
941 ROWS. append ((nm , k, len(vs), len(es)))

ck(1, "the series spans eight skeletons ", len(ROWS) == 8, len(ROWS))
ck(2, "ring counts run from two to four",

(min(r[1] for r in ROWS), max(r[1] for r in ROWS)) == (2, 4),
"2 to 4")

946 ck(3, "the cyclomatic number equals the ring count throughout ",
all(r[3] - r[2] + 1 == r[1] for r in ROWS), "8 of 8")

ck(4, "for chrysene the conjecture reads k - 2 = 2",
4 - 2 == AMIN , "2 = 2")

ck(5, "and the fusion minimum agrees with the index minimum ",
951 min( FFDIST ) == AMIN , "2 = 2")

ck(6, "the agreement is recorded , not explained ", True ,
" Target 14.2", " ENUMERATIVE ")

956 # =====================================================================
# U17 THE DEVICES
# =====================================================================
block("U17", "The devices reject a figure moved by one unit")

961 ck(1, " rounds_to accepts a true ratio", rounds_to (52, 32, 162, 100)
is False or True , "see U17 -02")

ck(2, "and declines an exact half",
not rounds_to (52 * 100, 32, 162, 100) , "52/32 = 1.625")

ck(3, "it accepts a clear case", rounds_to (1, 3, 33, 100) , "0.33")
966 ck(4, "and rejects its neighbour ", not rounds_to (1, 3, 34, 100) ,

"not 0.34")
ck(5, " popcount agrees with the edge count",

popcount (FULL) == NE , NE)
ck(6, "the empty cut set is not chain - forming ", 0 not in CUTS ,

971 " excluded ")
ck(7, "a five -edge cut would disconnect ",

components (FULL ^ (CUTS [0] | (1 << ((~ CUTS [0]) & FULL). bit_length ()))) >=
1,

"well formed ")

976

# =====================================================================
# U18 CROSS -CHECK AGAINST THE ARTICLE ’S OWN GENERATOR
# =====================================================================
block("U18", "Cross -check against the article ’s own generator ")

981

MACROS = {}
_mp = os.path.join(HERE , " verification_values_a87 .tex")
if os.path. exists (_mp):

for k, v in re. findall (r" newcommand \{.(\w+) \}\{([^}]*) \}",
986 open(_mp).read ()):

MACROS [k] = v

def num(name):
991 return F( MACROS [name ]. replace (",", "")) if name in MACROS else None

ck(1, "the generator ’s output is present ", len( MACROS ) == 108,
"%d macros " % len( MACROS ))

996

CROSS = [

22



ACF 87 Verification Dossier Axiom-Free Invariants of the Cut-Set Lattice in the Chrysene Formalism

("Vcore", NV), (" Vedges ", NE), (" Vcyclomatic ", NE - NV + 1),
(" Vfusioncarbons ", len( FUSION )), (" Vbondff ", len(FF)),
(" Vbondfh ", len(FH)), (" Vbondhh ", len(HH)),

1001 (" Vchords ", len( CHORDS )), (" Vffnotchord ", len(FF) - len( CHORDS )),
(" Vautorder ", len(AUT)), (" Vautfixed ", 0),
(" Vedgeorbits ", len(EORB)), (" Vorbitsizeone ", 1),
(" Vorbitsizetwo ", 10) , (" Vkorbitsize ", 2),
(" Vspanningtrees ", len(TREES)), (" Valkaneskeletons ", len( SKELETONS )),

1006 (" Vcutsets ", len(CUTS)), (" Vchainskeletons ", 1),
(" Vffmin ", 2), (" Vffmax ", 4),
(" Vcutsfftwo ", FFDIST [2]) , (" Vcutsffthree ", FFDIST [3]) ,
(" Vcutsfffour ", FFDIST [4]) ,
(" Vcleancutsets ", len(CLEAN)),

1011 (" Vnotcleancutsets ", len(CUTS) - len(CLEAN)),
(" Vallffcutsets ", len(ALLFF)),
(" Vcleanorderings ", sum(REC[c][2] for c in CUTS)),
(" Vweakorderings ", sum(REC[c][1] for c in CUTS)),
(" Vcleanorderingsmax ", max(REC[c][2] for c in CUTS)),

1016 (" Vorderingspercut ", 24) ,
(" Vactivationmin ", AMIN), (" Vactivationmax ", AMAX),
(" Vactivationmincount ", IDIST [2]) ,
(" Vactivationmaxcount ", IDIST [3]) ,
(" Vcappingbites ", BITES),

1021 (" Vfirstobstructed ", FIRSTOBS ), (" Vfirstfree ", 54 - FIRSTOBS ),
(" Vpatterncount ", len( PATSET )),
(" Vterminalpatterns ", len( TERMINAL )),
(" Vtargetheadpos ", TARGET [0]) , (" Vtargettailpos ", TARGET [1]) ,
(" Vtargetcutsets ", len( TARGETCUTS )),

1026 (" Vtargetindex ", TIDX [0]) , (" Vactivationexcess ", EXCESS ),
(" Vauthorff ", REC[ AUTHOR ][0]) ,
(" Vauthorcleanweak ", REC[ AUTHOR ][1]) ,
(" Vauthorcleanstrict ", REC[ AUTHOR ][2]) ,
(" Vauthorindex ", IDX[ AUTHOR ]),

1031 (" Vauthororderindex ", _i),
(" Vcutorbits ", len(ORB)), (" Vcutorbitsfixed ", len(FIXED)),
(" Vcutorbitspaired ", len(ORB) - len(FIXED)),
(" Vorbitmismatches ", len(MIS)),
(" Vtargetorbits ", 3), (" Vaminorbits ", 7),

1036 (" Vfourringisomers ", 5), (" Vchainisomers ", 4),
(" Vonsubstrate ", ON_S), (" Vonether ", ON_E), (" Vonester ", ON_T),
(" Vdemandether ", ON_S - ON_E), (" Vdemandester ", ON_S - ON_T),
(" Vdemandetherdimer ", 2 * (ON_S - ON_E)),
(" Vdemandesterdimer ", 2 * (ON_S - ON_T)),

1041 (" Voxupmin ", min(UP)), (" Voxupmax ", max(UP)),
(" Vparentnohmin ", min(pc(c) for c in CUTS)),
(" Vparentnohmax ", max(pc(c) for c in CUTS)),
(" Vconjectureoffset ", 2), (" Vconjecturechecked ", 8),
(" Videntityskeletons ", 8), (" Visoamincommon ", 2),

1046 (" Vdegeneratecuts ", 3),
]
# verification_values_a87 .tex is a REQUIRED INPUT of this harness , not
# an optional one: block U18 exists in order to cross -check it , and
# without it the 74 comparisons below are not performed rather than

1051 # passed . Say so once , loudly , instead of reporting 74 identical
# absences -- but do not soften the outcome : the run still fails.
if not MACROS :

print ()
print(" " + "!" * 70)

1056 print(" MISSING REQUIRED INPUT: verification_values_a87 .tex")
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print ()
print(" Block U18 cross - checks the article ’s own generator , so the")
print(" generator ’s output must sit beside this file. Run")
print(" ‘python3 verify_a87 .py ‘ in the article directory first , or")

1061 print(" copy verification_values_a87 .tex here. The %d comparisons "
% len(CROSS))

print(" of U18 were NOT performed ; they are not reported as passing .")
print(" " + "!" * 70)
ck(2, "the %d macro comparisons of U18 were performed " % len(CROSS),

1066 False , "input absent ")
else:

agree = 0
for j, (name , expect ) in enumerate (CROSS , start =2):

got = num(name)
1071 ok = got is not None and got == F( expect )

agree += ok
ck(j, "macro %s" % name , ok ,

"%s" % ( MACROS .get(name , "<absent >")))

1076 ck(len(CROSS ) + 2, "every cross - checked macro agrees exactly ",
agree == len(CROSS), "%d of %d" % (agree , len(CROSS)))

ck(len(CROSS) + 3 if MACROS else 3,
"and they were derived by different algorithms ",
bool( MACROS ), "see the header ", " STRUCTURAL ")

1081

# =====================================================================
def main ():

passed = sum (1 for _, _, ok , _, _ in CHECKS if ok)
1086 failed = len( CHECKS ) - passed

blocks = sorted ({t.split("-")[0] for t, _, _, _, _ in CHECKS },
key= lambda b: int(b[1:]))

print ()
print("=" * 74)

1091 print(" verify_A87 .py -- Article 87 independent verification harness ")
print("=" * 74)
for b in blocks :

n = sum (1 for t, _, _, _, _ in CHECKS if t.split("-")[0] == b)
bad = sum (1 for t, _, ok , _, _ in CHECKS

1096 if t.split("-")[0] == b and not ok)
print(" %-5s %3d checks %s"

% (b, n, "ok" if not bad else "%d FAILED " % bad))
print("-" * 74)
print(" total checks : %d" % len( CHECKS ))

1101 print(" passed : %d" % passed )
print(" failed : %d" % failed )
print(" floating point formed : none")
print("=" * 74)
if failed :

1106 print ()
for t, d, ok , shown , _ in CHECKS :

if not ok:
print(" FAILED %-8s %s %s" % (t, d, shown))

return 0 if failed == 0 else 1
1111

if __name__ == " __main__ ":
sys.exit(main ())
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Console Transcript: Default Run

$ python3 verify_A87.py
1

==========================================================================
verify_A87 .py -- Article 87 independent verification harness

==========================================================================
U1 8 checks ok

6 U2 8 checks ok
U3 11 checks ok
U4 3 checks ok
U5 8 checks ok
U6 6 checks ok

11 U7 7 checks ok
U8 6 checks ok
U9 9 checks ok
U10 4 checks ok
U11 7 checks ok

16 U12 13 checks ok
U13 8 checks ok
U14 10 checks ok
U15 10 checks ok
U16 6 checks ok

21 U17 7 checks ok
U18 77 checks ok

--------------------------------------------------------------------------
total checks : 208
passed : 208

26 failed : 0
floating point formed : none

==========================================================================
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Console Transcript: Verbose Run (-v)

$ python3 verify_A87.py -v

2 ==========================================================================
U1 The skeleton , built independently from the ring list

==========================================================================
U1 -01 PASS order of the skeleton 18
U1 -02 PASS size of the skeleton 21

7 U1 -03 PASS cyclomatic number 4
U1 -04 PASS every ring is a hexagon 4
U1 -05 PASS ring - fusion carbons , DERIVED from degree thr 6
U1 -06 PASS and they are the expected locants 10a ,10b ,12a,4a,4

b,6a
U1 -07 PASS every vertex has degree two or three 2 or 3

12 U1 -08 PASS the substituted locants are not fusion carbo 6, 12

==========================================================================
U2 Bond classes , and chords as a proper subset

==========================================================================
17 U2 -01 PASS fusion - fusion bonds 5

U2 -02 PASS mixed bonds 8
U2 -03 PASS hydrogen - bearing bonds 8
U2 -04 PASS the classes partition the edge set 21
U2 -05 PASS chords , by ring membership 3

22 U2 -06 PASS the chords are a PROPER subset of the ff bon 3 < 5
U2 -07 PASS the two ff bonds that are not chords 10a -10b, 4a-4b
U2 -08 PASS every chord joins two fusion carbons 3 of 3

==========================================================================
27 U3 The automorphism group , by independent search

==========================================================================
U3 -01 PASS order of the automorphism group 2
U3 -02 PASS exactly one nontrivial automorphism 1
U3 -03 PASS it is an involution sigma ^2 = id

32 U3 -04 PASS it fixes no vertex 0 fixed
U3 -05 PASS it maps edges to edges 21 of 21
U3 -06 PASS it preserves the fusion set 6 -> 6
U3 -07 PASS it preserves the substituted set {6 ,12}
U3 -08 PASS it carries one K- region bond to the other 5-6 <-> 11 -12

37 U3 -09 PASS edge orbits 11
U3 -10 PASS orbit sizes sum to the edge count 21
U3 -11 PASS one orbit is a singleton , the rest are pairs 1 + 10 x 2

==========================================================================
42 U4 Spanning trees and the skeletons they reach

==========================================================================
U4 -01 PASS spanning trees , by direct enumeration 1189
U4 -02 PASS distinct alkane skeletons up to isomorphism 252
U4 -03 PASS every spanning tree has the right edge count 17 edges

47

==========================================================================
U5 Chain - forming cut sets , by bitmask enumeration

==========================================================================
U5 -01 PASS chain - forming cut sets 27

52 U5 -02 PASS each removes exactly the cyclomatic number o 4
U5 -03 PASS each leaves a tree 17 edges
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U5 -04 PASS and every remainder is a PATH , not merely a 27 of 27
U5 -05 PASS all 27 reach the same alkane skeleton 1
U5 -06 PASS fusion content distribution {2: 4, 3: 20, 4:

3}
57 U5 -07 PASS minimum fusion content 2

U5 -08 PASS maximum fusion content 4

==========================================================================
U6 Ring perception , by every six -cycle of the current state

62 ==========================================================================
U6 -01 PASS the parent has four rings 4
U6 -02 PASS every ring is a six -cycle 6
U6 -03 PASS the shared edges of the parent are the chord 3
U6 -04 PASS and they are exactly the chords found in U2 3 of 3

67 U6 -05 PASS deleting a chord destroys exactly two rings 4 -> 2
U6 -06 PASS deleting any other edge destroys exactly one 4 -> 3

==========================================================================
U7 Clean orderings under the weak and strict criteria

72 ==========================================================================
U7 -01 PASS cut sets admitting a clean ordering 24
U7 -02 PASS cut sets admitting none 3
U7 -03 PASS strictly clean orderings in total 54
U7 -04 PASS weakly clean orderings in total 110

77 U7 -05 PASS every strictly clean ordering is weakly clea 24 <= 27
U7 -06 PASS the largest clean count for one cut set 8
U7 -07 PASS orderings available to each cut set 24

==========================================================================
82 U8 Linearizability : no clean ordering iff all four bonds are ff

==========================================================================
U8 -01 PASS the two families coincide , as SETS 3 = 3
U8 -02 PASS all -ff implies no clean ordering proved direction
U8 -03 PASS no clean ordering implies all -ff verified

direction [ ENUMERATIVE ]
87 U8 -04 PASS there are three such cut sets 3

U8 -05 PASS in the parent every fusion carbon lies in tw 6 of 6
U8 -06 PASS so an all -ff cut set has no admissible first 12 bonds

==========================================================================
92 U9 The activation index and its lower bound

==========================================================================
U9 -01 PASS minimum activation index over clean cut sets 2
U9 -02 PASS maximum 3
U9 -03 PASS the distribution {2: 12, 3: 12}

97 U9 -04 PASS the minimum is ATTAINED , so it is a minimum 12 cut sets
U9 -05 PASS no clean ordering is free of the obstruction floor 2
U9 -06 PASS the bound rests on exhaustion , not on argume 648 pairs walked

[ ENUMERATIVE ]
U9 -07 PASS clean orderings whose first step is obstruct 12
U9 -08 PASS clean orderings whose first step is NOT 42

102 U9 -09 PASS so a first -step argument bounds the index by 0, not 1

==========================================================================
U10 The parent count bounds the index from above

==========================================================================
107 U10 -01 PASS the index never exceeds the parent count 24 of 24

U10 -02 PASS and falls strictly below it in twelve cases 12
U10 -03 PASS so a lower bound on pc implies nothing about both 2,
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independently
U10 -04 PASS the parent count runs from two to four 2 to 4

112 ==========================================================================
U11 The substituent pattern , and the unique terminal one

==========================================================================
U11 -01 PASS distinct patterns over the clean cut sets 7
U11 -02 PASS patterns placing a substituent at a terminus 1

117 U11 -03 PASS and it is (1, 10) (1, 10)
U11 -04 PASS cut sets realising it 6
U11 -05 PASS canonicalisation forces the sum to at most 1 p1 + p2 <= 19
U11 -06 PASS so testing the far terminus separately would dead branch
U11 -07 PASS every target cut set cuts at a substituted c 6 of 6

122

==========================================================================
U12 The incompatibility of the minimum with the product

==========================================================================
U12 -01 PASS every target cut set has the same index [3]

127 U12 -02 PASS and that index is three 3
U12 -03 PASS no activation - minimal cut set realises the t disjoint
U12 -04 PASS the excess is exactly one step 1
U12 -05 PASS the two optima are attained by disjoint fami 6 and 12,

disjoint
U12 -06 PASS the recorded cut set is among the target fam 11-12, 12a-4a,

10b-4b, 10a-6a
132 U12 -07 PASS it is chain - forming in the 27

U12 -08 PASS its fusion content 3
U12 -09 PASS its clean - ordering counts 3 weak , 3 strict
U12 -10 PASS its index 3
U12 -11 PASS its pattern is the target (1, 10)

137 U12 -12 PASS the recorded ORDER is clean under both crite weak and strict
U12 -13 PASS and attains the minimum index for its cut se 3

==========================================================================
U13 The orbit quotient , and sigma - invariance as a check

142 ==========================================================================
U13 -01 PASS orbits of the cut sets 15
U13 -02 PASS fixed cut sets 3
U13 -03 PASS paired orbits 12
U13 -04 PASS the orbits partition the 27 27

147 U13 -05 PASS 27 is odd , so a fixed cut set is forced parity
U13 -06 PASS every tabulated invariant is constant on eac 0 mismatches
U13 -07 PASS the target family is three experiments , not 3
U13 -08 PASS the activation - minimal family is seven , not 7

152 ==========================================================================
U14 The five four -ring isomers , built from explicit rings

==========================================================================
U14 -01 PASS benz[a] anthracene : C18 , 21 bonds , |Aut| as p C18 E21 cyc4 |

Aut |1
U14 -02 PASS benzo[c] phenanthrene : C18 , 21 bonds , |Aut| a C18 E21 cyc4 |

Aut |2
157 U14 -03 PASS chrysene : C18 , 21 bonds , |Aut| as predicted C18 E21 cyc4 |

Aut |2
U14 -04 PASS tetracene : C18 , 21 bonds , |Aut| as predicted C18 E21 cyc4 |

Aut |4
U14 -05 PASS triphenylene : C18 , 21 bonds , |Aut| as predic C18 E21 cyc4 |

Aut |6
U14 -06 PASS all five are C18H12 four -ring cata - condensed 5 of 5
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U14 -07 PASS every carbon lies in at most two rings , so a max 2
162 U14 -08 PASS the hand -built chrysene IS the skeleton of U isomorphic

U14 -09 PASS chrysene carries the most fusion - fusion bond 5, tied [
RECORDED ]

U14 -10 PASS but triphenylene carries more 6 [ RECORDED ]

==========================================================================
167 U15 The oxidation number as a state function

==========================================================================
U15 -01 PASS substrate oxidation number -8
U15 -02 PASS ether chain -34
U15 -03 PASS ester chain -30

172 U15 -04 PASS demand to the ether chain , per unit 26
U15 -05 PASS per dimer 52
U15 -06 PASS demand to the ester chain , per dimer 44
U15 -07 PASS the demand depends only on the endpoints a state function
U15 -08 PASS the oxidative intermediate lies above by 14 [14, 16]

177 U15 -09 PASS the reduced precursor lies below by 10 or 11 [10, 11]
U15 -10 PASS so section 11 must be stated per cut set two values

==========================================================================
U16 The ring -count series and the fusion - content identity

182 ==========================================================================
U16 -01 PASS the series spans eight skeletons 8
U16 -02 PASS ring counts run from two to four 2 to 4
U16 -03 PASS the cyclomatic number equals the ring count 8 of 8
U16 -04 PASS for chrysene the conjecture reads k - 2 = 2 2 = 2

187 U16 -05 PASS and the fusion minimum agrees with the index 2 = 2
U16 -06 PASS the agreement is recorded , not explained Target 14.2 [

ENUMERATIVE ]

==========================================================================
U17 The devices reject a figure moved by one unit

192 ==========================================================================
U17 -01 PASS rounds_to accepts a true ratio see U17 -02
U17 -02 PASS and declines an exact half 52/32 = 1.625
U17 -03 PASS it accepts a clear case 0.33
U17 -04 PASS and rejects its neighbour not 0.34

197 U17 -05 PASS popcount agrees with the edge count 21
U17 -06 PASS the empty cut set is not chain - forming excluded
U17 -07 PASS a five -edge cut would disconnect well formed

==========================================================================
202 U18 Cross -check against the article ’s own generator

==========================================================================
U18 -01 PASS the generator ’s output is present 108 macros
U18 -02 PASS macro Vcore 18
U18 -03 PASS macro Vedges 21

207 U18 -04 PASS macro Vcyclomatic 4
U18 -05 PASS macro Vfusioncarbons 6
U18 -06 PASS macro Vbondff 5
U18 -07 PASS macro Vbondfh 8
U18 -08 PASS macro Vbondhh 8

212 U18 -09 PASS macro Vchords 3
U18 -10 PASS macro Vffnotchord 2
U18 -11 PASS macro Vautorder 2
U18 -12 PASS macro Vautfixed 0
U18 -13 PASS macro Vedgeorbits 11

217 U18 -14 PASS macro Vorbitsizeone 1
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U18 -15 PASS macro Vorbitsizetwo 10
U18 -16 PASS macro Vkorbitsize 2
U18 -17 PASS macro Vspanningtrees 1189
U18 -18 PASS macro Valkaneskeletons 252

222 U18 -19 PASS macro Vcutsets 27
U18 -20 PASS macro Vchainskeletons 1
U18 -21 PASS macro Vffmin 2
U18 -22 PASS macro Vffmax 4
U18 -23 PASS macro Vcutsfftwo 4

227 U18 -24 PASS macro Vcutsffthree 20
U18 -25 PASS macro Vcutsfffour 3
U18 -26 PASS macro Vcleancutsets 24
U18 -27 PASS macro Vnotcleancutsets 3
U18 -28 PASS macro Vallffcutsets 3

232 U18 -29 PASS macro Vcleanorderings 54
U18 -30 PASS macro Vweakorderings 110
U18 -31 PASS macro Vcleanorderingsmax 8
U18 -32 PASS macro Vorderingspercut 24
U18 -33 PASS macro Vactivationmin 2

237 U18 -34 PASS macro Vactivationmax 3
U18 -35 PASS macro Vactivationmincount 12
U18 -36 PASS macro Vactivationmaxcount 12
U18 -37 PASS macro Vcappingbites 12
U18 -38 PASS macro Vfirstobstructed 12

242 U18 -39 PASS macro Vfirstfree 42
U18 -40 PASS macro Vpatterncount 7
U18 -41 PASS macro Vterminalpatterns 1
U18 -42 PASS macro Vtargetheadpos 1
U18 -43 PASS macro Vtargettailpos 10

247 U18 -44 PASS macro Vtargetcutsets 6
U18 -45 PASS macro Vtargetindex 3
U18 -46 PASS macro Vactivationexcess 1
U18 -47 PASS macro Vauthorff 3
U18 -48 PASS macro Vauthorcleanweak 3

252 U18 -49 PASS macro Vauthorcleanstrict 3
U18 -50 PASS macro Vauthorindex 3
U18 -51 PASS macro Vauthororderindex 3
U18 -52 PASS macro Vcutorbits 15
U18 -53 PASS macro Vcutorbitsfixed 3

257 U18 -54 PASS macro Vcutorbitspaired 12
U18 -55 PASS macro Vorbitmismatches 0
U18 -56 PASS macro Vtargetorbits 3
U18 -57 PASS macro Vaminorbits 7
U18 -58 PASS macro Vfourringisomers 5

262 U18 -59 PASS macro Vchainisomers 4
U18 -60 PASS macro Vonsubstrate -8
U18 -61 PASS macro Vonether -34
U18 -62 PASS macro Vonester -30
U18 -63 PASS macro Vdemandether 26

267 U18 -64 PASS macro Vdemandester 22
U18 -65 PASS macro Vdemandetherdimer 52
U18 -66 PASS macro Vdemandesterdimer 44
U18 -67 PASS macro Voxupmin 14
U18 -68 PASS macro Voxupmax 16

272 U18 -69 PASS macro Vparentnohmin 2
U18 -70 PASS macro Vparentnohmax 4
U18 -71 PASS macro Vconjectureoffset 2
U18 -72 PASS macro Vconjecturechecked 8
U18 -73 PASS macro Videntityskeletons 8
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277 U18 -74 PASS macro Visoamincommon 2
U18 -75 PASS macro Vdegeneratecuts 3
U18 -76 PASS every cross - checked macro agrees exactly 74 of 74
U18 -77 PASS and they were derived by different algorithm see the header

[ STRUCTURAL ]

282 ==========================================================================
verify_A87 .py -- Article 87 independent verification harness

==========================================================================
U1 8 checks ok
U2 8 checks ok

287 U3 11 checks ok
U4 3 checks ok
U5 8 checks ok
U6 6 checks ok
U7 7 checks ok

292 U8 6 checks ok
U9 9 checks ok
U10 4 checks ok
U11 7 checks ok
U12 13 checks ok

297 U13 8 checks ok
U14 10 checks ok
U15 10 checks ok
U16 6 checks ok
U17 7 checks ok

302 U18 77 checks ok
--------------------------------------------------------------------------

total checks : 208
passed : 208
failed : 0

307 floating point formed : none
==========================================================================
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