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Abstract

The genetic-code, protocell-ledger, and finite interior-lattice constructions of the Chrysene Formalism require a source
of substituted molecular units and their organized assemblies. This fourth pilot study places endogenous assembly from
a mixture and exogenous engineered preparation in a common finite mathematical framework. A source is represented
by its admissible configurations, observable functions, preparation law, causal controls, and operating dynamics. Under
full-support and placement hypotheses the two origins have the same reachable configurations, while their attainable
distributions and trajectories can differ.

The principal comparison is functional rather than microscopic. For a positive endogenous reference law and a pre-
scribed distribution of functional outputs, we derive the unique least-relative-entropy preparation: it changes the output
distribution and preserves the reference conditional law within each functional fiber. Exact microscopic placement incurs
an additional conditional information cost whenever the fiber is nontrivial. On a six-site registry column, the thirty-two
agreement words give twenty reversal classes; selecting a two-member class retains one bit of variability that exact place-
ment removes. We construct rejection, reversible local-rate, and finite-horizon conditioned realizations and distinguish
their information objectives from their material and temporal requirements.

Robust-demand and responsive-kinetic examples give strict advantages over specified fixed-placement classes. Exact
and approximate emulation theorems identify the sensing, randomization, local dynamics, and resource conditions by
which an engineered source matches or approaches those capabilities. A coefficient-consistent lattice extension sep-
arates structural invariants from source-dependent laws. The resulting theory compares endogenous and exogenous
organization without making molecular provenance itself an obstruction to engineering.

Keywords: Chrysene Formalism; biogenesis; endogenous source; exogenous source; molecular self-assembly; condi-

tional selection; relative entropy; Markov dynamics; registry; engineered emulation.

1 Introduction

1.1 From encoded components to their source

A mathematical account of a protocell must coordinate the pro-
duction of its components with the organization that makes
those components functional. In the Chrysene Formalism,
the preceding pilot studies addressed three successive parts of
this construction. The genetic-code study formulated a typed
substituted-chrysene carrier and the assignments by which
its registry supports a code-table realization [Sch26d]. The
protocell-ledger study coordinated the carbon traceability of ge-
netic, membrane, and interior components within a common

stock-based construction [Sch26¢]. The finite interior chrysene
lattice study then specified the geometric, algebraic, and oper-
ational structures through which a finite internal lattice can be
characterized and coordinated with the surrounding protocell
[Sch26a]. The present article is the fourth pilot study in that
research sequence. Its subject is the source that supplies and
organizes the substituted units on which those downstream con-
structions depend.

For an endogenous biogenesis scenario, a source cannot be
introduced solely as a list of correctly prepared molecules. It
must include a mechanism by which an available mixture yields
the relevant stock, brings compatible units into contact, and
retains the organizations required for subsequent use. A gen-
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eral bottom-up mixture description, often summarized by the
primordial-soup picture, leaves both the identity of the use-
ful components and their productive encounters to be resolved.
The substituted-chrysene program narrows this inventory by
working from one molecular core and a specified family of sub-
stitutions. Within that hypothesis, the functional components
are related transformations and assemblies of a shared stock
rather than unrelated molecular starting points.

This common-core restriction makes the mathematical inven-
tory simpler and permits shared structural and material account-
ing. It does not, by itself, supply a synthesis route, remove com-
petitors, set an orientation, or establish a reaction rate. Those
are questions about the source mechanism. The appropriate
next step is therefore to place the source inside the same ex-
plicit framework as the code, the ledger, and the lattice, so that
chemical assumptions and mathematical consequences can be
connected without being identified.

1.2 [Endogenous and engineered preparation

Atrticle 79, The Source, proposes a reaction—transport mecha-
nism initiated by substitution. Modification of a polyaromatic
bulk is coupled to selective export and organization of the
substituted-chrysene stock [Sch26r]. Its adopted kinetic model
gives exit probabilities, demand-matching relations, and supply
constraints. Article 84, The Placed Source, keeps the admitted
material architecture but replaces its preparation by an external
agent placing specified units and registry data [Sch260]. Under
explicit positivity and placement hypotheses, it identifies the
same reachable configurations for the two sources. Extension
from columns to laterally bridged assemblies requires the addi-
tional availability of the relevant bridge-forming operations.

The contrast is consequently not exhausted by asking which
configuration can exist. A low-probability endogenous out-
come and a reliably placed outcome can belong to the same
reachable set. Conversely, a precisely placed configuration may
discard variability that is harmless to the desired function, or
may be less useful when the required output is not known un-
til the environment changes. A comparison of sources must
distinguish possibility, distribution, function, persistence, and
intervention.

Article 90 already develops a parameterized comparison of
source laws and separates chemical selection, registry selection,
arm-pattern visibility, and persistence [Sch26q]. The present ar-
ticle takes that law-level description as a starting point and asks
a different question: what must be controlled to obtain a func-
tion, what may remain organized by the source itself, and which
engineering capabilities recover the resulting performance?

An exogenous origin does not imply permanently open-loop
operation. Advanced molecular manufacturing could install
a reference, a local selector, an environmental sensor, a re-
versible assembly pathway, or an entire autonomous organiza-

tion. A system engineered externally may subsequently oper-
ate through the same local transitions as an endogenous sys-
tem. We therefore distinguish the origin of preparation from
the class of operations available after preparation. Fixed place-
ment, randomized placement, adaptive control, and engineered
autonomous assembly are different comparison classes.

1.3 Functional fibers as the organizing object

Let X be a finite space of admissible molecular configurations
and let 7 : X — Y report the function of interest. The fiber
n~'(y) comprises configurations equivalent for that function.
Equivalence may mean a common registry class, a common
specified product, or the same chosen observation. These are
not interchangeable interpretations; each requires its own map.

The principal result determines the preparation law that
changes a positive reference law u as little as possible in rela-
tive entropy while imposing a desired output law. The solution
retains u’s conditional distribution inside each functional fiber.
Thus the target is selected without introducing distinctions that
the function does not require. Exact placement of one member
of a nontrivial fiber imposes an additional conditional specifica-
tion.

The underlying entropy decomposition is standard. Its role
here is to provide a common comparison principle for the
source, the placed source, the registry quotient, and their engi-
neered realizations, rather than to assert a new abstract entropy
identity. Its physical interpretation depends on which mecha-
nism realizes the law and which resources are charged. The pa-
per therefore constructs explicit realizations and records their
distinct requirements instead of equating information change
with total manufacturing expenditure.

1.4 Results and research direction

The development has four connected parts.

(i) A common operational model distinguishes structural
reachability from attainable observation laws and causal
response. Emulation is quantified uniformly over the al-
lowed environments.

(ii) Finite disintegration gives least-information functional
selection, its strict comparison with over-specified micro-
scopic placement, and a complete six-site registry exam-
ple. Robust demand exposes the difference between di-
versity over words and diversity over functions.

(iii) Local rate tilting and finite-horizon conditioning con-
struct mechanisms for the selected law. A two-state
responsive model exhibits a strict finite-time advantage
over uninformed preparation, while an engineered copy
of the mechanism removes that gap.

(iv) Exact and approximate emulation bounds turn engineer-
ing approximation into a quantitative research problem.
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Lattice cochains, finite codes, and common observable
structures enter through explicit maps rather than through
a presumed equivalence of different mathematical do-
mains.

These results show how an endogenous mechanism can at-
tain an optimality property unavailable to a specified restricted
placed-source protocol. They also show how engineering can
approach that capability: preserve the relevant functional con-
ditional law, implement the required local transitions, provide
the observations that adaptation uses, and account for their re-
sources on the same basis. This is a comparison of realizations,
not a universal ranking of natural and engineered origins.

1.5 Scope and conventions

All central state spaces and horizons are finite. Logarithms in
relative entropy are natural, with bits obtained by division by
log 2. The source papers provide the molecular vocabulary and
motivate the mechanisms; the mathematical constructions and
their hypotheses are stated explicitly below. The fixed occupied
set and the allowed transition graph are part of a realization.
Where formation of the occupied set itself is the research ques-
tion, vacant-site and attachment states must be added rather
than assuming the completed geometry as an outcome.

The finite-ICL pilot is now Article 88 [Sch26a]. Earlier
working manuscripts retained in the bibliography are identified
by title and historical numbering where their current publica-
tion mapping is unconfirmed. The present manuscript is Ar-
ticle 99, formerly Article 102; it is distinct from the earlier
arithmetic-geometry working manuscript cited below.

2 Finite molecular objects and their ob-
servations

The source comparison begins with a common object, rather
than with two different descriptions of the same material. The
stock alphabet of Article 79 and the placement configurations
of Article 84 supply the finite-column model. The directional
connector analysis of Article 94 specifies the additional com-
patibility data required for a laterally connected realization
[Sch26r, Sch260, Sch26s].

Definition 2.1 (Molecular configuration datum). Fix a fi-
nite occupied set Q c Z3, finite sets of candidate lateral
edges Ej, and stacking contacts E,, a finite arm alphabet
9H, and a finite reference set R. A molecular configuration
datum is a tuple

x = («x,h,e,n, B, a).

Here « assigns an admitted substitution family to each ver-

tex; h, : k(v) — H is its arm word; € belongs to F? when
the cipher coordinate is independently realized, and to a
singleton otherwise; n € ]P'f records the stacking-contact
registry; B C Ej, is the installed connector set; and a € R
records the reference configuration together with the ver-
tex placement frames needed to evaluate locant directions.
Where these frames are decoded from other coordinates, R
records that fixed decoding rather than an extra indepen-
dent choice. The predicate below enforces agreement be-
tween the frames and any vertex-lifted registry. A coordi-
nate which is fixed by the realization is retained as a con-
stant, not counted as a freely selectable degree of freedom.

The primary locant families are

D = {6, 12}, 1=1{3,6,12}, T =1{3,6,9,12}.

Whether the inversion image of [ is also admitted is part of
the chosen alphabet. For every installed edge b = {v, w}, com-
patibility requires available endpoint locants at both v and w,
correctly oriented for the edge direction, with compatible arm
types. Distinct installed connectors may not use the same con-
sumable terminal. The endpoint assignment is evaluated in the
placement frame of the unit. Thus a scalar inequality compar-
ing vertex degree with arm count is necessary in some realiza-
tions but is not a substitute for directional compatibility.

Definition 2.2 (Admissible configuration space). Let A(x)
be a specified predicate expressing local constitutional ad-
mission, endpoint compatibility, terminal allocation, reg-
istry constraints, and reference requirements. The admissi-
ble configuration space is the nonempty finite set

X ={x:Ax)}.

The predicate and the occupied set are held fixed in a com-
parison of source mechanisms.

Finiteness follows directly from the finite domains in Def-
inition 2.1. No assertion that every assignment satisfies A is
needed. The distinction between the stock and the interior
lattice is included in this definition. For example, a stock
model may admit D, I, T families, whereas a particular satu-
rated interior-lattice model fixes its nodes to the specified tetra-
substituted constitutional type. The former alphabet must not
be substituted into the latter model without changing A.

Definition 2.3 (Registry conventions). On a column with
¢ vertices, the binary agreement field has ¢ — 1 contact co-
ordinates. More generally, on a chosen graph G = (V, E), a
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vertex-lifted binary registry has the form
Thw = Sy t Sw, s:V—F,.

If contact values are instead independent primitive data,
this is declared explicitly and the vertex-lift condition is
not imposed.

Lemma 2.4 (Integrable binary registry). Let G be a finite
graph with ¢ connected components. A binary edge assign-
ment 1 has a vertex lift if and only if its sum around every
cycle is zero. The space of lifted edge assignments has di-
mension |V| — ¢ over F,.

Proof. Ifn,,, = s,+s,, summing around a cycle counts every

vertex label twice and gives zero. Conversely, choose a root
in each component, set its label to zero, and define s, as the
sum of 77 along a path from the root to v. The cycle condition
makes this value independent of the path. It then satisfies the
required edge identities. The kernel of the map s — 7 con-
sists exactly of the assignments constant on each component.

col can prepare.

Definition 3.1 (Reachable sets). The endogenous and
placed reachable sets are, respectively,

Rendo = supp u, Rplace = P(q/{place)-

Their functional images are m(Rendo) and mr(Rpjace)-

Theorem 3.2 (Common reachability under full access).
Suppose u(x) > 0 for every x € X, and suppose P is surjec-
tive. Then

Rendo = Rplace =X,

and the two functional images equal n(X) for every com-
mon functional observation m.

Proof. Strict positivity gives suppu = X. Surjectivity gives
P(Upiace) = X. Applying 7 to the equal sets proves the sec-
ond assertion. m]

This is the finite form of the reachability comparison of Arti-

Rank-nullity gives the dimension. O cle 84 [Sch260]. In its column realization, the positive substitu-
tion and export rates from Article 79 provide positive weights
The lemma prevents two incompatible counts from being ¢ the admitted substitution degrees; the assembly law must
combined: arbitrary edge labels and integrable edge labels have also allow every remaining admitted arm and structural datum.
the same cardinality on a forest, but generally not on a graph  gop 5 Jaterally connected occupied set, equal access to its con-
with cycles. All coefficient-dependent statements in this paper  pecor construction is an additional premise. Fixing Q does not
retain their specified coefficient field. prove that either mechanism forms that geometry from an unre-
stricted mixture.

Definition 2.5 (Functional observation). A functional ob-
servation is a map 7 : X — Y, where Y is replaced by
(X) if necessary. A frame quotient g : X — X/Gy is a
separate observation. Factorization m = 7 o g is asserted
only when 7 is constant on every relevant frame orbit.

The product-factorization statement of Article 84 is used on

its fixed-composition cluster locus. It does not identify config-
urations with different atom inventories merely because their
registry fields agree. Likewise, an asymmetric cap supplies a
reference datum only under the declared physical interpretation
of that reference. These typing requirements make the compar-
ison independent of accidental choices of coordinates.

Lemma 3.3 (Sequential full support). Encode a configu-
ration as a finite sequence of choices. If every prefix that
can be extended to an admitted configuration has positive
probability, and each next choice belonging to such an ex-
tension has positive conditional probability, the terminal
law has full support on X.

Proof. Fix x € X and follow its sequence of choices. Its prob-
ability is the product of the initial factor and finitely many
strictly positive conditional factors. Hence it is positive. O

Positive one-coordinate marginals do not suffice for this con-

clusion. For instance, the law giving probability 1/2 to each
of 00 and 11 has positive marginals on both binary coordinates

3 Preparation laws and common reach- butexcludes 01 and 10. Full support concerns compatible joint

ability

For a finite set F, write P(F) for its probability distributions.
A preparation law u € P(X) specifies how often the source
produces each admitted configuration. A placement map P :
Upiace — X specifies the configurations that a placement proto-
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distribution on X, it can reproduce every preparation law

u € PX).

Proof. For each x € X, choose one placement instruction u,
with P(u,) = x. Sample x with probability u(x) and execute
u,. The resulting law is ), u(x)d, = u. O

This proposition concerns terminal distributions. It does not
assert that the instructions have the same cost, nor that terminal
placement reproduces an endogenous trajectory. It identifies
the capability that must be excluded if a terminal distribution is
to be strictly unavailable to the placed comparison class.

4 Causal protocols and operational
equivalence

The parameterized laws of Article 90 distinguish chemical se-
lection, registry selection, and persistence [Sch26q]. To com-
pare operating capabilities as well as initial preparation, these
laws are extended to finite histories.

Definition 4.1 (Admissible source protocol). Fix a horizon
T € N, a nonempty environment set &, and finite state, ob-
servation, and action alphabets. A protocol consists of an
initial preparation rule, transition rules, and a causal policy.
At time 7 the policy may depend on its past actions and the
observations available through time #, but not on an unob-
served environment variable or a future observation.

For each environment e € &, the protocol induces a law
P, . on a common finite comparison record Zy, ..., Zr € Z.
The record includes the functional observations and any re-
source data used in the comparison. Different internal im-
plementations may be mapped to this same record. The
record has a declared finite observation resolution. Exact
continuous waiting times or full continuous-time jump tra-
jectories require a separate measurable-space model; any
sampling or discretization used here is part of the observa-
tion map.

An environment can encode a fixed condition or an externally
specified input sequence. Its influence through reaction rates or
sensors is part of the transition and observation rules. A policy
may use that influence only through its allowed observations.
In particular, the index e in P, . is not an instruction allowing
the controller to know e.

Every finite path law admits a sequential factorization

T-1
Pue(@or) = Vue@) | | Kueslzier | 200),
t=0

Conditional kernels on zero-probability histories may be ex-

tended arbitrarily. Approximation hypotheses below concern
specified extensions on all histories; this is a sufficient condi-
tion that is straightforward to test.

Definition 4.2 (Protocol classes). Let Cengo be a declared
class of endogenous reaction—assembly protocols. Dis-
tinguish the following placed classes: fixed deterministic
preparation, preparation with an admissible randomizer,
observation-dependent control, and engineered initializa-
tion followed by autonomous molecular operation. Their
available observations, transitions, and resource bounds
form part of their definitions.

These classes classify capabilities rather than technological
labels. An engineered system that contains the same reaction,
retention, sensing, and repair mechanisms as an endogenous
system belongs to an appropriate autonomous placed class.

Definition 4.3 (Operational emulation). For two protocol
classes C and D, write C < D when for every u € C there
exists a single v € D such that

Pnp S B for every e € &,

and v satisfies the required resource constraints whenever
u does. Thus the order of quantifiers is Vu Jv Ve.

The definition excludes a different emulator selected after
learning an environment that the original protocol was not per-
mitted to observe.

Theorem 4.4 (Emulation transfers performance). If C <
D, every attainable expectation of an environment-
dependent functional of the comparison record under a
protocol in C is matched under a protocol in D, simul-
taneously for all environments. If emulation holds in
both directions, the two classes have the same attainable
environment-indexed path-law families.

Proof. Choose the emulator in Definition 4.3. For every e
and every function f, on the finite record space,

> RzorPuczor) = ), felzor)Pue(zor).

20:7 20:7

The second assertion follows by applying this matching of
laws in both directions. O

Corollary 4.5 (No provenance-only separation). If the ad-
missible placed class operationally emulates the endoge-
nous class, no objective determined by the comparison
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record can have a strict optimum attainable only by the
endogenous class.

Proof. Any proposed attaining endogenous protocol has
an admissible placed emulator with the same objective
value. O

The corollary does not prevent strict comparison results. It
locates their content: a strict result must use a specified restric-
tion in the placed class, such as unavailable feedback, a limited
randomizer, a different transition set, or a binding resource con-
straint. Equal material reachability alone neither supplies nor
excludes these operating capabilities.

4.1 Approximate emulation

For distributions p, g on a finite set F, use

drv(p.4) = 3 3" 1P - g(0).
xeF
This convention gives |[E, f —E, f| < Mdrv(p,q) for0 < f < M.
Indeed, writing r = p—q and using ), r = 0, the largest value of
> f(x)r(x) is obtained by putting f = M on the positive part
of r and f = 0 on the negative part.

Theorem 4.6 (Finite-horizon engineering error). Let two

admissible protocols have initial laws v,,v, and history

kernels K,;, K., on the same comparison alphabet. Sup-

pose, uniformly over environments and histories,
dTV(Ve,T/;) < 607

drv(Kei(- | B), Ko (- | ) < 6141

Then the laws of their complete records satisfy

T
drv(P,, P,) < Ar := min{1, Z(Sj
=0

The same bound holds after applying any common deter-
ministic observation map or stochastic observation chan-
nel to the record.

Proof. For distributions p, g on histories and extension ker-
nels K, K,
drv(pK.¢K) < drv(pK,qK) + drv(qK. gK)
<drv(p.q)
+sup dry(K(- | h), K(- | h)).
h

The first term contracts because a stochastic kernel preserves
total mass and the triangle inequality can be applied after

summing over its output. The second is bounded by the aver-
age conditional distance, and hence by its supremum. Apply
this inequality successively to the path prefixes. A probabil-
ity distance is at most one, giving the truncation. The final
assertion is the same contraction inequality for the common
observation channel. O

In particular, an initial error ¢y and a per-step kernel error
6 give Ay < min{l,6y + T¢6}. The estimate is for the entire
observed trajectory, not merely its terminal state. It does not
imply convergence uniformly over unbounded time horizons.

Definition 4.7 (Resource-bounded robust value). Let 0 <
fe < M be a common reward on the record and let 0 < C <
M be a common resource cost on that record. Define

c(u) = supEp, C.
ee§

For a protocol class C with a nonempty feasible set at bud-
get b, define

Ve(b,T) = sup infEp,, fo.
ueC €8 ’
c(u)<b
The cost convention is a worst-environment expected bud-
get. A pathwise budget is a different constraint and is not
substituted for it.

Theorem 4.8 (Performance and budget transfer). If each
u € C feasible at b has a single emulator v € D whose
record-law error is at most A uniformly over environments,
then

Vob+ McA,T) > Ve(b, T) — MA.

If emulation is exact and resource preserving, the same-
budget inequality Vo (b, T) = Ve(b, T) holds.

Proof. The expectation bound for total variation gives, for
every environment,

Ep, fe 2 Ep,, fo — MA,
Ep,.C < Ep, .C + McA.

Taking the supremum over environments in the cost inequal-
ity makes v feasible at b+ M¢A. Taking the infimum in the re-
ward inequality and then the supremum over feasible u proves
the assertion. No maximizing protocol is presumed to exist.
The exact case has zero error and no budget increase. O

Corollary 4.9 (An engineering approximation sequence).
Fix a horizon. Suppose admissible engineered protocols
approximate an endogenous protocol with uniform initial
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errors tending to zero and uniform per-step kernel errors
tending to zero. Then their comparison-record laws con-
verge in total variation, their bounded reward values con-
verge, and their bounded expected resource costs converge,
uniformly over environments.

Proof. There are finitely many steps. The bound in Theo-
rem 4.6 therefore tends to zero. Apply the expectation bounds
to the reward and cost. O

This is a precise sense in which engineering can approach
the capability of an endogenous source. The engineering task
is to approximate a preparation-and-response mechanism at a
declared resolution, rather than only to manufacture one end-
point configuration. The estimate charges imperfect initializa-
tion, imperfect responses, and finite observation horizon sep-
arately. Where energy, feedstock, delay, and external control
cannot be combined into a justified scalar cost, Definition 4.7 is
applied componentwise and the resulting feasible performance
sets are compared by their Pareto order.

5 A strict adaptive separation and its re-
covery by engineering

A small kinetic realization shows how equal molecular reach-
ability can coexist with strict operational differences. The
two states in this section represent two admitted functional
classes of a fixed architecture. Their rates are explicitly as-
sumed molecular response parameters; the example does not
infer such rates from the chrysene core alone.

Definition 5.1 (Binary demand experiment). The environ-
ment is e € {0, 1} and the terminal output is Y € {0, 1}.
Success is the event ¥ = e. The environment is unknown
to an uninformed preparation policy and is fixed during the
preparation or response interval.

Proposition 5.2 (Uninformed preparation bound). An
environment-independent randomized preparation law has
worst-environment success probability at most 1/2. The
unique maximizing law is uniform. Every fixed determinis-
tic preparation has worst-environment success zero.

Proof. Leta = Pr(Y = 1). The two success probabilities are
1 — a and a, so their minimum is at most 1/2, with equality
exactly when a = 1/2. A deterministic preparation has a = 0
ora=1. O

1911

Definition 5.3 (Environment-responsive kinetic witness).
Fix rates @ > 8 > 0. In environment e, the transition rate
from 1 — e to e is @ and the reverse rate is . In the ordered
states 0, 1, the generators are

(B B [«
QO‘(& —a)’ Q“(ﬁ —ﬁ)'

The coupling of environment to the generator is part of the
realization. A molecular mechanism with these rates is re-
sponsive even if it has no separately identified digital sen-
SOT.

Theorem 5.4 (Finite-time endogenous response advan-
tage). For either environment, if pq is the initial probability
of the correct state, the correct-state probability at time t
is

__@ ~(@+p)t
() = —— +|po - .
De(?) oy (Po a+ﬂ)€

Consequently, for every initial law, the worst-environment
success is strictly greater than 1/2 whenever

1 (2@)
log| —— |-
a+p a-p0

Its stationary success probability is a/(a + 3) > 1/2.

t>

Proof. The forward equation for the probability of the correct
state is p, = a(1 — p.) — Bp.. Solving this scalar linear equa-
tion gives the formula. It is increasing in pg, so a uniform
lower bound over all initial laws is

pe(t) = aiﬂa (1—e ).

This exceeds 1/2 exactly when =@ < (a—B)/(2a), giving
the stated sufficient dwell time. Letting ¢ tend to infinity gives
the stationary value. m}

The rates are positive, so both states are accessible in both
environments. The strict difference is therefore not a difference
of reachable sets. It is a difference between an environment-
blind preparation law and a mechanism whose transition law is
coupled to the environment. A cost-qualified comparison addi-
tionally requires that the responsive realization satisfy the same
declared budget; the theorem by itself is a success-probability
statement.

Proposition 5.5 (Recovery by an engineered response
mechanism). An engineered realization having the same
initial law, environment coupling, and generators Qy, Q1
has exactly the same response law. At sampling interval At,



Annals of the Chrysene Formalism

Vol. 1,No. 4 | Nov 2026

the common discrete kernels are exp(At Q,). Engineered
approximations to these kernels satisfy the finite-horizon
estimate of Theorem 4.6.

Proof. For a finite generator Q,, the transition matrix is the
unique solution of the linear initial-value problem K'(f) =
K®Q., K(0) = I, namely exp(tQ.). Equal initial laws and
equal transition matrices give equal sampled path laws by
their sequential factorization. The approximation assertion
is Theorem 4.6. |

The example makes the progression from placement to
source engineering explicit. Exact initial placement controls an
endpoint. Randomized placement additionally controls an en-
semble. An engineered response mechanism controls how that
ensemble changes with the environment. Once the latter mecha-
nism reproduces the endogenous kernels and respects the same
resource constraints, the operational distinction vanishes even
though the historical origins of the systems remain different.

6 Functional selection and retained
source variability

The configuration selected by a source and the function ob-
tained from that configuration need not have the same resolu-
tion. Article 84 compares reachable configurations and their
product images, while Article 90 separates chemical and reg-
istry contributions to configuration surprisal [Sch260, Sch26q].
We now fix the functional requirement first and determine the
least change to the source law needed to satisfy it. The resulting
construction retains the source’s conditional variability wher-
ever the required function permits it. Its mathematical basis is
the finite relative-entropy chain rule; the source comparison and
the registry instantiation are the applications developed here.
Relative-entropy projection provides the standard information-
geometric setting [Csi75, CT06].

6.1 Disintegration over a functional map

Definition 6.1 (Reference source and functional fibers).
Let X and Y be finite nonempty sets, let 7 : X — Y be
surjective, and let u € P(X) satisfy p(x) > O for every
x € X. Write

Xy=m' D, A0 = ) .

xeX,

The conditional reference law on X, is u,(x) = u(x)/a(y).
All logarithms in this section are natural. For probability

laws p, g on a finite set, with g > 0, set

p(x)
D = § log ===,
kL(Pllg) oy p(x)log o)

Thus zero summands are assigned their continuous value
0.

The law u may be the assembly law induced by a specified
endogenous reaction—transport and retention model. Its positiv-
ity is an explicit assumption about that model. On a constrained
lattice, X is the admissible set already incorporating connector
and registry compatibility, not an unconstrained product of site
and edge alphabets. The map 7 may record a registry class or
a chemical function; the two choices coincide only when the
corresponding identification has been established.

Lemma 6.2 (Finite disintegration). Let p € P(X) and r =
m.p. For every y with r(y) > O there is a unique probability
law py, on X, such that

p(x) = r(y)py(x),

xeX,.

If r(y) = O, then p vanishes throughout X,, and the choice
of py has no effect on p. In particular, for every prescribed
r € P(Y), the law

Pr(x) = r((x))iae (x) (D

is well defined and satisfies n.py = r.

Proof. For r(y) > 0, divide p(x) by its sum over X,. For
r(y) = 0, nonnegativity forces every summand of that sum to
vanish. Finally, summing (1) over X|, gives r(y), since i, is a
probability law. Summing once more over y gives total mass
one. O

Lemma 6.3 (Nonnegativity and its equality condition). If
q > 0, then Dy (pllg) > 0O, with equality if and only if
pP=q

Proof. Apply logt < t — 1, with equality only at ¢ = 1, to
t = g(x)/ p(x) for p(x) > 0. It follows that

—Dxr(pllg) < Z g(x)—1<0.

x:p(x)>0

Equality requires g(x) = p(x) on the support of p and zero g-
mass outside it. These conditions are equivalentto p = g. O
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Theorem 6.4 (Least-information functional selection).
For any prescribed functional law r € P(Y) and any
pePX)withn.p=r,

Dxv(pliw) = Dxr(rllz)
+ 3 obapl). @

yir(y)>0

Consequently,
}I},ifr Dxi(plin) = Dxo(rll@), (3)

and the unique minimizing law is py of (1).

Proof. For p(x) > 0, put y = n(x). Then r(y) > 0 and

P _ 1) p
u(x) ) py(x)

Take logarithms, multiply by p(x), and sum first over each
fiber and then over y. The fiber sum of p, is one, giving
(2). Lemma 6.3 proves the lower bound. For p = p!, every
positive-weight conditional law equals u,, so the bound is
attained. Conversely, equality in the bound forces p, = p,
whenever r(y) > 0. On the remaining fibers p = 0 by
Lemma 6.2. These conditions determine p/ uniquely. O

Corollary 6.5 (Exact residual penalty). For every p with
P =T,

Dy (plln) = Dxr(rllw) + Dxr(plIpy). 4)

The last divergence is taken on the common allowed set
Ury>0 Xy, where Pl is strictly positive.

Proof. On a positive-weight fiber, p(x)/py(x) = py(x)/uy(x).
Summation gives the conditional term of (2). Both laws van-
ish outside the displayed allowed set. O

Equation (4) separates two tasks. The first term changes
the distribution of required functions. The second term further
reorganizes the configurations implementing those functions.
When the functional specification leaves internal choices open,
the latter change is avoidable for this objective. This is the pre-
cise sense in which source variability can be useful rather than
a defect.

1913

6.2 Exact configurations and functional classes

Corollary 6.6 (Class selection and microscopic specifica-
tion). Fix y € Y. The unique least-divergence law sup-
ported on X, is the conditional law u,, extended by zero
outside X, and

Dy (uyll) = —log a(y). &)

For every x € X,

Dy (0xlle) — Dxr(uylle) = — log py(x). (6)

The difference is positive if and only if u,(x) < 1.

Proof. Apply Theorem 6.4 to r = 9,. The point law has diver-
gence —log u(x), and p(x) = fi(y)u,(x) proves the difference
formula. O

Proposition 6.7 (Strict source-class separation for the in-
formation objective). Suppose an admissible endogenous
selection mechanism realizes p,, and suppose the com-
parison class consists of deterministic placements 6, with
x € X,. If |X,| > 2, the least divergence in that determinis-
tic class exceeds the endogenous value by

- log(m?\,x,uy(x)) > 0. @)

If the exogenous class also realizes p,, the strict separation
vanishes.

Proof. Minimize (6) over the finite nonempty fiber. Strict
positivity of u and |X,| > 2 imply that its largest conditional
atom is less than one. If 11, belongs to the exogenous class, it
attains the common global lower bound (5). m]

This proposition compares two preparations yielding the
same functional output with probability one. It does not assign
a microscopic-precision task to one source and a different func-
tional task to the other: exact placement is here a restriction
on the available protocol, not a requirement of the task. Ex-
panding the placed-source protocol to include the minimizing
mixture removes the gap.

Remark 6.8 (Information, material and work). The diver-
gence is measured in nats; division by log?2 gives bits. It
is a change-of-law objective, not automatically the number
of laboratory control operations, the amount of feedstock
consumed, or a work requirement. A thermodynamic iden-
tification requires a physical reference equilibrium state, a
specified Hamiltonian, reservoirs, and a preparation proto-
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col. The class-state entropy comparison in Article 96 mo-
tivates the present formulation [Sch26j]; the finite proof
above uses no quantum-channel or work-cost assumption.

6.3 Uniform reference and entropy

Proposition 6.9 (Retained entropy at fixed function). Let
1 be uniform on X, put n = |X| and n, = |X,|, and define
H(p) = = ¥ >0 P(x) log p(x). Among laws with t.p = r,

H(p) < H(r)+ Y r(y) logny. ®)
y

Equality holds exactly for p = p", which is uniform within
each positive-weight fiber.

Proof. For a uniform reference, direct expansion gives
DxL(pllw) = logn — H(p). Theorem 6.4 therefore identi-
fies the unique entropy maximizer. Its value follows from
pr(x) = r(y)/ny on Xy: summing —p/(x) log p}(x) over the
fibers yields the right-hand side of (8). O

For a nonuniform reference, the minimizing conditional law
is uy,, which need not maximize Shannon entropy on its fiber.
The general principle is preservation of the reference’s condi-
tional organization; maximal conditional entropy is its uniform-
reference specialization.

Proposition 6.10 (Successive functional quotients). Let s :
Y — Z be a surjection, i = Y., and s = y.r. Then

re=r(-12), fy = | 2)
are defined on ' ({z}) whenever s(z) > 0, and

Dxy.(rllft) = Dxu(sllir)
+ > s@Dru(rl). ©)

2:8(2)>0

Thus prescribing a finer output distribution cannot have
smaller minimum divergence than prescribing only its
coarser image.

Proof. Apply Theorem 6.4 with configuration space Y, refer-
ence [i, and functional map . The reference is strictly posi-
tive because 7 is surjective and ¢ > 0. Nonnegativity proves
the final assertion. O

This is useful when registry classes are subsequently mapped
to chemical products or when several encoded states implement
the same response. A count of registry classes alone supplies
neither the injectivity of that product map nor the cost of select-

ing a product; the relevant fibers are those of the map actually
used.

7 Constructive selection and its supply
cost

The minimizing law is an explicit mathematical object. To con-
nect it to a source, the mechanism must be able to distinguish
the functional classes on which it acts. The following finite con-
struction isolates that requirement and makes the rejection cost
visible.

Definition 7.1 (Functional acceptance mechanism). An
independent-trial functional acceptance mechanism draws
successive configurations with law u and accepts a draw x
with probability a(n(x)), where a : Y — [0,1]. The tri-
als and their acceptance randomness are independent. The
first accepted configuration is the output.

Theorem 7.2 (Exact acceptance realization). For r €

PY), set
)

C = min .
max y:r(y)>0 V(y)

Then 0 < cpax < 1. For any 0 < ¢ < cimax, define

e {c rO)/EY), () > 0, T,

0, r(y) = 0.

The mechanism of Definition 7.1 terminates almost surely
and outputs p';. Its number N of draws obeys

Pr(N > k) = (1 - o), E[N] = ¢\ (11)
Among class-only acceptance mechanisms producing p
from independent p-draws, cmax i the largest acceptance
probability per draw.

Proof. Positivity and finiteness make cpax > 0. If every
positive-target class had fi(y) > r(y), summing over those
classes would give a reference mass greater than one. Hence
Cmax < 1. The bound on ¢ makes (10) an acceptance probabil-

ity. Its unconditional acceptance probability is

D AMa) = ¢y ) =c.
;

y

The joint probability of drawing x and accepting equals
¢ r(m(x)u(x)/ia(m(x)) = c pi(x). Thus the conditional law of
any accepted draw is p. Independence gives the geometric
tail and mean in (11), as well as almost-sure termination.

Conversely, suppose a class-only mechanism has positive ac-
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ceptance probability ¢’ and accepted law p!. Comparing its
accepted class probabilities gives fi(y)a(y) = ¢’r(y). Since
a(y) < 1, one has ¢’ < fa(y)/r(y) for every r(y) > 0. Therefore
¢’ < Cmax- O

Corollary 7.3 (A single functional target). For r = ¢,
accept exactly the draws in X,. The output law is u,
and the mean number of draws is 1/ji(y). The probabil-
ity of obtaining an accepted configuration within k draws
is 1= (1 - GO,

Proof. Here cyax = f(y), so (10) is the indicator of the target
class. Apply Theorem 7.2. O

The construction can represent a passive retention interface
only if the specified acceptance law is physically implemented;
it can equally represent an engineered sorter with the required
readout. The source chemistry of Article 79 supplies a refer-
ence law and selective export mechanisms [Sch26r], but does
not by itself supply every functional acceptance map in (10).
The theorem therefore provides an explicit realization target for
both endogenous and exogenous research. Its information op-
timum does not eliminate rejected material, waiting time, sens-
ing, or the means of returning unaccepted material to the sup-

ply.

8 A hexamer comparison on the reg-
istry quotient

We now instantiate the comparison at the coding-stack scale
used in Articles 84, 90 and 91 [Sch260, Sch26q, Sch26e]. Fix
the admissible composition and a reference making the reg-
istry field meaningful. The six-site orientation word is s =
(81,...,86) € ]Fg. Its agreement word is

d(s) = (51 + S2,..., 85+ 56) € F5. (12)

All additions in this display are in F,. This temporary six-site
lift is distinct from the five-coordinate configuration space used
below.

Lemma 8.1 (Agreement reduction). The map d is onto,
and each fiber consists of exactly two words related by
global complementation. Reversal of a six-site word in-
duces reversal of its five-coordinate agreement word.

Proof. For a prescribed agreement word 7, choose s, freely
and set ;.1 = 5; + ;. The two choices of s produce the only
two lifts, differing at every coordinate. Reversing the order
of the adjacent pairs reverses their list of sums. O

Put X = Fg and let R(y,...,n5) = (s,...,11). Let Y =

X/(R) and let  be the quotient map. These are registry classes.
Their identification with distinct chemical products is not as-
sumed.

Proposition 8.2 (Exact quotient and baseline law). The
quotient Y has eight singleton classes and twelve two-
element classes. If y is uniform on X, then
_ 1/32, Xyl =1,
A(G) = { ’

1/16, |X,| = 2.

In particular, |Y| = 20, but fi is not uniform on Y.

Proof. A word is fixed by reversal exactly when 7; = 15 and
172 = n4. The three free bits give 2° = 8 fixed words. The
remaining 32 — 8 = 24 words form disjoint pairs. The push-
forward mass is the size of each fiber divided by 32. O

Corollary 8.3 (Four-bit class selection and five-bit word
selection). For a two-element registry class, conditional
selection has divergence 41og 2 and retains conditional en-
tropy log2. Exact selection of either member has diver-
gence 5log?2. For a singleton class both preparations have
divergence 5log?2.

Proof. Apply (5) to masses 1/16 and 1/32. In a two-element
fiber, 4, is uniform and has entropy log 2. The excess in (6)
is therefore log 2. O

The calculation recovers the class-state information distinc-
tion appearing in Article 96 [Sch26j], now as a consequence
of the functional-selection theorem. The missing bit specifies a
member of the pair; it is necessary only if the task distinguishes
those members. On a singleton fiber there is no internal choice
to preserve. At the level of six-site lifts, the corresponding or-
bit sizes are two and four by Lemma 8.1; these do not create an
additional independent contact bit.

If a physical product map further merges registry classes,
the appropriate selection law follows by composing 7 with that
product map. Proposition 6.10 then quantifies the information
saved by specifying only the product.

9 Unknown demand and optimal func-
tional coverage

Exact-target selection assumes that the desired function is
known before preparation. A source supplying a variable en-
vironment may instead need to cover several possible functions
before a particular one is requested. We formulate that distinct
objective explicitly.
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Definition 9.1 (Demand-independent preparation). Let
m = |Y| > 2. A preparation law p is chosen without ob-
serving a demand y € Y. The demand may depend on the
announced preparation law but not on the realized draw.
Success means m(X) =y, and its guaranteed probability is

['(p) = min(r.p)(y).
yey

Theorem 9.2 (Minimax functional coverage). One has

A law is maximizing if and only if n.p is uniform on Y.
Every deterministic preparation has guaranteed success
zero. Every full-support reference law u has strictly pos-
itive guaranteed success.

Proof. The smallest of m nonnegative masses summing to
one is at most their average 1/m. Equality requires all masses
to equal that average. Surjectivity supplies at least one lift
of the uniform output law, for example (1). A deterministic
preparation produces one output, leaving at least one other
output with mass zero. Finally, positivity of 4 and nonempty
fibers give fi(y) > O for every y, so their finite minimum is

positive. O
Theorem 9.3 (Least-information robust source law).
Among all maximizers of T, the unique law minimizing
Dx1(pllu) is o
u(x
Phop(®) = ———. 13)
rob m fa(re(x))
Its divergence is
1 1/m
D (Pl ll) = — " log ——. (14)
mey A)

Proof. Theorem 9.2 fixes the maximizing output law to
r(y) = 1/m. Theorem 6.4 gives the unique minimizing lift
and its divergence. O

The theorem is a lexicographic optimum: first maximize
guaranteed functional coverage, then minimize the change to
the reference source. It preserves all conditional organization
within the functional fibers while correcting unequal output fre-
quencies.

Example 9.4 (Balanced hexamer coverage). In Proposi-
tion 8.2, the baseline uniform registry source has I'(u) =

1/32, whereas the best guaranteed functional coverage is
1/20. The least-information robust law assigns

1/20, Rnp=n,
1/40, Rn # 7.

Plop(M) = {
Its divergence is exactly

8 32 12 16
D = —log = + — log —
KL(Php ) 20 0g 20 + 20 0g 20 a5

8 3
=log = — Zlog?2.
ogz — g log

This is approximately 0.0541153 nats, or 0.0780719 bits.

Proof. Use (13) and the two fiber sizes. Equation (14) gives
the first line of (15); collecting logarithms gives the second.
The atom probabilities sum to one because the eight singleton
words contribute 8/20 and the twenty-four remaining words
contribute 24/40. ]

The robust law also has a simple acceptance realization. For
the hexamer baseline, ciax = min(20/32,20/16) = 5/8. Equa-
tion (10) accepts palindromic words with probability one and
nonpalindromic words with probability 1/2. The mean num-
ber of draws is 8/5. These statements describe an ideal class-
sensitive selector; constructing a molecular selector that imple-
ments these probabilities is a separate realization problem.

Remark 9.5 (What the robust separation establishes). The
positive comparison is with a fixed demand-independent
exact placement. An endogenous ensemble can cover sev-
eral as-yet-unspecified functions, whereas one fixed placed
output cannot cover all of them with positive guaranteed
success. A randomized exogenous preparation having the
same output law achieves the same coverage. If demand
is known in advance, exact placement of that demanded
output instead has success one; if demand is chosen af-
ter seeing the actual draw, the present minimax game no
longer applies. These are different observation conditions,
not contradictory rankings of the same experiment.

10 Constructive realization by admissi-
ble dynamics

The variational comparison becomes an engineering problem
when the optimal law is required to arise from allowed transi-
tions rather than from a formal assignment of probabilities. We
give two realizations. The first modifies a reversible assembly
network by a Metropolis acceptance factor while preserving its
allowed moves [MRR*53]. The second conditions a finite as-
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sembly trajectory on a terminal functional requirement. Both
constructions retain the distinction between a selected function
and a selected microscopic history.

Article 79 adopts reaction—transport kinetics with irre-
versible export and retention hypotheses [Sch26r]; it does not
supply the reversible network assumed below. Our first con-
struction is an additional, post-preparation realization that may
be considered for either source. Its role is to identify the tran-
sitions, sensing, and initialization that would make the func-
tional optimum attainable. Article 84’s reachability compari-
son [Sch260] and Article 90°s parameterized laws [Sch26q] do
not by themselves establish those operating capabilities.

10.1 Reversible assembly and functional rate se-
lection

Definition 10.1 (An admissible reversible network). Let X
be a finite set with at least two elements and let u be a prob-
ability law with p(x) > O for every x € X. An admissible
reversible network is a continuous-time Markov generator

Q = (g(x, 2))xzex satisfying

qx,2) >0 (x#72), q(x,x) = — Z q(x, 2),

TEX
and the detailed-balance identities
u(x)q(x, z) = u(2)q(z, x).

Its move graph has edge {x, z} precisely when g(x,z) > 0.
We initially require this graph to be connected.

The states may describe whole assemblies while each edge
changes only a specified local part. Thus locality is a property
of the move graph, not an automatic consequence of finiteness.
Detailed balance makes its edges bidirectional. If a chemical
mechanism supplies an irreversible edge only, it does not satisfy
Definition 10.1 without an additional reversible realization.

Fix an onto functional map 7 : X — Y. Write a(y) =
2ir(v=y M(x) and let r be a strictly positive probability law on
Y. The functional-selection optimizer is

P'(x) = pw(),
oy = 1) 16)
A(0)

The weight is constant within each functional fiber. It is posi-
tive and satisfies ), u(x)w(x) = 1.

Theorem 10.2 (Rate realization of functional selection).

Vol. 1,No. 4 | Nov 2026
Under Definition 10.1, define, for x # z,
* . w(Z
q (x,2) = q(x,2) rnln{l, Q} (17)
w(x)

and set ¢*(x,x) = — .., ¢"(x, 2). Then:
(i) QF has exactly the same move graph as Q;
(ii) Q is reversible with respect to p*;
(iii) p* is its unique stationary law;
(iv) every initial law converges to p* as time tends to infin-
ity.
Transitions within a functional fiber retain their original
rates.

Proof. Positivity of w makes the multiplicative factor in (17)
strictly positive, so the support of the off-diagonal rates is
unchanged. For distinct x, z,

' (X)q"(x,2) = p(x)q(x, ) min{w(x), w(z)}
= u(2)q(z, x) min{w(z), w(x)}
= p" (g (2, x).

Summing these identities shows that p*Q* = 0. Con-
nectedness of the finite move graph gives irreducibility.
The reversible generator is self-adjoint in the inner prod-
uct weighted by p*, and its quadratic form is nonpositive.
Its nullspace consists exactly of constants: vanishing of the
corresponding Dirichlet form forces equality of a function
across every edge and hence across X. All other eigenval-
ues are therefore strictly negative. Exponentiating the gen-
erator proves convergence to the unique stationary law. If
n(x) = n(z), then w(x) = w(z) and the multiplier is one. O

Remark 10.3 (Local moves and available information).
The theorem preserves local moves but does not assert lo-
cal computability of their acceptance factors. To imple-
ment the ratio w(z)/w(x), a mechanism must distinguish
the relevant functional classes or carry an equivalent lo-
cal encoding of their weights. A globally defined output
predicate may require distributed sensing, memory, or ad-
ditional state variables. These are explicit implementation
requirements. They are not supplied merely by the fact that
the underlying moves alter one contact at a time.

An endogenous realization of these rates attains the same
functional law as an engineered realization of them. The source
comparison is therefore constructive: the engineered system
need not prescribe every microscopic outcome. It can instead
reproduce the allowed network and the functional acceptance
ratios, leaving the conditional fluctuations inside each fiber in-
tact.
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10.2 Finite-time approach to the optimum

Definition 10.4 (Dirichlet form and relaxation gap). For
a reversible generator Q with invariant probability law g,
define

1
Do(f.f) = 5 ) M4 (@ ~ f)Y.

Its spectral gap is

Do(f. f)

Ao = .
¢ Vaxil(lf)>0 Var,(f)

For a finite connected move graph, 4o > 0.

Theorem 10.5 (A quantitative realization bound). Let
Wmin = min, w(x) and wmax = max, w(x). The generator in
Theorem 10.2 satisfies

Ao > —min o, (18)

Wmax

For an initial law py, let p, = poe'® and define

o) _ 1)2
pr(x) '

R
drv(pi, P) < 5e Aot D2 (pollp®). (19)

The same upper bound holds for drv(m.p;, 7).

pollp) =) p*(x)(

Then

Proof. The balance identity in the preceding proof gives
Do-(f2 ) Z wminDo(f, )
Since variance is the minimum squared distance to a constant,
Var, (f) < )" p'(Fx) ~ B, f)°

< Wmax Vary(f)

The gap inequality for Q now yields (18).
Let g;(x) = p,(x)/p*(x). Reversibility identifies the evolution

of g, with the self-adjoint semigroup ¢’¢" acting on functions.

The function go — 1 has p*-mean zero. The finite-dimensional
spectral theorem therefore gives

iy
llg: = Ulz2pry < €7llgo = Ulzzgpey-

Cauchy-Schwarz applied to 2drvy(p;, p*) = X p*(0)|g:(x)—1|
proves (19). Finally, summing over the fibers of 7 cannot
increase total variation, and 7. p* = r. m]

1918

Corollary 10.6 (A sufficient operating time). If
Y(pollp*) > 0and 0 < 6 < 1, any nonnegative time

satisfying

Wmax log VXZ(POHP*)
Wmindo 26
ensures dry(m.py, r) < 0. When the right-hand side is neg-
ative, time zero already satisfies this sufficient bound. If
po = p*, the conclusion holds at every time.

t>

The bound exhibits a cost that a terminal-law comparison
alone hides. Strongly uneven functional weights can slow
the guaranteed relaxation through Wyin/Wmax. An information-
optimal target law is not thereby a time-optimal construction.
Different admissible move graphs can have the same invariant
law and different gaps.

10.3 Exact exclusions and disconnected sup-
ports

Proposition 10.7 (Zero target masses). Permit r(y) = 0
and put
S ={xe X : r(z(x)) > 0}.

Use (17) only for distinct x,z € S, with diagonal entries
chosen from the rates within S. This defines a generator on
S reversible with respect to p*|s, which is already normal-
ized. If the induced move graph on S is connected, p*|s is
the unique stationary law and every law initially supported
on S converges to it.

If the induced graph has components S 1, ..., Sy, each com-
ponent has invariant law p*(- | S ;). For an initial law po
on S, the limiting law equals p* if and only if

poSH)=pES) (A<j<h).

Proof. All retained weights are positive, so the detailed-
balance calculation applies on every induced edge. No re-
tained edge connects different components, and each compo-
nent is a finite irreducible chain (including the one-state case).
Its initial total mass is conserved. Within that component the
normalized law converges to p*(- | §;). Consequently the
limiting mass at x € S is po(S ))p*(x)/p*(S ;), which equals
p*(x) precisely under the displayed component-mass condi-
tion. O

Remark 10.8 (What an exact target requires). Restricting
the generator to S means forbidding exits from S. The
proposition does not move an initial state outside S into
it, nor does it redistribute mass between disconnected com-
ponents. Those tasks require an initialization stage or ad-
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ditional admissible transitions. Thus exact functional ex- resulting path law P satisfies
clusions have a sharper implementation requirement than a
strictly positive target law. P4 = P(- | A).

11 Functional conditioning of assembly
histories

An assembly may be required to reach a function by a speci-
fied time, not merely to have that function at equilibrium. A
conditioned path law retains all unselected features of the base-
line history. This gives an exact dynamic analogue of retaining
microscopic variability within a functional class. Conditioned-
process constructions have a broader nonequilibrium setting
[CT15]; the finite-horizon identities needed here are proved di-
rectly.

11.1 A terminal-event transform

Definition 11.1 (Baseline trajectory and backward success
function). Let T > 1, let v be a probability law on finite
X, and let P,(x,z), 0 <t < T, be stochastic matrices. The
baseline path law is

P(xo, - x7) = v(x0) | | P xian).

t<T

Fix a nonempty functional target B C Y and set A =
{n(X7) € B}. Assume a = P(A) > 0. Define

hr(x) = l{n(x)eB]a
h(x) = Y P Db O<t<T).

Thus a = Y, v(x)ho(x).

The recurrence defines /,(x) even for states of zero baseline
occupancy at time ¢; it is the success probability for the speci-
fied future kernels when started at x at that time. This avoids
invoking a conditional probability on a zero-probability event.

Theorem 11.2 (Functional Doob transform). Set

YA(x) = %h‘)(x) (20)
For hy(x) > 0, define
W@@=Em©%%§. @1)

On rows with h,(x) = 0, choose any stochastic row. The

In particular it reaches the terminal target with probability
one, and every transition it uses from a reachable state was
already allowed by the baseline kernel.

Proof. Equation (20) defines a probability law. For A;(x) > 0,
the backward recurrence makes the row sum in (21) equal to
one. The initial law assigns zero mass to hy = O states. A
positive-mass transformed transition from a positive-/, state
must lead to a positive-h,, state. By induction, arbitrary zero-
h; rows are never used.

Write w = (xg,...,x7) and H;, = h;(x;). On a transformed
path of positive mass the factors telescope:

PAW) _ Ho [ Hen
P(w) a i.; H,
_H_ L)

a a

Every baseline path with positive mass ending in A has pos-
itive h, along it, since its remaining transitions provide a
positive-probability route to A. Hence the identity accounts
for every such path; all other paths have zero conditional
mass. This proves the assertion. The support statement fol-
lows from the factor P,(x, z) in (21). m]

Remark 11.3 (Initialization is part of conditioning). The
initial reweighting (20) cannot generally be omitted. Re-
taining v while changing only the kernels produces a dif-
ferent law, or may start in a state from which success is
impossible. No initial change is needed when the initial
state is fixed and has positive success probability. More
generally, no change is needed exactly when /p(x) = a on
the support of v.

Remark 11.4 (Known future dynamics). The construction
uses a fixed, known sequence of future kernels. It does not
grant either source advance knowledge of an unobserved
environment. Under environmental uncertainty, the back-
ward functions must be computed from the information ac-
tually available, or their implementation must be justified
by an enlarged causal state model.

11.2 Optimality on path space

For a possibly vanishing finite reference law, extend relative
entropy by setting Dkp (R|[P) = +oo unless R <« P. Otherwise
use the finite sum over the positive mass of R, where P is then
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positive.

Theorem 11.5 (Least-information successful trajectory
law). Among all probability laws R on X™*! withR(A) = 1,
the unique minimizer of DxL (R||P) is PA. Its value is

Dy (PA|IP) = —loga.
More precisely, whenever R < P and R(A) = 1,

Dk (R|IP) = Dk (RIP*) - log a. (22)
Laws not absolutely continuous with respect to P have infi-
nite divergence.

Proof. On every path in A with positive baseline mass, PA =
P/a. Substitution in the finite relative-entropy sum gives (22).
Nonnegativity of relative entropy proves minimality, and its
equality condition gives uniqueness. Setting R = P4 yields
the stated value. O

Corollary 11.6 (The informational price of a prescribed
history). For a baseline-positive successful path w € A,

Dx1.(6,lIP) — DxiL(PA[IP) = —log P(w | A).

The excess is strictly positive unless that path is the only
baseline-positive successful path.

The distinction is relevant to an engineered source. Spec-
ifying an entire assembly schedule fixes more information
than guaranteeing its terminal function while retaining ad-
The Doob construction gives
the least-change history law, not a free implementation: its
time-dependent success functions must be computed, encoded,
sensed, or otherwise realized, and its initialization must be sup-

missible alternative histories.

plied.

Proposition 11.7 (A prescribed terminal functional law).
Let q be the baseline law of n(Xt), and let r be a probability
law supported on supp q. Define

() = rM/q(y), q() >0,
0, q(y) = 0.

Replace hr(x) in Definition 11.1 by g(n(x)) and retain the
backward recurrence. Then Y, v(x)ho(x) = 1. The initial
law v'(x) = v(x)ho(x) and the positive-row kernels (21)
produce the path law

P'(w) = P(w)g(n(x7)).

Its terminal functional law is r, and it uniquely minimizes
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path relative entropy among all laws with that terminal
functional law. In particular,

Dy (P'|[P) = Dk (7llg).

Proof. The terminal weight has baseline expectation
2yia)>0 9)r()/q(y) = 1. The same backward summation
and telescoping proof as in Theorem 11.2 therefore gives
a normalized transformed path law of the stated form.
Summing it over paths with terminal output y gives r(y).
Conditional on any terminal output with positive target mass,
its path law is exactly the baseline conditional path law.
Competitors not absolutely continuous with respect to P have
infinite divergence and cannot minimize, since the target is
supported on supp g and the displayed candidate has finite
divergence. For the remaining competitors, restrict the path
space to supp P and the output space to supp g. The reference
is strictly positive there, so Theorem 6.4 applies. The finite
relative-entropy chain rule, applied to the path space and its
terminal-output map, decomposes every competing law’s
divergence into Dk (r|lg) plus the r-weighted conditional
divergences. Those terms are nonnegative and vanish
together only for P". O

11.3 A criterion for functional rather than mi-

croscopic control

Definition 11.8 (Strong functional lumpability). The base-
line kernels are strongly lumpable under n if, for each

t,y,y’, the sum
D Px2)
n(z)=y

has the same value for every x with m(x) = y. Denote that
value by P,(y,y).

Proposition 11.9 (Conditioning can be controlled on the
quotient). Under Definition 11.8, h/(x) = h,(m(x)), where

hr () = 1s(y),
L) = D P i (),

For every positive-h(y) row, the conditioned quotient ker-

nel is B
5 ’ 5 ’ h l(y’)
Pth(y7y ) = Pt(y7y )tj—
hi(y)
Furthermore, if x and a destination fiber y' have positive
conditioned transition probability, conditioning does not

change the relative probabilities of the destination states
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inside that fiber:

Plx2)  _ P(x2)
Zﬂ(v):y’ P?(X, V) Zﬂ(v):y’ Pt(x’ V)

(@) =y").

Proof. The assertion about A7 is immediate. Assuming the
assertion at time ¢ + 1, group the defining sum for %, by des-
tination fibers and apply strong lumpability. This proves the
backward assertion by induction. Summing (21) over a des-
tination fiber gives the quotient kernel. Within that fiber the
multiplier 7., (y")/h,(y) is constant, so it cancels from the ra-
tio in the last display. O

This is a precise route by which engineering can approach an
endogenous capability without duplicating every microscopic
specification. When lumpability holds, the future success
weighting depends only on the current functional class; the mi-
croscopic conditional transitions can remain those of the under-
lying assembly network. Strong lumpability is sufficient, not
necessary, for fiber-constant backward weights for a particular
target and horizon. Without it, configurations with the same cur-
rent output may have different future success probabilities; the
actual transformed transition factors must be checked against
the available observations and admissible local couplings. Ad-
ditional internal state or sensing may be needed when those fac-
tors cannot be implemented from the functional observations
alone. A shared terminal product map alone does not establish
this stronger dynamic equivalence.

12 Coordination with lattice and re-
sponse structures

The preceding results compare sources on a common state
space. We now specify how additional structures from the cor-
pus enter that state space or its observations. The relevant dis-
tinction is between a structure attached to an admissible con-
figuration and a law assigning weight to configurations. The
former is shared when the realization is shared; the latter may
be source-dependent.

12.1 Coefficient-consistent registry fields

Let G = (V, E¢) be a finite graph with ¢ connected components.
Choose an orientation for each edge, and let K be a finite field
with g elements. Define

c’G;K)=K", C'(G:K) = KFo,

For an oriented edge v — w, put

O, w) = s(w) — s(v).

An edge field is integrable if it is ¢s for some vertex field s. The
binary registry convention is the case K = F,. A quaternary
extension is a different coefficient model, not a relabeling that
creates a second physical bit for free.

Theorem 12.1 (Registry integration and its dimension).
An edge field a is integrable if and only if its signed sum
around every graph cycle is zero. Moreover,

|V|-c

dimg im 6 = |V| - ¢, |[imé| = ¢

It suffices to impose the cycle conditions on a fundamental
cycle basis associated with a spanning forest.

Proof. If a = ds, the signed sum along a closed walk tele-
scopes to zero. Conversely, choose one root in each compo-
nent and assign it the value zero. For each other vertex define
s(v) as the signed sum of a along the unique forest path from
the root to v. Every forest edge then satisfies a = ds. An
edge outside the forest closes a fundamental cycle; the zero-
sum condition on that cycle supplies the same equality on the
remaining edge.

The kernel of § consists exactly of functions constant on each
component, and hence has dimension c¢. Rank—nullity gives
the dimension of its image. A vector space of dimension |V|—
c over a g-element field has the stated cardinality. O

This theorem specifies when edge assignments may be sam-
pled independently. A forest has no cycle conditions, so every
edge field is integrable. On a graph with cycles, independent
full-support edge draws assign positive mass to nonintegrable
fields unless the sampling is subsequently constrained. The ad-
missible configuration set must decide which interpretation is
intended.

Example 12.2 (Columns and a connected finite lattice).
The 3 x 3 X 6 vertex box has 54 vertices. Its vertical stack-
ing graph consists of nine disjoint six-site columns, with
45 edges and nine components. It therefore has 45 inde-
pendent binary integrable registry coordinates.

If all nearest-neighbor lateral edges are included as addi-
tional measured relations, the graph has

|Egl =36 +36+45=117, c=1.

Its integrable binary edge fields have dimension 53, and its
cycle space has dimension

117-54 +1 = 64.

The extra eight independent coordinates compared with
the vertical forest are relative references between columns;
they are not additional native vertical contacts. The re-
maining edge data are constrained by the cycle conditions.
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Whether the lateral molecular connectors physically carry
these relations must be specified in the realization.

Article 94 and the earlier topos working manuscript motivate
directional bridge and cochain descriptions [Sch26s, Sch26l].
Theorem 12.1 uses one coefficient field throughout and proves
a graph-level statement directly. If a cellular model replaces
all cycle conditions by plaquette conditions, it must addition-
ally establish that the chosen boundaries span the relevant cy-
cle space. No identification of real and quaternary cochains is
needed here.

12.2 Reliability as a common stochastic module

The finite-code constructions in Article 98 and the earlier
arithmetic-geometry working manuscript [Sch26k, Sch26b]
can be connected to source comparison once the physical al-
phabet, encoder, noise, and decoder are fixed.

Definition 12.3 (An encoded functional channel). Let M
be a finite message set, let Enc : M — A" be an en-
coder, let N(z | v) be a stochastic noise kernel on trans-
mitted words, and let Dec be a decoder into M U {1}. For
a specified correct message m, define

s(m) = Z N(z | Enc(m)).

z: Dec(z)=m

The source supplies a law p on M; the average success is

Do p(m)s(m).

Proposition 12.4 (Common reliability and source weight-
ing). If two sources use the same encoder, noise kernel,
and decoder, and induce the same message law, their de-
coded output laws and average success probabilities agree.
If their message laws have total-variation distance at most
0, their average success probabilities differ by at most 6.

Proof. The encoder, noise kernel, and decoder compose to
a common stochastic kernel from messages to decoded out-
puts. Equal input laws have equal pushforwards. Since
0 < s(m) < 1, the difference in expectations of s is bounded
by total variation: subtracting any common constant and sep-
arating the positive and negative parts of p — p gives this
bound. O

A minimum-distance theorem is a property of a code, not
of the origin of its encoder. A source may nevertheless dif-
fer in the cost or feasibility of implementing the encoder and
syndrome readout. Those constraints belong to the admissible
policy class.

Five binary contact agreements have 2° possible words. Five
symbols over F4 have 4° possible words. Importing a quater-
nary contact code into the binary registry model therefore re-
quires an additional realized coordinate or a specified block en-
coding. The four-state algebra in Article 92 [Sch26m] provides
an algebraic vocabulary; a physical encoding map supplies the
separate realization.

12.3 Finite operator observations

Let H = CX with distinguished basis {|x) : x € X}. Embed a
classical source law as

pp =Y, PO

xeX

A classical observable f : X — R is represented by A =
2x S(Olx)(x], s0

Tr(ppAy) = ) pOF(X).

This is an exact finite-state representation. It asserts neither
coherent preparation nor a quantum advantage.

Proposition 12.5 (A verified stochastic channel lift). For
a stochastic kernel K(z | x), with x,z € X, define

L, = VK(z | x)|z){xl.

Then the map
O (p) = Y LewpLl,
Z,X

is completely positive and trace preserving, and ®k(p)) =
ppk- It removes off-diagonal input coherences.

Proof. The displayed Kraus representation gives complete
positivity. Moreover,

D LiLa= ), (Z K(z| x)) le)xl = L.

Thus the map preserves trace. Direct multiplication leaves
the output coefficient at |z){z| equal to )., K(z | X)pyx, proving
both remaining statements. O

This construction supplies a valid interface to the channel
language of Article 96 [Sch26j] without inferring a complete
depolarizer from a registry symmetry alone. If coherent quan-
tum behavior is the intended observation, the full channel and
its accessible operations must instead be specified; agreement
of diagonal probabilities is then insufficient.

The transfer and spectral structures developed in Articles 93
and 95 and the earlier arithmetic-geometry working manuscript
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[Sch26i, Sch26h, Sch26b] may likewise be used as common re-
sponse observables or distances for a declared finite realization.
Equal configuration laws give equal distributions of any deter-
ministic response attached to those configurations. A spectral
lower bound or a change of coefficient algebra is not, by itself,
a distinction between endogenous and exogenous origin.

12.4 Geometry and source probability

The single-core architecture gives a reusable basis for these
modules: locant assignments, registry relations, finite graphs,
code coordinates, and response operators can all be typed rel-
ative to the same constitutional framework. Coordination con-
sists of specifying the maps between them. It does not require
every structure to be equivalent to every other structure.

For example, a registry field may determine an encoded
word, an encoded word may determine a decoder output law
under noise, and a molecular configuration may determine an
electrical response under a chosen Hamiltonian. Each arrow
has a domain, a codomain, and assumptions. Composing veri-
fied arrows yields a functional map or a stochastic observation
kernel to which the source comparison applies. A shared dimen-
sion, cardinality, or analogy does not supply a missing arrow.

13 Engineering toward endogenous ca-
pability

13.1 A constructive design sequence

The theory suggests a sequence of engineering questions rather
than a demand to reproduce every microscopic feature of an
endogenous source.

Specify the function. Choose the map 7 or the observable
history whose performance matters. A target molecular word,
a registry equivalence class, a decoded output, and a sustained
adaptive response define different tasks. In particular, unneces-
sary refinement of the target can add conditional information
requirements without improving the intended function.

Specify the accessible configuration graph. Determine
which substitutions, arm states, attachments, references, and
bridge operations are actually available. Article 79’s source
kinetics, the cleavage and supply analyses [Sch26r, Sch26n,
Sch26p], and the directional-bridging model [Sch26s] con-
strain different parts of this graph. A positivity assumption in a
finite mathematical model is not a replacement for identifying
a physical transition.

Retain useful conditional organization. If the functional
task admits multiple configurations, a placed system need not
choose one permanently. It can prepare a randomized mixture
or install local dynamics with the desired invariant law. The

fiber-selection theorem identifies the particular conditional dis-
tribution that preserves the reference source organization while
imposing the required output distribution.

Supply the information used by adaptation. The binary ki-
netic example separates a responsive mechanism from an unin-
formed preparation. To close this gap, engineering must supply
the environmental coupling, not merely a more accurately pre-
pared initial state. Local sensing may be chemical rather than
electronic, but it remains an explicit part of the realization.

Control the approach and its expense. A stationary-law
construction supplies a target distribution; the gap bound sup-
plies a sufficient approach time. A conditioned trajectory sup-
plies a successful path law; the backward success function iden-
tifies the information its implementation requires. Approximate
emulation supplies error bounds, with the corresponding cost
slack, over a specified horizon.

13.2 'What can be specifically endogenous

An endogenous mechanism can exhibit a strict advantage rela-
tive to an explicitly restricted engineering protocol. A mech-
anism that retains a nontrivial functional fiber changes less
information than one required to specify an exact microstate.
A demand-independent diverse source can cover an unknown
functional requirement that a single fixed output misses. An
environment-responsive source can exceed the minimax suc-
cess of an uninformed initial preparation. These are proved
comparisons of distinct attainable laws or responses.

The same results also identify their boundaries. An engi-
neered sampler can reproduce the selected terminal law. An en-
gineered reversible network can reproduce its invariant law and
relaxation behavior. An engineered sensor and generator can
reproduce the responsive kinetic witness. An engineered real-
ization of the conditioned kernels can reproduce the successful
trajectory law. The stronger the allowed exogenous class, the
more operations it can share with the endogenous mechanism.

Thus an endogenous-only claim is meaningful only with a
stated comparison class and objective. For the broad engineer-
ing class envisaged here, an emulation theorem is as important
as a separation theorem: it identifies how the supposed limita-
tion can be overcome.

13.3 Information, supply, and physical work

The information objective compares laws relative to a declared
reference source. It is not a universal currency for chemical
manufacture. The acceptance construction quantifies a distinct
expenditure in repeated draws. The local-dynamics construc-
tion quantifies a distinct time requirement. Environmental cou-
pling, reference retention, error correction, and recovery from
rejected assemblies may impose further costs.
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Converting a relative-entropy difference into a lower bound
on work requires a physical model of equilibrium, energies,
reservoirs, allowed processes, and information reset. The
present construction does not require such a conversion. This
separation is useful: a rigorous information optimum remains
meaningful when actual chemical energies are unknown, while
an asserted energy optimum would not.

Likewise, a supply law with the correct mean composition
does not ensure adequate supply in every finite cycle. Repeated
trials, retention losses, waiting times, and incomplete bridging
can be incorporated as state and cost variables. The finite-
horizon formulation accommodates those additions, but does
not silently identify mean throughput with reliability.

13.4 Research implications for the common-
core hypothesis

The common molecular core reduces the number of indepen-
dent constitutional starting points in the model and supports a
shared material ledger. The remaining difficulty is concentrated
in controlled transformations and organization: which arms sur-
vive, which contacts distinguish alignment, which references
persist, which bridges form, and which outputs can be selected
without over-specification.

This reframing is useful for both origins. Endogenous re-
search asks whether local interactions in a mixture implement
the requisite filters and transition laws. Exogenous research
asks which of those operations can be installed, approximated,
or replaced while preserving the same functional distribution
and response. A hybrid realization may use manufacturing to
establish the stock or reference and then allow local assembly
to distribute the remaining degrees of freedom.

The source comparison therefore complements the genetic-
code, ledger, and ICL studies. The earlier constructions specify
downstream organizations and functions. The present frame-
work specifies how a source law can be connected to those
functions, and how the needed organization can be allocated
between preparation, local dynamics, observation, and external
intervention.

14 Conclusion

Endogenous and exogenous sources can occupy the same finite
molecular configuration space while realizing different distribu-
tions and operating histories. Functional fibers provide the cen-
tral comparison object. Their conditional laws identify what
a source may retain while a desired function is imposed, and
relative entropy separates necessary output selection from un-
necessary microscopic specification.

Explicit acceptance, reversible-rate, and trajectory-
conditioning constructions make this comparison operational.

Robust demand and responsive kinetics exhibit strict advan-
tages over designated fixed-placement classes. Exact and ap-
proximate emulation then show how engineering can recover
the same capabilities under stated observation, transition, and
resource conditions.

The resulting mathematical framework supports neither an
automatic superiority of self-assembly nor an automatic superi-
ority of placement. It identifies shared capabilities, conditional
optima, and constructive routes between realizations. For the
substituted-chrysene program, this completes the fourth pilot’s
source-level connection between a common molecular stock
and its encoded, functional organization.

A Hypotheses and source precedence

A.1 Four levels of assertion

The manuscript distinguishes:
(i) definitions of finite mathematical objects;

(i1) theorems proved from their displayed hypotheses;

(iii) inherited molecular architectures used to motivate those

objects;

(iv) physical realization requirements for the mechanisms.
The last level includes chemical accessibility, rate control, ref-
erence stability, sensing, and thermodynamic interpretations. A
proof at the second level does not establish a requirement at the
fourth.

A.2 Reachability

The common-reachability result requires positive probability
for every admitted endogenous configuration and surjectivity of
the placement operation. Conditional positivity along a valid
sequential construction is sufficient. Merely positive one-site
marginals are not sufficient: two bits constrained to agree can
each have positive marginals while the configurations 01 and
10 remain impossible.

For a laterally bridged lattice, equal bridge access is an addi-
tional premise. Directional compatibility must be enforced, not
replaced by a scalar arm count. The completed occupied geom-
etry is held fixed unless geometry-changing states and moves
are explicitly added.

A.3 Registry and the observed function

Registry is assigned to contacts. A six-site column has five
native binary agreement coordinates. A symmetry quotient
requires a declared physical equivalence, and a registry-only
product map requires fixed composition and the applicable in-
variance. An asymmetric reference is retained when needed to
distinguish the observed alternatives.
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The source law is positive on the chosen admissible space.
Zero target masses are allowed in finite conditioning but re-
quire restricted support or appropriate initialization in dynamic
realizations. Uniformity on microstates and uniformity on func-
tions are distinct.

A.4 Dynamics and engineering

Reversible rate tilting assumes a finite reversible baseline net-
work with positive stationary law. This is an optional realiza-
tion, not a reinterpretation of Article 79’s irreversible export
model. Exact conditioning of trajectories requires a positive
baseline probability of the selected event and uses the backward
success functions. Strong lumpability is an additional condition
when control is claimed to require only the functional quotient.

Emulation must use one admissible policy uniformly across
the allowed environments. Environmental information unavail-
able to the implementation cannot enter that policy. Approxi-
mation bounds use a common observation convention and ei-
ther bounded common path costs or separately specified cost-
preserving guarantees.

B Corpus coordination and scope of in-
heritance

The following source roles determine the dependency structure;
they do not import every claim of each cited article.

Genetic code, protocell ledger, finite ICL

Articles 75, 77, and the finite-ICL Article 88 supply the three
preceding pilot constructions [Sch26d, Sch26c, Sch26a]. They
motivate the output functions, component organization, and fi-
nite interior setting.

The source and the placed source

Articles 79 and 84 anchor the reaction—transport and place-
ment comparison [Sch26r, Sch260]. For Article 84, the revised
acf84_placed (1).tex controls: it places registry on contacts,
identifies the reference issue, and states equal bridging access
separately.

Cleavage, bounds, and source laws

The earlier cleavage and placement-budget working
manuscripts supply conditional arm-state and source-bound
considerations [Sch26n, Sch26p]. Article 90 supplies law fac-
torization, visibility, and persistence questions [Sch26q]. Their
role is to constrain possible mechanisms, not to identify every
information statistic with an optimized capacity.

Symmetry, cipher, and transfer
Articles 91-93 supply registry, algebraic, and response struc-
tures [Sch26e, Sch26m, Sch26i]. These are shared modules

when their realization is shared. The induced probability on
their sectors or response values is source-dependent.

Bridging and spectral structure

Articles 94 and 95 motivate directional bridge constraints and
finite metric or infinite-algebra questions [Sch26s, Sch26h]. Fi-
nite and infinite algebras are different scale models; their differ-
ence is not an endogenous/exogenous invariant.

Channels and control

Articles 96 and 97 motivate channel and information-control de-
scriptions [Sch26j, Sch26g]. The present paper uses explicitly
verified stochastic kernels and the Kraus construction in Propo-
sition 12.5. It does not require a logistic error statistic to equal
an induced H., norm.

Codes, finite invariants, and cochains

Article 98 and the earlier arithmetic-geometry and topos work-
ing manuscripts motivate finite codes, graph and spectral invari-
ants, and lattice cochains [Sch26k, Sch26b, Sch26l1]. Encoders
and coeflicient maps are specified separately. Theorem 12.1 is
proved over one field and does not rely on an equivalence be-
tween real, binary, and quaternary complexes.

B.1 Numbering and version identity

The bibliography distinguishes published identities from earlier
working titles. In particular, Article 88 is the finite-ICL pilot.
The earlier cleavage, placement-budget, arithmetic-geometry,
and topos manuscripts retain descriptive historical labels pend-
ing confirmation of their current publication identifiers. The
earlier arithmetic-geometry label “Article 99 does not identify
the present source-comparison paper.

B.2 Preservation and relaxation

Independent vertex flips and independent contact flips define
different registry processes on a chain: an interior vertex flip
changes two adjacent contact agreements. A rate or mixing
bound derived for one process cannot be transferred to the other
without a generator calculation.

Similarly, convergence toward a stationary random ensemble
is not preservation of a selected word. The present paper labels
the target of each dynamic estimate explicitly: convergence to
a selected distribution, success at a terminal event, or response
to an environment.

C Verification and formal-proof cover-
age

The proofs in the main text are analytic finite-dimensional ar-
guments. Two standalone companions provide reproducible
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checks and a separately delimited Lean development [Sch26t,
Sch26f]. Their coverage is stated independently of the fact that
their LaTeX documents compile.

C.1 Executed finite verification

The accompanying verify_a99.py completed 213 checks in
seven blocks:

(i) registry enumeration, reversal fibers, and balanced class
weights;

(i1) finite information identities, acceptance laws, and mini-
max examples;

(iii) reversible generators, selected laws, spectral-gap compar-
isons, finite-time bounds, and disconnected supports;

(iv) fully enumerated event-conditioned and terminal-law tra-
jectories;

(v) approximate emulation, resource slack, and responsive
binary kinetics;

(vi) binary and quaternary finite-field graph ranks;
(vii) finite stochastic-channel Kraus identities.

Integer, rational, and finite-field checks use exact arithmetic.
Logarithms, eigenvalues, matrix exponentials, linear optimiza-
tion, and matrix-channel checks use floating-point arithmetic
with the declared 2 x 10~!! absolute tolerance. The companion
records the exact software versions, source hash, commands, in-
dividual checks, and results. These tests establish the reported
finite instances, not universal theorems or chemical feasibility.

Negative controls test omitted initial reweighting, incorrect
uniformity of quotient classes, inappropriate unchanged transi-
tion rates, forbidden support, missing resource slack, and non-
integrable edge fields. A nonlumpable three-state example with
fiber-constant target-specific backward weights guards the suf-
ficiency qualification following Proposition 11.9.

C.2 Machine-checked structural and rational
core

The companion FormalProof_A99.lean was compiled using
Lean 4.24.0. It contains 25 checked theorem declarations cov-
ering observation reachability, emulation transfer and transitiv-
ity, finite rational normalization identities, acceptance algebra,
backward-weight row normalization, arbitrary-finite-horizon
rational Doob telescoping, an integer-weight minimax bound,
and exact hexamer identities.

The finite spaces in the rational normalization results are rep-
resented by explicit lists; duplicate-free exhaustive lists and

the stated positivity premises supply their probability interpre-
tation. The telescoping theorem assumes nonzero backward
weights along the path. The code does not use sorry, added
custom axioms, or native_decide. Its reported axiom depen-
dencies are the standard Lean principles listed in the compan-
ion.

The full real-logarithmic KL optimality theorems, spec-
tral analysis, continuous-time convergence, general total-
variation/resource bounds, general finite-field integration the-
orem, and molecular realization claims are not machine-
formalized by this module. Their mathematical support re-
mains the displayed analytic proofs; selected finite instances
are additionally checked by the Python suite. The formal com-
panion maps each checked declaration to the corresponding
manuscript component without representing an algebraic iden-
tity as an entire probability or physical theorem.
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